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VORWORT DES HEEAUSGEBERS 


In (leii 1^0. nnd 21. Biiinl (Iw I. Scrio von LtoxjiAUh/ ICtri.xin Opera 0 )>nti< 
AblunHiliiiigcn Kin.iius nnffcenomnien worilon, welclio sicli init lnlof>T»il(’n bustdiii 
r clliiitisclio iK'iiiien, wcil <las znr Uelctilikalion dcr l‘jUi|n-<’ tlicMunnle /ii ilinun | 
DicHt's Inloyral /ug dmlurcli, dal\ es sich nicht dnndi die bekivnnlen l''unUtion»' 
lied, die Aufmerksuinkeit ckn' Mallujiuatilter acit- dem Aiisgnngc <lt!s 17. Jjilirhv 
ifMii Mulle anl' Kicli und so xctien \v|r nucli Kuu-:l< ImUl imrli Ib ginii seiner nnithcmai 
[ihn, 1733, mil. ilnti beschilftigt. In dcr Abliniidinng’ 28 (dcs EMiSTiWiMSCiiK 
isees), jnit der flcr vorliegeiide Bond bcgiiint, lindot Eui/icn, dnd init Hilfn dnr 
n dor E1 U)>ro die Lbsung oincr gewisson Dillrveniinlglcii'.hung I’vsloi' Ovdumi 
e Trennung der Variablen iiiclit inog|j<di isfc, konslrniert wordoii Icdiiin’. Der nil 
Ice, die Hektifikiitiou dcr Ellipfio zur Ldaniig von nilfcrentiiilgloicdiungeii /u vern 
fl.igt ihn imch 173*1 in dcr (blgctidon Abhundlnng 02 nnd fillirt liior /.ur Lbsu 
be, auf oilier Schar vou l511ij»e‘on nilt gloicbcr eiiicn Ac’hsn nnd goint'in.simu'iii S 
c von diOROiu luis gleieldango Bogenslilcko. ftlrAuscdmotflcu. Nutili dioner Alilui 
ino langc l-’ausc cin nnd wir selica crat l7dJ) EuJiKU wiedcr niit deni Jlekliiik 
im der Ellipse beschiiftigt; in 154 gibt or cino Koilieiienlwickelimg fdr don I 
Ilipso. 

Dio geringe Zabl dic.scr Abhniidlwngon und aucb die Art ihror Problomstellui 
\eu, daft Euleu zw eincr frnchtbaven liJuUvickcluug Buiner Unlorsnchungcn ilbe 
integrale cincr Anregung von uuBen bednrfto, und wir wisaen anch, wnnn n 
in geworden ist. Am 23. Dczoniber 1751 wurde or vou der Berliner Akadoi 
gt, die ilir von IA\gnano llberfiaiidten Produzioni zu j>riifeu, ehc man dom V( 
rtc, nnd sclion nm 27. Janniir 1752 Best Eulku in der AUudnniie einn Abba- 
in w'clcher er fill* die auf die Ellipse nnd Ilyperbcl bo/Uglicduin HesuUato 1*’a( 
dnfuchcrc Abloitung gibt, die auf die Lcinniskato bczUglielieu uber weseiillich er 
[{ erfaftt sogleich die Bedoutuug diesur UnfcersnoUnngeii f(lr die Inlegrnlreclnimi 


olluc uIm'.i- aui’ iliriMi Inluilt, vou «lcm '‘v wohl ncieh nieh(. Keautii 

iiion luilte, <'i?i/,uftrli(‘n) crfiilir, djin hAfSKAN'OK si-lmn voi licnuimi i im 1. fkiui 
iM' J I a lUMi Til II I i II I'usiii (’iii(> (liivlvfr Mptlio<lf ziir Inlc'^nilinn sciiiL’i I (.'iiJiiilgleicli 
ctoilt lia))i'. Zwjir linftc* aiicli rr uiignfiilir inn tlicscibc Zcii, ITlif), in .‘Mo eitio 
g'elif'ii, win- ni)('r wt'O'cii dor ['msUiiulliuliIii'it dor bi'mit/.ton Siilislil.utinnpn niclit 
bciniichiifilo oi- sidi in nOfl unil in cijicr wpiti’n'ii, iiouh iiii sidbcti .lalii'c 
ilUoii AI)liatidliiMj>- (iTii dcr Molliodf voii I/A(n:AN'nK iiiul brnni/to siii ziir Iidcg- 
von ibin tVillioi' IjiOiiuidollon DilViirUbilg-lcichung-oii, 

I'biic zwoiti’ (fiii)i|if von Arboiton lOnt.lvKS Mltor dlijilisi-lK’ Intciiralu wiirdo ilnrr 
lii' Millo flos |H. .Iiilirliinidorls ^•rs^•lu<^ln•ll^n Alih»iri(liui!j»i'ii vnn 1VIa('I.ai;i;ix iiinl !>’/ 
i' veiiuilabi’, vnn duni'ii der tn-sIcTP mil- pfcotnoInKcbeii, dor bd-zloio mil, aiialyti 
oniilcln cinn Aii/nlil von Inicftrnlon ImUo, die suOi fliirdi oiiifm-lir’ Sn) 

‘ij iinl' dir. Sb'lvlilibaiioii dor I’/UipM- nml llv|HTboi n’dir/ioion bisHcn. An dioso Ab 
on buiijd’io ViiMAn? ivn; dio {'viiivcslo «lnrvli sii-. Iwvvovgrndbno Al>ln\ntll\nip- Ka 
dio auK di'iu .liiliro ITTid Klnmmoinbi ilDf), uni' dio orsL im iiiiobtiicu .lahro 
0 . Hoido tiofo.'hiiriif*'oa kicIi mil ilcu Info(rndoM j **"''1 ioiUni diei 

Khisson, jo imolulrm das Iniopal dnn-li oiiioii ohi/.ifton Isi’golscliniffbog'on, durcli 
1011 mill oiiio ulft'obriiiHoiio l'’iiiilf(jon, odor ondlich dnivli -/woi k'l’p-ol.si lniiitbnft'en nm 
lii-iiisolio. l'’imlflioii ansp’drilfkt wird. lt(*/fOM Idor dio ICiiiiiio dor Kodiildioi 
tisolii'ji iMli’fri'iib' miC (ijii(> jN’orinid (brill vi»r, sir ({oimncn iilior wog-(»ii dos (Miorwnc 
poiMiiotriKohoii Vorslollniifroii nii-lil- -/nr KnllaKim^r, vrrKo.liiirfLo dioso 

iiorli, iiideni or in dor lAd/'-o naoli Knrvrii kucIiIo, dorou Kogorn'lcniPnl 
jiiiSKondo Sulislii.iilimi in das oinor JCllipso. Uborgolio, imd so din (JljorriiifiUiinmiM 
■irnlu nlnio liiny.niritl oinor ulgolo-rtiso-lirn V'nnklion vi-rlangli'. Fdngrlnitol. wurdcu 
n Unlevs\K'l\\\ngcn dnvv.h dio Aidmndlnng fiOO dcR .fiUiroR l77o. Dioso gild, droi ' 
I an. Das orsio, ilaii nllo imnginuron (irdik'n, dio „in caltailo nnalytino" luif'l. 
ill die l'’orni a -'rhi goltmoht wordoii kdimon, gclidrt. iiiclit lunrhor; das /write 
dafl o.s aiiKor dom Kroiso sollist koino algoliraisclio Kurvo gobe, doron Dngcii 
sbogon allein, mul das dritte, «laB os keino solcbe Kmvc golio, doron Dogon duroli 
iritlimus allein dargesiolU wordoii Icoiincn. Ei'lkk forilert dio MaihemnUkor an 
I Tliooreino fitrongo l3owci8e zii lioforii. Er zoigt <lanu 177(1, wiu man im Ciogci 
zu oinor gogobonon Parallel /.u ciiior gogobcncu Ellijisn (CbO) niid zai 

,'0, dorou BngoiidilForoiilia! voti dor Form (Gd.O) isb, iincndlicb viclo 

iclic Kiirvon anguben kiiniio, dio das glcielic Dogciidillrrcjitial besitzon, mid untoi 
dio aligtniioinou Bedingungon, mi(.cr doncii die BogoiiditfcrentiaLo /.weier 1( 
oinsl.imnion. b'llr dio in 038, 03t), 033 bolinndoUen Prfiblcino gab ICiri^RR spator, 
KOSHAUDi Eoi.uiii Opuia omnia Ijii (JommoiitalioncB unaljlicac b 


ill 7>^l, Tmu, ~i>^2 neiicrdhi^s licipiingm uihI I'oi cliesor (iclogenlioit 1 
friilit*r ill .’>(10 Air ilfii Kn*is anf^fstflltc- Theorem niclA riclilin- sei. 
iiichr iiiioiKilich viulr alg’olirnisrlur ICni'vcn, die keiue KreiHi* sind, 
dilVeroiiUul dem t-iiu-s tregcbeiii^ii Kr»‘i«es gleie.U ist. lu dev deu Opera , 
AldiaiKlIujig SIT ttini ilas in Uede stidiende Problem iiocli eiiima! iiml /v 
die Parabel imd die I'jllipsc gelcjsh 

Vicr A IjliaiulliiMgen, «li(! in tleii Ruiuleii 20 imd 21 Plat/ gcfiini 
iiiclit genamit. Alle vier lmb»‘U das iJfineinsnme, dal) Peilumontwieklii 
litdi'.U'ii Inhalt bibWn. Abbniidbing 4-18 n\mmt das sehon in !04 be 
|{eilieiif‘iihvii'kliing fur den KIlipseimmfftng wiedar iuif, liOn l>i‘lmiid(ilt 
elastisrliou Kuive, i»2-l gibfc liciheueiitwickliiiigeii I'itr die Oberfliiidn 
und SI'.) Bolrhi' iur den riyiierbclbogen. 

Untcr lien ManuRkripleu, die die Petersburger Akademie iler Uei 
geslellt luit, befindea sieh tlic Origiinile der Abliandlniigen 817 and <S]K 
vou *JS, 251, 252, 2(U, 208 uiul 204. Uicse Manuskiipto etitniuen mil tb 
iibercin; nur das Mimuskrijd des Summavinms von 28 ist bislier nod; 
wesen uml crselieinl bier /.urn ersicn Male (am Sclilnsse dcs Paiidos 20, d 
gcdriiokt war, nU das Manuskript vorgefnnden wuiilo). 

Wean man den (iesamfinimlt der EuMiliSt ilKN' Ablmiulbuigcn lib 
uiid ilire Hedcutaag I'iir clie spiileiv Enlwivklung der Theorie dei'sL'lbe 
in deal einou 'IVilo dies.-i Aibeiten (insbesondeve 252, 201, 581) nicdev|j 
AddiliuiifitliPoreine der [ntegrale Ki LKn55 gewaltiges und bleibendes \ 
uljcr, warimi <Ias in tieni amicren Hanpttcil dor Abhandlungen (insl)c 
liandeUe Praldcm ilcr Ib-tlnktlcm der Integnde auf feste. Nonnitlini 
filliriiiig ties allg.-meinen Integrals auf dieso, tiot/.dem es t'iir 
und ivollt.' wic k.in andeivr, wie gescliaflen war, Iceine so gliidclielie 
so iiui.«-«oii air, wie selion oben erwahnt, dem Niiditloskoinmeii vo 
Kielhingcji die Sibiibl gebeii. Ein oulsebeidender rorfscliriti in ili' 
I'ist geselielieri, wnin di.- gconietrisoUe. Onmdluo-e, der allerdiugK die 
tisclieu liitegmlen lii‘!)icr fast alles vonlankte, /iirilckfrat und eincr Pci 
uni ihrer selhst willcu I’lalz inachlcj der dies leistun fiollle, war selu 
Bn.i'ii 1788 die Augen schlofl: LfXJiiVDKE. 

Karlsruhe, den 1. November 1912. 
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Suiniuariuin couimontationis 28 indicis ENHS'i'ii()i':MiA> 
coDstructione acquatiouuni difforontiaUuin sino indcii.i 

paratione • 

Ex iuanaseri])tis acadoiuiae seiontiarmn Potropolitiuiao mine p 


SP]iGlMEN DE CONSTRUCT [ONE 
AEQUAl'IONUM .01 EFERENa'lALIUM 
IE 1NDETERMJNATAJ{UM SEPARATIONE 


(’ommoiitatio iiB indicis Knhstuokmiani 
onturii iiciulomiau scicnLiarum 1‘olropoUluimo 0 (I7IJ2/H), 1798, p. KiH- -17! 


Ictcrminatavam separationom in aoqinitioiMbiis diiForeiitialibus itlco 
Lo desiderari, quod ('X ca invonla aequationis conatnictio spoiito 
le in Ins robiis oxorcitatu satis porsjicctiira esse arliitror. Intogiatio 
-oquatioDum diflcrcntialiuin, siquidein succedit, optinio indelonniiiatiH 
instituitur. Ciiutnqua-m enim iinuunoraliilos dantnr aoquationus, 
•tngrules sino huiusmocU sopavationo invenivi possiini, cniusmodi 
Gxliibuit Celob. Ion. UnaNOui.or in Oonun. nostroi'um Tom. I 
tanion eao acquationos omnes ita sunt compiinitao, ut vol jjev se 
ndetormluatiivum sepavaUo, vol saltein cx ipsa into.gratAouo facile 
Similis voro ost etiam ratio constnictionuin, qiilbus adlmc usi 
atae; sunt enim ouinos bniusmodi, ut aequationis, si nullo alio modo 
itae a so iuvicein soparari possunt, sopuraiio tamen ex ipsfi con- 
proiiciscatur. Ilanc ob rem niillam adluic oxliiberi posse oxistiino 
n dilTorontialein consLniibileni, cuius sepuratio oinnos vires eliuloret. 

por^) auteui in cllipsi rcctificaTiila occupatus ino])inato incitii in ac- 
diilcroutialom, quam opo roctillcatiouis oUipsi.s construorc potorain, 

liicuNOUE.M, Dc hile.yralionibus acquatiomnn (UffercniUUUmt, nhi tradiUir uicihoili alkums 
ii'ondi sine praevia se2)ayalione indcUrminatarum, Oommoiit. aoad. .sc. Polrop. 1 
, j). 1G7; Opera omnia T. 3, p. 108. A. TC. 

ui.iMU CommoiiUtio II (iudiois Kkkstroeiuani): ConshueUo aeqaaiiomon quanoidam 
quae indeierminatarim scpa)'atioj?em non admiKunf, Nova auLa oiiul. 1733, 
UAH!)[ TCuiEiii OjJera omnia, series I, vol. ‘22. A. K. 

Duleui Oi)ora omnia Iso CoiuiuentatiuDCS mmlyticac 


1 


orrA.J.>ir>.> JWJ'iU.u i^n ri/nr/i'i 


ncqiie {aiuoii indeteriniiiutarmn sepaiaUo iioquidoin cx ips< 
iuveniri potent. Acqiiatio vcro, c/uain obtinui, omt baon 


dV + 


yhlx 


xdx 

1 


Kicc'at[anak fere similis et forte ad separanduni au({uo 
dd -T Casus liic mihi pniiiiiin volieaienb-'r pa 

at constnictione attentius perspccla facile iiiiolloxi ox oa 
tioucrn indotemnijataruni non posse dcduci, sod otiiim, si a 
haec succederot, mnlto inaiora secutiiva osst^ absurda, com 
peiiiiietvorum nllipsium disshniliuin, quae, iit mihi (piidoi 
luiaiysin supcrat. Const-rnctio autem ipsa porqiiam (; 9 t I'aci 
ploii^ 3 ^'it.iouo iiiiinit-arum ellipsium altorutviim axoiti cotnmiii 
hauc ol) rom cousucto per tpiadraturas conslrnc?uli modo Ion 


3. rroponam totam rem, proiit ad earn ijorvoni. 
quadrans ellipticus, cuius centrum 0, semi-axes voro AO 

AO=--h ct BO=^b ot cx A ducal 
nita AT ad oamquo ox conl.ro 0 \ 
CT abscindnns arcum yldi/r«,s' vi 
Doinisso ox M in AG porj)emUciili 
crit cx naUnu ellipsis « 
analogiam CP\ «= (JA : A T ha, 

t% = h sen a; 

Sumatur arcus AM olemenUim Mm dacauturque mp, ill ]> 
proximan; evit 

Mm = (hs = 

tt 

ot Ti = di. Quia autem est a; = oi-H 

l/(„" _ „ " < ,t, l/(«* - («' = " lA'-- H- ..*< 1) . 

[bb~Vttf 



1 


^.d cuius iutegralc ])or seriein saltern iuvcuienduni poun 
[)rodcat 


h^dty{{y^ft\^nr-) 


a- = -(- r 


niporiuscjuo irratioiialo fit biuoiuiuni, cuius altoniin moinbrum ost 
iltevuuKiiui shuplox tcviuiims nt^. Resolve uuuc \\(b- 1- ^'1 -\- pov c 
iiotiun in seriem banc 


,,, , . A)/P , JUAO , (hiH^ , , 

-y , -{- -f- •- - h otc., 

Qr-yr-y 


n qua brevitatis gratia est 


, 1 1-1 1 • I -1} 1 • 1 i) , 

yi =: B ^ , <J‘^ - , JJ = — otc. 

2 ’ 2 • r 2 • 1 • (} ’ 2 • 1 • G - s 


dabebitur oruo 


ils 


}A(U . Ahhir-(it . , chhi^t^dt 




^ I V « I » jJKf n UP I i u I I j, 

{lA-yty + (fi^-yt^y 


it iutoger arcus ollipUcus s orit intogralo buius sorioi. 


4. Notauduni liic ost. singulovuiu bornui torininoruin iniGgniUoi 
n'iuii tonnini posse rodiici; tla-t vevo ^ arcani circuli 

iwius tiiugous cst Hanc ob von» siugulos knniuos ussunito hoc < 
u’cu intognibo, ut sequitur: 


f hHHi _ 1 r bhd 
J 2 J /Wm‘ 


bbdt 


It 2bb-\-U* 


f b^t^dt _ 1-3 /* 

J {h^-VCJ 2..1J I 


b^dt 

bb •]' tt 


1- 3 bU 

2 - 4 tG- 1-4 


rhH^dt r h'^dt 

J {b'^ -h t^y 2 • 'f- G J bb tt 2- A • U 


bH 

bb -y It 


1 b^t^ 

1 ■ 5 h^l'^ _ I h^t 

\-^[hb-\-iif~~ G {bb-\- 


)x quibus lex iutegraliuiu rcliqiiorum tormiuorum iain sai.is a])pavet. 


5. Si quarta perinietri ellipticae pars A MB requirabur, opovtob 
.nflnituui hoequo facto omnes termiui algebraic! in superioribus into 


evaiiescinit. Arcus circularis vero J po-sito t = cv> 
])hoiiae circuli partem, cuius radius est b sou BC, 
litteia e. Erii j>roptereii 

r hit'll! f _i ;t 6-(! 

J {bii^r ti?'' 2- A ' J {bh + UV “ ■ 1 ■ 0 

Prodibit igitur quarta perimctri ellipticae pars 




1 • • ') 
‘2 ■{■a 


a>r' 1- 


I • :5 • T) 
• 4 • () 


Abiue substitutis loco A, B, 0, .D etc. valoribus debitis 




1 -n_ 1 1 - 3 -w- 1 • 1 - a ■;-?r).)i 3 

2-2 2-2- I-.I 2'-2-4-4 G-0 


J -i -a-: 

2 • 2 • 4 • '1 


9 / s 

(j. Haec series, si n cst valdo pavvuiu sou , iil 
ellipsis admoduin propinqua est circulo, voliomontor con 
igitur facile ellipsis poriinetor i)ivenitiir. Quando voro n 
miuima seu + donotante oj quautitatoin quiun ini 
et quaia proxiiuo. Qiumdu voro (it « «= 

A ill C et evadit ylM B ^ BC ^ b‘, hoc voro casu nrit 


igitur 


^ _ 1 j_i_; :i _ 1 • 1 • :i ■ 3 . T) 

2-2 2-2-4'-4 2 • 2 • 4- -J • G • 6 “ 


Summa biiius seriei ergo oxpriinit rationem radii ad i 
partem in circulo. 


7. Qucmciuujuo igitur haboat valovein littora n in serio 
"''•""i seinpor potcrit assiguari ope recti licationis ellipsis, 
minorem ufc /(w -j- 1) ad 1. Hoc cum ita so 
^fithodo mea summatioues serieruiu ad resolut 
ouam mipcr*) exhibui, ut iuvestlgarem, a cuii 

’omuieutatii) 26 (iodicia EsnsTitOEMiANi): Methodus 
1. acad. 8C. Petrop. 0 (1732/3), 1738, p. 68; 2 
•‘J A. K. 


mmatio inventac sorici pondeat. Quo autcun Imec niclhoduM facHius 
iljeri, pono = — x’ erit(iuo summancla ista series 


1 • 

2 • ii 


1 1 • n • ar‘ _ 1 • 1 • 3 • 3 • o • .r” _ . 

2-2 1 --I 2-2-4-4-6'(» 


ir suuiniaiii poiio s. Erit orgo ditterontiaiulo 
d$ l-.r l-l-a-r’ l.t:5-a-5-.r' 


— clc. 


d.v 2 22 *‘l 2-2--l-.l-(; 

) ])cr X multiplico suinoquc diitereiitinUa- posiio dx consianl.e; erit 


d. xds 
dx“ 


1-1 3 1 -i 


do ubique per x confcraquo per dx multi])V{co Hiiinoqiio integralia; orit 

J-xdx =-^- 2.2 - 2.2. ;i.. I 

:ennn por dx multiplico, divide vero por a:'* et Hunio iid.egralia; orit 
Ci r d. xds _ 1 l ■ .r _ 1 ■ 1 • a _ 1 - ( - ■ fl • 5 • a’’ ___ , 

J X -2 2-2-4 --t ‘i-’i-d - I (i-n 

) sorios OHt ipsa initialis per x divisa; eius igitur suinmfi ost • 
baboinus banc acquabiouom 

j' i l^d.xdn s 
J xKJ X "" 

tis difTorentialibus abit iu linnc 
x^ds~~sxdx= 

J X 

»tur liaec donuo; prodibit 

a;®f?ds “b xdxds — sclx^ = = dds -b . 

X X 


piationis resolubio igitur pendot a sumraatione sorici propositae; quao 
rectificationom ellipsis habeatur, aequatioiiis coustiiictio qiioquo 


{] Sl'EriMRN DE CONSTRUCTIONS AEQUATIONUM DIFFKRSN 

8 . Cum ill istii aeqiiationc 5 ubique nnani tcuoat d 
ea potorit ])0r metbodum meam Tom. Ill Comm.') insorli 
simiilicitcr diilerentialem lacta subatitntione s = nbi 
cuius log. ost 1 . Hoc posito iirli (h = C'^‘’'‘'p({x et dds<^ ( 
atquc aecpmtio invoiila tranalbnnabitui’ in banc 

j/dp -{- -}- pTdx — dx dp -l-J^pdx -}- 

(piao (livisa per .r:»; — I miita-liir in isiain 

dp ppdx -i- ^ 

Ad banc simpliciorom efficiemlam pono p '' ct provonif 

•t/ 

rf,, + . 

X XX- I 

Quao quomodo separari poasit, neque perspicio mifpie 1 
aideratio eo porducifc. 


9 . Quo autem ipsa constrnctio huius aoriuationia ox pi 
catur, pono ilium axis semissem AC, quern ante littoni 
lein r, quia nt variabilis debot considorari, et qnartam 
pai-tom respondentom 5; orit — a;;i; =» = ’'’“/'* ot ^ 

est vero s = ^ , qnocivea habobitur rj = ec'^‘'^ 

quando r maior 0 

uulia proveuiaut, rostituo loco xx valorem —ir erit 

* ' ‘2 jj 

Ilis aubstitutis habebituv ista aoquatio 


2d,, + 


fin 

^+ 7 ’ 


I CommeutaUo 10 (indicis ENE.STiioiiMiAsi): Nova melhod} 
^ccundi gradus reducendi ad aeqmiliones di/fcrcnlialcs pri 
\ (1728), 1732, p. 124; Zeq^uardf Nui.i-m Opem oi 


ctiir suincnclis n = • 




, (i' —b*)tlq • I 

ct , 7 = son, lain invento n, 

line soquciis iiascitur conalrnctio: 

0 qnadrante elUptico BCA (Fig. 2), cniiis centrum in C ot somi- 
stans ost, pnta = 1, pono hie 1 loco b, quo iacilins liomogeneitaH 
ri. Erit ergo sonii-axis AO=r; ex A crigatur iiormalis 
elliptico yiB; erit piinctuin JJ in ciirva aliqna BB, cuius con- 
niodo est in proiiitii. In ea igiliir 
q. Sit F huins ellipsis focus; erit 
1); et ad BF ducatur normalis FB; 

— 1 71. Notetur hie, quando fit 

i- focus F in BC incldit, valorem « 
nil et ex altera parte puncti (J versus 
irtere. Deinceps ducatur tangeus BT 
in B\ erit 

AT-.- '‘f.’:-, 

(Iq 


F ex 'J' ducatur recta I'G- normalitor 
si opus ost, productani iu 0 et DA 
currons in G; erit oh siinilia triangula 

a- 

rqdr 


AG = 


{r'^-i)dq 



ualis capiatur (Jll ot sumta Cl ^ CB •-» 1 ad ductinii Iff crigatur 
:is IK) erit 


iqdr 


y- 


it aequalis PAX oritquo AX in curva quaesita BAf\ huius euim 
est proprietas, ut dictis CP^ii et PA[ = y sit 


n 


dn 
« + 1 


SOLUTIO I>EOBLEMATU]\ 
j:iECTlFICA'riONEM ELLIESIS tlEQl 

Comiiient-ntio 52 iiidicis Knk.si’kok-miani 
Commefilaiii at:a>lomiao sciontiiiniin rotropoliliinao S (i73f)), 


1. Agitat.a iam siipcriovi seculo intor CIcoinoiras Hwni 1 
in qiiiljus Unea cnrva rcquirebatur, quae ab infinii-is i 
arcus aequales absciudorct Cominunicavcrnni; oUnni i\U 
inofcvaG') elegantes soliitiones })ro casu, quo curvae pof 
simb similes, uti cum ab infinitis circuUs vol pavabol: 
scindendi essent. Nemo antein, quajitiiiu cousLat, iiUiori 
que quis(iuani pro curvia dissimilibus problemati satisCc 
quaestio de infinitis oliipsibus propoiiorotur. Atqno et: 
Ciconiotrac per litieras signincassoui') me aoqnaiionom 
infinitis ellipsibus dissimilibus arcus aequalcs abscindoro 
respondit huins pvoblcmatis solutionem in sua non i 
simul rogavit, ut meam solutionem in non contoinnoudi 
turn comuiunicareui. 

2. Huius autom quaestionis sumnia difficultas ii 
liiversanun ct dissimilmm elUpsium roctificationes a so 
Hanc enim ob cansam curvao ab infinitis ellipsibus arcii; 

Bkknoulu, SoMio sc.c })rohlmatuhi fialenioiiim in I 
■’robl. 4 ut 5), Acta orud. 1098 p. 220; Opera p. 790; 
t, p. 256. A. K. 

•I ad Dan. URRSour.w, Novombri (?) 17S1; vido 
LKoxBARft Eui.kr ui}d Dakiki, liiblic 

140. A. K. 


nationcm iuvcnfcu raaxime clifficilem esse oportot, no quod eMam coi 
us ellipsis rectificatione reliqiiaruiii tamcn omnium rcctificatio ab ist; 
dcat. Deindc inethodus, qua in huiiismodi problomatis uti soleni, ii 
iparata, ub tantum ad curvas similes accommodari possit, pro curvi: 
ilibuH autora nullca?n afi'orab ufcilitatein. 


3. Quod autem milii primum viani ad liiiiiismodi difficilia problc 
cfecit, csfc praccipuc universalis inca series summandi nieiliodusd) Hac 
enta statira^) aeqiiationem diflbrentialcni, in qua indeieniiiimtao nullo 
10 iiiviconi soparari poasunb, ope rectilicationis ellipsiimi disHimiliiini 
ixi atquo paulo post^) maxiine agitatae ueqiiiiLiouis Uiocatianah noui 
lom et rosolubionom commiinicavi. 


4. PosLinodum autem, cum luioc per sovies operandi inethodus 
rosa ot non satis gciiuina vidorctur, in aliam magis nafcurahnn moth' 
buius modi qnaostionibus magis accommodatam iiuiuisivi; atquo ta 
voto obtiuui, ita ut oius beuelicio non solum priora pi’obloinata, 
orum opo rosolvcrani, sod otiam innumcra alia, ad qiiao tracta?ida i 

surficinnt, porficeve potuoviin. Methodum oliam liiinc fuse oxposi 
iorl/ationo J.)e infinitis citrvis chtsdem (jcucris*) anno praoccdoiite |1734| 
ita; quia vero, no nimis essem prolixus, nulla adlocl oxompJa, non 
arot, quain late ua patent quaimino amplnm in re analytica a] 
ipuin. 

5. Quo igifcur huiiis motfiodi via et ntilitns melius porcipiatiir, hac d 
ouo earn ad inlmitas ellipses accoinmodabo afcque non solum moust 

1) Vido iiolam 1 p. 4. A. K, 

2) L. Eiilkui Coinmontatio 28 (indicis Enbstroumiani); vido p. I. A. K. 

3) L. Eur.BUi Coinniontutio 3i (indicis Encstuoiimiani): Conslructio arqitalionis diffin 
ix^-dy y^dx, Oommont. acad. sc. Petrop. « (1732/3), 1738, p. 231j Lkonhardi .i 
a omnia, soiios I, vol. 22. A. K. 

4) Ii. Euluiu Comtnotilalio 44 (indicis Enkstrokmiasi): ])c infinitis cur vis ciiisdnn {, 
methodus inveniendi acqualioncs pro infinitis cureis ciusdtm generis, Comment, acfi 

rop. 7 (1734/5), 1740, p. 174; Leoniiarhi Euleri Opera omuin, series 1, vol. 22. 


iirosninni Kuoicni Opera omnia I20 Coromontationes annlylicao 


2 


quomodo ab infinitis ellipsilms arcnf< ac(jualos abscindi 
iniiumerabiliiim tan) primi quani sccundi giadiis aecjuatic 
rc.solutioncin ope rectificationis ellipsiiini perficorc docebo 


f). Quod enini acl curvani, (piao iib indiiitis ollips 
absuindat, attinct, eius conskiictio on ipso ost I'acilis, (jiic 
rurvanim, ijuac facillinic descnbi possiinl', ppifici (jueafc. 
constinctionein longe antcforcndani esse censeo aliis por qi 
pornctis constriictionibiis. Xon igitaiv tani illius curvao C( 
quani ftiiifi aeqiialio, quo, qualo.s aequationcs tain faci 
cognoscatur. Hanc ob rcm analysis non pariim augniei; 
aequationes proforantui, quae ope vcctificationis ollipsiinn 
mittuut. 

7. f'onsidei*o igitiir primuin inlniitas ellipses AM 
omnes alteium axem, cuius semissis est. 071, liabeani; 

transversos Aii divorsoi 
bis omnibus ollipsibus 
sint abscindendi vel ii 
aeqiialcs, vcl curva sit 
constvuctio opc baruiu 
cunquo pvaescribitur, a 
omnia solvonda opus est, ut aequntio habcatur inter arc 
AP et axem AB, in qua hao trea quantitates iusint taiir 

8. Ruiusmodi ergo problomatum soliitio perficieiur, s 

modularis, qiiemaduioduin in citata dissertatioue de curv 
generis docui, inter arcum AM ct abscisaani AP et axem 
Inlcin. Quo igitiir ad huiusmodi aequationem modularoi 
iibscissain AP=.t, applicatam PM = u, arcum s( 

AC^a, semiaxem consfcantem Cl) ^ c. Kis vei-o positis ei 

sen posito t^ax erit n^cV{2x~-xx) atque dt = ailx 
Kx his igitur fict 

dz = -■■2c^x-\-c^x^) 

y{2x~xx) 



— ovit 


z 



t VH- lj\2.r-.r.v)\ 
y{2x—xx) 


;;Tali hnic invent) acqnatnr erj^o z, si inlegnitio fiat ])OHilo iaii- 
ili, h vcro ot c cons(.a,ntibus. Practorea in intogrationn talis a<kli 
ns, \\l ovanoscat 4 posit, o .r^O. A.t quia aeqiiatio desicicvabnr, 
1 oius loco b aequo binquain vnriabilis insit ac .1: ot z, quaoritur 
evcntialis, qiiao proditnva ossct, ai 

fdx + — .r.c)! 

\/(2x—xx) 

mt.iotiir pofiito prficter x etiam h variabili. 


lat.nr nunc socunduiu metliodmn anno praotrf^rlio traclitain x on]i- 
sreutietur quanfcitas + pj-oOibit i»ioYi2.v~-ra:) 

posito quoquo h variabili ovit 

ilz bh{2x a:a;y| C btlx'\/{2x — .r^;) 

y{2x-xx) * ^ y[cc'\-'bh{2.c--xx)y 


iinni intcgrale ita, dobot accipi, ut ovanoscat posito = in 00 
b ianquam constans inest Ponabuv brevitatis gratia 


dz ^ f/x* [/fcc + 66(2a — .fa;)]. 

ilby(;>x~xx) ' ’’ 


_ r h{lxy{2x~ .rx) 
y[(;c -\-hb{^X — xx')\ 


mine iutegraie, cui R aoquafcur, reduci possob ad iutegrationom 
i z anqiialis est, pro li invoiiiri posset valor finitus por qui 
in altera acquationo daret aequatioiiem modularoin quncsitam. 
s intogrationes a se invicom non pendent, ut facile tentanti ani- 
Quamobreui ulterius progrccli oportet et ultiraam aequationcm 

‘2* 


(leiiuo (liffereutiare uti priraam, ponondo qnoque. h v 
aiiteni hoc modo 

^ Y]cc-{ bb[^2x~.r.x)\ lcc + hh{2.v 

quod integralo iterum ita accipi dcbct, ut evauescat po 


12. Ponatur iterum 

^ dJi bdx\^{'2x~-xx) 

db (lhy\fc + — .r.r')] 

oiit 

^ I cctl.xY{2x~xx) 

^ |cc •i~bl){‘2x~xx)y ’ 

qime formula cum nou sit iiifcegrabilis, vidondum est, ii 
alterutra praecedentium vel ab iit-raquc })Diidoafc. Quod 
5+ a i? + /?««» <2, ubi « et ab x ai z sinfc quant: 
utcimquo % ^\, b et constantibus composita; debe 
quantitas, ut ovanescat posito x^^O. Posito orgo h i 
(IQ^dS-YftdR-Y (iilz, ubi in diffoventiali ipains Q h ( 
bidoravi debet. 


13. At posito h coustante est 


ct 


dS 


ccdxy{2x~xx) 
[cc hb{2x'-xx]]^ 


et 


dH 


JdxYi 

y[cc -1- b\ 


Hanc ob rom erit 


dz = 


dx |‘'^[rc-p66{2a;— -a-’a;)] 
y{2x — xx) 


■cc(2a; — xo') + a6cc(2a; — a:.^) -p 
_ -V ,^c‘ + 2^b^c\2x - XX) 4- (dhy2x 
: [cc + — xx)f-yi^x ~ xx) 


dJl 

dx 


Ponatur ad similem formain obtinendam Q = 

!/[cc+i 6(5 

se evanescit posito a;«0. 


fferentietur mine Q ]i 09 ito tantiun x variubiJi; crit 

\ycc{2x ■ xx) -\- yhb{2-x — yccx + (J'ec — yeex' — (yecft;] 

: \vc -}- hb(2x. — a;a,-)]'^ l/(*2.t — xx). 

dcnoinimitornB iain aunl inter se aei(uales, liaut miineratores 
ualos cicquamlis toniiiiiis, in (iiiibusi ipsiiis x siinilGs sunt diincn- 


1. yhh --- ab^ i:lb' 

H. yb- = ab^-\-f^h^ 

111. Aybb — 2y<:c = 4«?/ -|- A(3b* — cc — abcc — 2(ilrc^ 
iV. ‘Syce — (icc 2(‘c + 'iubcc. -b 

V. dcc^/irS 


tnv 


« = 


I 

b ’ 


ii 


- 1 

r; 


a » 


vx 

bb + cc 


et 


()■ 


— cc 

hh-\ CC 


s orgo valoribus substitnlia pvodibii 

— ara:) 5 l ^ 

{bh-l cc)y\cc-]-hb(‘^x — xx}\ /i-* -I- t-"' 

ost 

^ _ bdxy{2x — xx) 

b tlb]/( 2 x— xx) db (lh]/\cc-\-bb{2x~xx)\ 


>b = a~ — 


atquo ideo bb-\-cc = a\ 


oi, db 


ada 
b ’ 


ce iC~a )Y{ 2 at — it) 

“ fl® \/[ah^Tia^~ c8)('2fl^ ^)T 

Ii (i^ {a(U — tda)y[a^c^-{-{a^ — c^){2at—-tt)\ 

b ~ ada 


»pj 


atquc 

*S‘ - 


. dz __ id-r lU |/aV- 
a-’f/a ‘ ii^da da aW« ' da r 

V •l(r — "yc^)(adt —fda) "i" '“ '^’'^0 

' iv'dn ' ‘iat — ld 

{• 2 aft — '2cc)(ndl — Ida) ■/ ‘iat tt 

tt^dn y ff■'c--!-((^^“CC)(y( 

^ ec{a ~ l)Ur - C')_(tt (/ t d a)^ 

' aW{‘2ai - itp y\a‘C^-\-{a^~cc){'iat-ti)\ 


l(j. Nc aiitcm in nhiiis proVixos calculus iiiciclai 
/>, X (?t z\ erit 

\ ds 1 . dx t/cc -{■hiy'ix-- xx) 2hd:i 

db^*‘dh~ db^^'dbV "2x~i^ db 

ccdx^{l—x) 

db-y^x — xx)^ y[cc + bh{2x — xx) 
His ergo loco S et 7? subfitiUitis liabebitiir auqnatio 


s 


cc(i -■x)y{2x— 

xx) 

_ dx 1 / 

bb-\- cc 

(66- 

1-cc) y[tc + 66(‘^: 


bdb y 

2hd:> 

^1/ 

2x — xx . 


ccdx^(l 

db 

' cc-bhiyix-' xx) 

db\2x- 

Y[cc 


dz 
^ bdb 

i . tU 1 

db db dl 


/cc~]-bb{2 

2x- 


Atque baec est aequatio differcntialis secuntli gradus, 
variabiles sunt positae. Ex hac autem aoquatiom 
solvuutur. 


PEOBLEMA 1 

17, Si curva EMN (Fig. 2, p. 15) ad axem xiP 
applicala quaeqiie PM aequalis sit qumlranti AP t 
coniuijalorum alter sit ipsa abscissa AP, alter vero 
invenirc aeqvalionem inter ahscissam AF et apjMcat 
curvae exprmenteni. 


soj;U'rio 


ciinin est curvani E]\IN transire per punctum J'u, qiioniam eva- 
jmiaxe ellipsis AP quadrans ellipsis abit in altenim seiniaxcm 
A /o’. Ueci a porro J T ad angulum 
cmii AP inclinata oidt asyintotos 
'iV, quia posito soniiaxc AP infinite 
druns cllipticus liuic ipsi soniiaxi fit 
^.d acquatloncin mU.e\u invenicndiun 
c, A P=t ot PM =-- AF z, atque 
sa AP respectu ellii)sis AP' sit ac- 
iaxi oius, erit liauc quaestio casus 
equat.ionis iuventnc, quo csi i = a 
Posito ergo x =- 1 abibit superior 
. hiiiic 

_L ^ ,/ . I-'f,' ‘‘*- 

bh-^cc bdh db ' tfb 

t /j/j (P — c® Cl'it bdb = (dt ot db • A.U)U 0 

onstanto erit ddh = — , • Ilinc ergo Ht 

{U - cep 

, dz ddz /(ff — cc) . i'cds 

^ idt ttyni~cc)' 

;• luiec aec|LUitio 

z d*® I — cc) . ce.de 

it ~ tdi UdP t^l 

tzdP = {If 'b cc)didz + lddz{tt — cc), 

equatio quaesita pro cui'va j)roposita. Q. E. 1. 

G(luatioiiein luinc sequonti iiiodo ad diffcrentialia prinii gradiis reduco 
existeute le = l\ orit ergo 

dz = C'^''“8dl ot ddz e'^’‘‘'{dsdt d- ssdP). 
oribus substitiiendis oritur seqiions acqiiatio 

idt = (P A' c^)sdf -f /(// — cc)ds-\-is'^{P— c‘)df ‘, 



ih; iiii. (‘sl, ('(iinpiiriilii, ii(. tiulliH sulliuc- (UigtiiUs iirlilic.iis iiKh^tnnnina.t: 
'icdiii Ht'piinirl })oHniiil,. IfiLrriiii visro conHl.nic.l.io luiiuH iiO(iii:Ll.io?) 
:lili('al idiiiM clIipsiH c.ouHlal.. 

lil. N(i vi'rt) ('iii(|ii;nn diihirtin oriniiir, «jinHl pdailo ! 0 [Idii (l(»!t(!!il 

!i» snpdrioj’a.s Iijl(';^r;jlif)ijn.s ila araipi dahnanl., ill- pd.sll.d .r 

oqiid 0, iiidiidiidinn (‘si., <|U()d i|iii(l(uii in lux' c.iisii, ijiid r., sil 
II vdi'd i'nI, ((ijd((iin x 0, f‘.s|. x : /i(, / a iddoijiio .v : 

lux' ciiHii !uis([u:un xil. x • 0, )>ri)|)l.ni'n:i x; n.spiiim dvuiidscdi’i^ ilolioai 

'JO. (^idiiuidiiindiiin In lux'. prol>l<aiiai.(‘ pdaidniim / a, da (|ii(x]m 
upid a.iM|uii(io iiilni' / i\{. a (d. tMiiisl.;ui(.ns |»oI.(‘hI. ai'cipi id' (Uirva hlMN ' 
, id. (piiidvix a.ppli('ala /'/I/ :iO(|u:i(iM sil> rnspondnnl.i arcid nlli|d>ir. 
(xd)i(.in' nnini Idcii Mapi i'ioriH a(X|na(ioiiis iaux*. aniiiial.id 

4- (// I (// vv)dt(i: 

II /V/ ' //(//^ ' 

idlaiild '/' I'jiiii ip.siiiH / r(i{i<'l.i<»ricm, <(iinn c.s iinijinil-iiiidH {'ni 

ipilluiM iidii iiund- di'il.iir, ni Inro a: ponii.laii' nl. Inco b niu^^ 

I" 1 '^'') iilipid Idc.d f( diii.s valdi* in / nx anipia.Uonn iid.nr a id. ^ lu 
)sl il.iiai III'. Nnqiii'. vni'o harr a.r<{iud.iu (racial. ii (ml dinic.ilior (jinun ' 

i.x, ill (|[ia l.i‘i'iiiiii(iH V’ del'll; rndtua (‘luni polnxl Iiacc iicqiialio ml 
iain iililii ') dshuuli. 


Jl. fltil/s iiifiliillii clli/isihns ,1/V//, AiM/l fl’ij'. .'1, p. 17)» ({nurH 

id.iis .1 I'! si! l■lnlslllns, <i!!ir rrro raniih'tlh ill . / /, ./ l\ cl // //, hivm 'nr 
'nil inn f nil'll liONMC, r/«»/c (th his tniiiiihus clliiisilnis lurtis (iriiinih 
/, v/ /)/ iihsi iinhil. 

SOldlTId 

hurla lid axi'iM .1^' i{iiiiciiii(jiM* appliuala /!/ /' ciirvan (pianail 
'■ •/, /M/ u i‘l /(/'/' «■; ellipsis vi'i'o .1/1/// .siuniaxis varialnlis , 

I I'l ui'CUH uliHcisHUM ,1/1/, ipH <*sf. coiislaidiH i|iiaiililal'i.x , ail /. 


1) Viil« n»l:uii a [I. a. 


A. K. 


Llis igilAir sub- 


b = V{d^ — d) orit = f (ii. u = c V(2x — 
is aequiitio inter z, x et h abit. iu hiuic 

— .■c)]/(2.r — .r;f) dj: ■i/ce \-bh(‘2x — xx) 

'c {bh-\-cc)\/[cc-\-hh{2x~zx)] b(ifj I — 

id.v-\/ '2.V—XX , ncdx-(\--.r) 

1/ ■ — . T?," ■— ■ — ■ . . - 

lb ’ cr-{-hb{'’Jx — Xx) (lh^{'2x — XXpy[cc -y bb(ti:c — X.v)\ 

1 , (lx -t/cc '^ iib(*2x~xx) 
db ^ ' dh I '■lx — XX , 

2’X — a’:i' = "s , niultiplicolur ubirjuc ])Cr 
\/\cr + 


«»(!— a;) c^dx 'ibudx , — .r) -{-hbnu) , dx 

n'^ fiiidb /'/fit * /'tfr/it ‘ lilt 


cdb 




ctcdh 


dh 


one si loco h substituiitur qi propter ;r = 

11 iLuqiuiiio didbrmitialis sociiiuli gratlns inter I ot u, lunnpo 
vue quaesitae. Q. K. 1. 



Fig. Jl. 



infiuitao ellipses AMJ>\ ANG ot AOJI 4) oniues haboaiit 
ileiii coiuinimoni, ita ut G sit centniin oinuiuni, pro hoc casu 
paitionoin nioclulareni erui oportot, antequani corvain AINO 
(iiao ab oinnibus arcus aequales AM, yl 2V, A.O abscimlat. Sit 

I Opera omnia Iso Commontationes ttuulyticiao .'I 


igitur AC-~=r, CF=a, PM = u et arcus 


ideoque fict 




” K(2c/ “ tt) et du 


acdt — atdt 
c Y{2ct ~ ll) 


rdi ■i/(rc^-\-{fic—aa)(2ct-tt) _ /‘du -t /F — a^ii 

,1 € ' 2ct — il J a y aa- 


atque posito = ay erit 


z = 


Jrfy ]/(«- + 


c^yjl\ 

1 - ijy^' 


(juod iiitegrale ita debot accipi, ut z evanescat posito y =■• C 


2d. Si baec dcuuo diifereutictur posito praeter y et fl v 


atqiie posito 
erifc 




de dy -i 


da 






^ r ady 


(iiuc codoin luodo fict 

dR=- 




ady , r cc.y?/f^y 


coyy 

yy. 


seu 


(IH 

d 


Jl ady r CC 1 J 

« ~ ''J 


yydy 




ccyy 

yy) 


bvovitatis gratia. Ponatur nuuc rt./^ + /^^ = <2, ubi a c 
fcates ab y Jiberae, Q vero fuuctio ipsaruiii a et ;//, quae 
y = 0. Nunc ad a et /? et iuvenionda differcntiotur hae 
a couataute; erit 




vj'^vVi^-vyl _j_ _^ .Jdijy[aHl-y 

—yn) •\‘<^-cy\i\^ — )///) + cc7/j/) ]/(i — ////) 

-{- — 2a«y -j- aa^i/ -|- ccaccyy — aaccy'\ 

.-h -[- -I- 2ija^chf ~ 2/^rc^?/‘ + 

: ((/'(I - + ccyy)^Y(l — yyj = dQ. 

t 

O ^ . y.vK(i-.vv) 
y(a®(l-yy) + ccyy; 

buiuH tliilfimiLiali posito « constauto et acqiiatis torminia hoino- 


aa-\- i 3 td (icc = ~y et 1 + + 2 / 3 n' = 0 . 


a 


id -f- c® , — 1 CC 


lol'ihua substitutis porvouictur tandem ad banc aoquationem 


.-cr. a(la{(d~^c^) ^ (fa 'da (id- c^)l/{aHl-‘yy) + cc'iy) 

„ “////) -\-ccyy) _ 2 ( 1 ( 7 ?/ ]/(l - J /(/2 _ 

u{(d’-d)da y{i —yy) da K(a®{l— j/y) -t-(;cy)/) 

(hd{i —yifyy{id{\ —y\j) -[-ccyy) da (/(( ' i — !/.V ' 

equc suiutum est variabilo ac y et estque y = -■ ■ 


nunc ox infinitis ollipsibus, qnarum omnium alter axis ost con- 
Uor variabili.s 2a, coiistruatur ciirva j 6V1/A' (Fig. 2, p. 15) liac lege, 
.10 abscissae yj P = a respondeat applicata PM, quae aequalis est 
lliptico sub semiaxibus a ofc c, hoc ergo casu orifc = a efc y 1 
= e. Quare posito da constanti liabobitur pro curva PilfjY liaec 

a^dcd = (a^ -j- c") elad;s -|- «(«« — cc)d(h. 

tio Gst oa ipsa, quam in solutiono problematis 1 (§ 17) invenimus; 
ill] bic casus cum illo problemate utque, quod ibi erat i, hie est a. 

3 * 


rKoiihiOMA 


2(i. Ihsryiplis i}t/iuifis Hlifisihua AMI-', A N (I , ylOll 
munv ('futyum ('■ vumniituvnuinv. rnlUrtu A inilnnl'diKs nivoi'irc 
(ill his fiiiDiiliiis ('llifisihtts (irnts (tajifulrs AM, A i\ , AO (iliyc 

solili'l'in 

i'osiio oMiniuiii linruiii (‘ilipsiiiiii si'iniiixi^ 
ruiuHvlis AMh' M»‘iniax(‘ sillnro vnriiiliili (' l‘' a jili|U(' cn 
,(/' / I'l, ii|ijjlir5ila. /'/I/ K linl. || if Hil(|im luii^’il.u 

iUTiiH AM, A i\\ AO .suiiiaiil iir. Him posil.is cl, 

('iilliiI.iM (a'il. /' 

/ , cr// |A I ////) I f't'"' I r^■)^/l/ 

I If If) I rrifthr' 

(/ii »/j/- I If! 

I ' ,1 0 

(la ' tla I I //!/ 

HCII 

I \'o 1/i/) (^'1/(1 ■ y///) 

(,(” ////) I (■<:////) trr .)///) I cf.)///) 

:,’/n/i/(I //)/) yrnthr . 

i/tiur[\ H!f) \ r'lfif) dtr{\ HH)iid(\ mf) \ trifi/) 

III l|l]!l IKMjlUlHdlM* HI lucu <t jMUIIli'lir ” ('!• (loilldo If 

{innliliil, iicqiiiiHo iiil.or riMinlinaliiH f cl. a (Uirviiu ({UiicMili 


AN IMADVEESIONES 
IN EECTIETCATIONEM ELLIPSIS 


Cotimionliitio 164 iiulids Enkstuokmiani 
Opuscula vaiii argmnonti '2, 1760, p. Itll — 10 (; 


t. Ellipais rectificatio ioi iam variis mclhodis est friist-ra {.ontata, ul 
uni comparaiionem ai’cnuun ollipliconira cum lineis rccfcis, scd etiam iif 
Eilaiibua quidom aut pavabolicis expoctarc nequeamus. Cum eiiiin foi 
. didbrcufcialia, cuius integraJe arcmn cllipticum imlofinif.iini cxprimit, 
do ab irrat.ionalitute liboravi queat, ccrtum lioc esl. siguuin eiiis ini 
nom non solum non algebraico, scd otiam no concessis quidom circi 
ocrbolao qiiadraturis porfici posse. Quod cum tonondum sit do voctificei 
psis iudcfinita, bine adhuc muiimo sequitur arcuin quoinpiam dcfii 
uti totain porimoivum ellipsis omnem comparationem cum iineia vcl 

oiixnlavibus ponitus vospuoro, propl-orea quod iam innumcrabiles c 
ignari possiint indodniio aequo parum rectificabiles atquo ollipsis, in q 
ion arcus dofliiiti per liuoas roctas inonsurari (juoant. 

2. Missa igitur roctificationo ellipsis indefiuita definitam potins 
p’ossus, oxporturus, utruin tota cniusque ollipsis perimeter non com 
jsit ad niensuniH cognitas, quorsiim otiam logaritlimos ot arcus circi 
orOj per oxprossionos finitus revocari. Quanquam aiitom in hac in 
<iouG nihil iubnoclum sum consccutns, quod scopo meo satisfecissot, t 
lotor Gxpectatiouein noniiulla so inihi obtulorunt pbaenomona satis singn 
bus tbeoria linearum curvavuni non mediocritor promoveri videtur. 

■0 otiam dii’/icultatos, quao in toto hoc calculo occurrerunt, ansara 
LGbuenint quacdain insignia artificia iuveniondi, quae tarn in calculo 
,li quam in tbooria serioruin infinitarum ingontem utilitatem saopius a 
ISO videntur. Quamobreni operae protium foro oxistimavi, si has sp( 
ties totumquo quasi filuni calculorum meorum dilucide oxposuero. 


IMiOl^OSITK) 


Suprr ttnia renfa /IC I) tuiHfua)}} iiUcrn .svw 

iufinilos quadnuifrs cllipCiros yl l\ A li, A/j, f/i/ay/iui mfo 



ultrri wra ^oniaxi's ( 
(!)). Tiini r.o aiiiiiidii 
rlliplki 7 VI, !IA, i 
i{iin(ur, ita id ({uad 
jmrallda v.l quddranli 
([iind si nh'uiui) fieri i 
Q hUu mini in Ihiea 
euiiis nnfiiram hivrst 
Ad llll 

iilicMidniili niox pii 
liahon^ propricd.iiLoH, 
<in!MU ill li 

dili^'iMiliiiH iiKpiirtu 
diic.LiiM siill.oiu obil.i’ 


■I. I’l'inium i^iUir, Hi in iiuldlinil.ii (llfPt qi 

Morniiilis, ciipiiil.iir (pmoviH ii-liHciHmi <!d, uppliciiLii PQ, t 
ii(u]uiiliH (|Luu!runI.i iHn'iiuot.rl idlipHiH, miiiiH H(nniiiX(3H 
iliihi (iA (d. ipHii. 5i-l)Hc,iHsn. f//\ lliiin hI (;»i,piiil»ui‘ iihi 
ciisii (puidi'iinH ollipl/iciiK idiihil. in qiiadraiiLnni (dirc.idiir 
Hpoiifli'HH fL!) Jioqiialw nril. fpinrlaiJ pnidi pnripiii'i'inn niiv 
Uiidn, Hi ral.in ilinimiri ad ])nrip)un'l}im pnnai.ur 1 : 
liJ} - -- iyr-y/C;, nivo (»l> jr -- d, Id orii, 

Hi) l, 57 () 7 ni;:ia( 17 !HHIKi(i.yl (I 


i). iS(3onn(lo: Si ulmciHfta (JT ovaiuiHcul'., ollipsiH o 
10 cum linoa rocta confuudoUir. Hoc oi'^o (‘.aBU (jiui 
pnain linoainvIO^, cni projitoroa apjilic.ala alwciHsao 
iioqmiliH. Quavo ipsa recta CVl eril. applicata pu 


iita per pimctuni A transibit. Huius ergo ciirvae iam duo )mbo- 
L cognita. A ot J), quoruin alterum A geometrico datur, alterniu 
ratioiicm diamctvi ad peripheriam definituv. 

tio: Ex cognito qiiovis curvac puncto Q intra A et D sito seinpor 
lam ciirvae puiict.inn q ?iltni D sitnm dnfiniri potest. Capiatiu- 
srbia proportionalis ad CP ot, CA, ut sifc = quia Cf^t 

CA: Cp, crit quadraus ellipticns Aj) similis quadranti clliptico A P, 
m eadcin sit ratio inter scniiaxos roiiiiigatos. Hinc erifc arcus J/; 
AC ut yiC ad CP idoO(tuo }}(/: PQ = AC: CP sen '' ■ 
H’ si enrvao quaositao arcus AD tantum iam fuorifc desci'i])tus, ex 
curvae par.s Dq in infinitum extensa definietur. 

Li-fco: Hinc iam iasignis pvoprietas aequatiouis, qua uatnra curvae 
•riuiitur, agnoacitiir. Si nnim recta data AC uniiato dcsignoiuv, 
= 1 , abscissa aiitem quaovis unitato minor CP = p oicpie re- 
ppUcata PQ’^q, turn voro pouatnr abscissa, ilia altera Vp^P et 
q’=Q> orit et Q=y Quaro cum inter P ot Q oadem 

I aequatio, quae eat inter p ot q, patet aequationom inter p et 5 
jationoin esse aubituram, si in ca loco » ubique acribatur - et 
ido, qnalis ipaius p functio sit q, couiiccre licet. 

nto: Pritct cvescontibua abscissis CP applicatas contijiuo croacero, cum 
; maioros quam abscissae. Verum si abscissuo stntuantur infiuibae, 
ip.si.s fient aoquales; discrimeii ciiim prodibit infi2)ite parvum, undo 
qnaositam curvam liabGi*e aa^'uitotam ot qiiidem roctam CKangu- 
1 A CP bisecantoni. Forma igitur huius ciirvao similis erit hy- 
iquilaterao centrinn in C, axom CA et asymtotam GV Uabentis. 
biouo porro intclligitur curvam infra roctam CA productam sui 
re ideoqim roctam CA oius fore diawietrum perindo tatque Ijy- 
Vorumtamcn hoc facile porspicitur nostram curvam inulto lentius 
am siiam GV appropinquare quam hyporbolam. Nam in hyperbola 
, cui nostram curvam comparamus, quaovis applicata PQ aequalis 
linotio AP\ undo, cum applicata nostrae curvae arcui A]^ sit 
^atot Iiyporbolam nostrao enrvao fore circumscriptam, ita tamen, 
) .id ot in spatio inflnito se mutuo taugaub. 


II. iliH iiiTtu'.UonihiiH hiUiis |i:iloti{iluiM in no 

r.urvnc n;iliir:ini sinniniUuM iiii(uir:iiiMiH nc ]it'(i|io^;il;i (|ii;i('iii 
v.'ilnrnin l•l‘s)lOlnlonliM if invivil i;4onius; 

iinilii I'oiil iiH'i'i iir(|iin!il-. |mm' stn'iniii iiiliiitliini nxhilHni <1<'I 
rnHf)ivi n|)()rLol. 

riMHiiiiaiA 

10. i'lx. (lafh .svwm.r/7j//.s' C'// rl (■!' (inailnuitis rlli/ 
iiifniilinn drjiu'nr hmjittuliunn aints iimuhtmtis .1 }'/' 


SOl.liTlO 


<liiMi vnrnliiM jul. nIO'r soniInxiM /i(! I, ;ill('r Vi'i 
/I 17' I/, (jUMoniliir |»'inio nrnis (|niviM iiidnlinil ns /' 

lain (lurla. ml Cl’ iionniili )7\ nil ('\ 

nx mil. uni I'llijinis .i: />K(1 //.'/) irmi‘i|ii(' il.r '' 

(la \'{ilx^ i (In’) ' ' 

I '/.'/Til nil I /l/O/f/) 

K.I v.v, ■ 

iiiiiln iiilcj'nimlo nril. nrr.iiN 


.S' 



mi I m>mi) 
mi) 


iiuim iiilngniMo il:i. iiiHliliii iltOml., iil. |>o.sil.o ;/ 0 (l;i{. 

nvniii'ScciilM applinila .V K ■// Miiniil /' 1 ’ .s I'Viini'Mi’ii . 
invmilo ai iimiahir // <!.l I, !l|■('.uH inilnliiiilim /' T nl 

iinmlriinl in ('lli|ili(-i /’) .1 7, i|ii(>ii> (iininriiniis, ilit nl. ni 


V 



* mi I /'/'//.V) 
K(i mi) 


Imii piTJif.la |ioniil,nr 1 / 1. 


’'O.iil.iiiu iiuHl.rmu non chI, iicci'hmi', ul 
linll-i, Kud (Mini laiiLnin, ((iioin imliiil., 
vsilor <luLnnniniiUiH -I; quo pnnio 


2 ;) 


•om q oxprimoDS obtincri poterit.. Pouiitur enim hrevitatis gratia 
H'ii, nt Hit V{^ ~ yy piyyy) = V{\ ~ nnifij), critquc haiic forniiilam 
cvolvcndo 

Va - nnyy) = I — j- j! etc. 

valorn substitute pro V(1 — + WbV.v) arcus q ita cxprinietur, 



1 

2 



iiydii 

V(i -!/y) 


1- 1 
2-4 


f 

*f |/(i -yy) 


2-4.6 


(’to., 


in singulis }iis iutogralibus post iiitogrationom ponatur ^ = 1. 


Ivolvjiznus ergo siiigula haec integralia; nc priuio quidoin ex circiilo 
n est tbrinulam 

f 

^ Vii-yy) 

arcum circuli, cuius sinus =;/ pro radio =1; uncle posito j/*—! 
lula dabit quartani peripberiae partem, cuius radius « 1. Idooquo 
ioiie diamotri ad poripberiam ^\.n orit 

!' d)j 

1 adopli Humiis valovcui primi bennmi in sorio nostra ante inventa. 


toliqui termini jiari luodo per valorem n commode potevunt exprinii; 
■)nim tnrmiui intogratio ad iufcegrationem praecedentis roducitur; 
facilius intolligatiir, considoromus formulam quamcunciuc ^ 

'h 2 1 r vy) 

ions ^ • lam assumainus hauc formulam algebraicam 

•^1/a-yy) 

- yy)\ cuius difroreiifciale cum sifc 

{y -^\)irdy-{ii-\- 

V'Ci-yy) 

; I'/Ui.Kui Ojiova omnia 1 20 CoininonlHlioncB analjlicfto 


4 


(-rili viciHHini 


* lA * ////) 


[A I ////) 


mule collii^niiiiiH Cnro 

/• r • 

J i/n 


■ v"' 


/f 1 1 

1 

/' j Kti ?///) 

/' I ' 

(>X nil 

I'iic.ili 

I''l1 '/0 



1^(1 


I'l. (^)ii(MiiniH voi'o (MiM IniiUnn Iiih'iiiii viil 

((ui |in)ilouiil' iKiHilo V I, hoc. ninu (|ii;tii(.)(!is Ml^ohriiicii 

j,,i' I //.'/) 

I'vmu'Ht'il' I'l’ilijun ^!;i‘iinniUiii i»n» I'nMii if I 

/’ v" ' Vf/ /I I I /' //"(/// 

' »///) I K( I '/;/) 


Sii)iH{<ii.uiiiniiH iiitti 

pro 

;/ Hiirr.oHHivo 

vnlori’M 0, ‘}, '1 

(1, H n 

iliiniiM mw'. 


r 


;r 




I'd 


'/'/) “ ’ 


(M'il, 111. H('(|iii{.iir, 

Kl 





11 


r 

1 

r .hf 

1 ;f 


V(i an) 

•j 

•'ill //»/) 

«> ij 

1 1 



a 

{' fNft 

1 ■ ;t :< 

r 

, 


i 

■'K(i '///) 

a ■ r V.' 

ft 

,1 

j' ;Nn 

Ti 

/■ 

I • a ■ Ti 

'i* 

J (/(l - ;/ y ) 

i; 

' Kd //;/) 

‘J ■ 1 ■ c. 

1 1 

‘I, 

/■ 

7 

/‘ '/'r'/ 

I ■ a ■ Ti 

/' 

(/(I . 1/7) 

K 

K(d //?/) 

•J ■ 1 • r> 


uiulo Idx, (jua Hoquonlcm )m>|»m(liunUir, Hpoiihi oliic(<(. 



5. Quodsi iam isti valorps pro fortniilis integralibns, ex qiiibus Ion; 
intis clliptici q conHnri invonfca cst, HiibsUtuantiiv, ropoviotiir 


(f ^ 


% 



X 1 • 1 4 1 • 3 JT 1 • ! • 3 . 1 • 3 • 5 rr 

2 2-4 2 • 1 2 2 • 4 • Ij 2 • 4 • <; 2 


id sequontoni serieni satis coiicinimni rovncatur 




7t 

2 



] 1 _ 1 • 1 - I • 3 

2-2^^ 2-2-4-4 


V> 


1 • 1 • 1 • 3 • 3 • T) 

2 • 2 . -1 . d • () • n " 



lex pi'ogrcssioiiis cst inanifost-a-. Rostituatur ergo pro nn sims 
oritqiio 


TT / j 1 • I ^ J • f • I • 

.^(1- a.oC ~)'P)--- 


1 • J • I • 3 3 ft 

2 • 2 • -1 • I • (» • () 


(1 _ .ppy—^ 


G. Cum pro curva uostni JQ J)q lillora;) exhiboal abscissam CP ofc 
licatam PQ, iani adopt! sumus pro istsi curva acquationem into 
naias cb 7, quao, ol-si acrio constat iufinita, tamon non soliin 
m in 80 coiniiloctit.ur, scd otiam valorcs applicatao q luox 8 at 
cxliibot, si abscissa j) paruiu ab unifcato cUdbrat; hoc ost, cu 
' CA = 1 , si punctuin P ipsi Ji luerit proximuiii; turn oni 
)^nn quautitatoiii valdo parvani scries invonta valdo convorgit. 


7. Mine igitnr indoloni nostrao curvao propc ])unctunr 0, hoc os 
ononi efc curvatiiiam dofinirc potorimiis. Ri’imo onini patot, ut 
IS, si p = \, foro ^ , ita ut sumta al)scissa 6'/;^ = 1 sit applit 

BB = = l/)7079G32(i79'1896(). 


) ad positiouem tangonbis inveniendam quaeratuv rrutio di/Toront 
), quae per difforontiationoin reperitur 


dq ^ 
dp 




I • 1 / I 


I • 1 • 3 • 3_- 5 
- 6 


(1 --pvY 



1 • 3 • 3 - 5 • 5 • 7 
2'- 4 • 4 (5 - 6 '8 


V^—PPY -1- 


4 


i. uaJLu itHir j! 




U IIUU 




d]i i. * 

pnncto D, cum sili BI)\ B(t = dq:dp, Brit. 

BD=Z fiofc i?6' = 2-=27?a et. CG = BG. Sicquf 

A 

BG crit (lupla abscisHJie BC, ct. cum angnli BGl) tn 


'\'i = ® = 0,7853981(1, 
dp \ 


erit aiigiilua J5G/^ = 3R^ 8', 45", 41"', r)l’\ 


18, A(] radium oaculi sen fivolnt[\c in pnncto 1) ( 


^ elcmentum ciirvao 

dp 4 


V{dp-+dq^)~d 2 , |/(i +”), 


orifc radius oscuH 


= (i -I- 


At suinomlis dinerontialibiis sccuudis crit 


ddq 3:/i , 1- i-3,, V , 1 -1 - a-a'S ,, 
2 \'2 2 - 2 • .1 2 ■ 2 ■ 4 ■ 4 ■ (i 


a /I -3 , 1-3-3-6,. , , l-3-3-r)-fi' 

2 (2 -4 2 • 2 i d 2 ■ 2 ■ 4 ■ 4 ■ e" 


Posito ergo = 1 orit 


ddq 7E / ] 3 \ TT 

dn^ ^ 2 V 2’ ”8/ Ifi 


Unde in pnncto curvao .7) erit radius evolntao 




imeris proximo rcperiiur = 10,470678. 


10,470(572. Conoxit A. K. 


^oro Bupra. notavimus, si sifc , fore Q='^^ ; quare liis valori- 

tutis impetvabiiuus iiovain aGcpialionem inter et q, qua natura 
itor oxprimekir, 

1-1 i-ri-3-3r)ri-y>^)^ Y 

' 2-2 pp 2-2..1. t p* 2-2-.i--l.G li V’ 

m ante iuvonta combinctur, mnumerabilcs aliao novae aequationos 
oterunt. Veliiti si prior per p multiplicata ab bac subtrfibatur, 


__ ;r /I I -[-pp)__l-l-l -3 H-ppy(^~p‘) , 

v>.‘;> pp 2.2.4..J i)‘ -rtii-uj, 


:itur ad hanc 




1 i-i-p/j I -1 3 (i -p‘)(i-/>p) , 3-3(1 


\2 ' p 2 - 4^1 


“^2-4"4.G-G 


— etc.) . 


3Tios udhuc sib diviaibilis por * ’J’ orit 

'ip 


p){i_fpp} 

P 


1.3(1- pp) n _ 4 . 1 3 ^ (\ _ 

^ 4- 4 'pp ™'^4.4-6.6 p' ^ 

1 • 3 . 3 • 5 • r, -7(1- pp + p* - p**) 


■I • 4 • G - 6 • 8 • 8 




(1 —ppy -1- etc. 


anilostum autom cat has series pavum subsidii afferre, si applicatas 
ilinius, quae lougius a liJ), quae abscissae = l respoudofc, sint 
i (mini pro p iionatur numorus vol vaMe magnus vel valde parvus, 
mta vol parum aduioduui convorgit vel etiam divevgifc. Si onim 
;UclinGin prhnae applicatae 6V(, quae abcissac = 0 respondefc, de- 
nus, seric primura invonta uti convcniet, quia in roliquis termini 
finito magui. Ilabebimus igitur pro hoc casu *= 0 

A _ 1 1 1 _ etc) 

V 2-2 2 -2 -4 -4 2 -2 -4. 4-6- C 2 • 2 • 4 • 4 - 6 • 6 • 8 • 8 /’ 


quao tfira lente convergifc, iit, etiamsi plurimi tormiui i; 
verus ipsius q valor, quern noviinus osse = 1, inde d: 


21. Quanqua-iu autem nunc quidem noviniiis essi 

I . [ I ■ ij 1 ■ _ 1 - 1 ■ 1 ■ ;i ■ 3 ■ _ 

~ ' y -y -I'-l ■ 0 - G '■ 

lanicn Invcntio suniniae liuius sorici non panun arc 
tonfcetui:, Veritatoiu quidem ex tbi’inula, quaui quon 
ciili quadratura dedifc*), iiitelligoro licet, si termini } 
gantur; sic eiiim pvodifc 
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undo valor serioi iu infinitum contimuitao orit 
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quae oxprossio cum sit ipsa Walusiana, patct sum 
• Intoritu iamen iuvabit tradore methoduni hanc 

% 

SI priori suinmaudi. 


PROBLEMA 

22. Invcmrc summam hnius serici infiniiae 
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(jressionis p'mo inhdtu cst manifesia. 


LLis (1616 — 1703), Ariihmdica uifinitorum aivc no 
h'Qtio'am (iliaque difftciliora Matheseos prohlemaia\ 
K. 


iiliiuMinl.ur. duiiiHinodi oHt luioc 
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•(‘uliuld 1 h)«: ilu ilnliiilsil.iir, ul, si pont niU^gnit-ionom poniitiir 
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i hi viihu’iiH huIihI il.uiuil.ur, liiiholiiLur 
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pdHl iiili’gniUonoin Hlui.uaUir - 1. 


ciiC. 


liic. nrgi) nis nidil,, ul. (pmovatur IbnuiiltL (limu'ontinlis u 

LiH ('.omliliouiliiiH muUhIIilL huu ul in gciiori! hiL 


HI quitloin post integratioiiein utraraquo poualuv x 


conditione sit 


‘ />(//'+ 


/« + : 


Lil)i Q eiusmotli sit functio ipsius a, quao ovaiiescat 
orgo cUfl'ereiitialia crit^iue per x" dividondo 


ID ^ ,1 n I 

- 


sen 

0 *= (j« — [)dr — "2) a:a;dP 4- xd Q + 


quae «aoquatio» cum locum habere debeat pi’o oiini 
vetar in has duas 

{) = (ir-xxdP-\-Qd% 


unde lit 
ot 

Quaro cum sit 
erit 


0 — dp — 2xxdP -|- xdQ ( 


— Qdx _ xd Q -f- Qdx 
l—x.c iq-2.ra’ 


xd <2(1 — ii'ir) — Qdx(2 + x, 

<iQ _ dx{;2 ■\-xx) _^_2dx _ 3; 
Q a;(l —xx)^ x \ ■ 

fit dr=‘‘^V(i 

XX XX '• 


24. Yerum hie iiotaudum eat, otsi valor ipsius 


tauieu casu ;c = 0 quautitatcin algcbraicam ^ n 
a; = 0; quao tamen conditio aeque eet necessaria ati 


non sit /.'(:a-rfP= — -'-P. Cum autom roliquao form 
haboanb, a formula picxdP orit iucipieiidum eritqm 


jx*dP=--~ ^J*xxdP 


J.VdP.-= 

flrdP^ 


iPdp^ 
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4 • 6 • 8 



etc., 
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lifur 

r d p 


[/( 1 - d V 2 ~ 2 • .1 . 4 ^ 2 • -1 • 4 • fi G ^ 

1 , l-I , 1 J-a.3.5 , ^ 
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= ^'(l — :c;»0 crit 

I, f' y(^ ~x.r) . , 

/ — C — — A Silix, 

X ’ 

fxxdP^JdxV{l~-xx)= ^Asiuj-h IxVn—xx) 


/ 


|/(l--.7\r) 


lies C et D ita accipi debent, ut intcgralia hiiec evanoscaut pnsito 
iK^nam aiitem ntmquc scorsim fit infiuita, lumen coniuuctae so 
ruonfc. Kiit onim 

,, — /^=7)— — ^-hAsnia:; 

'/[/(l-n-.c) X ‘ X ' 

inoscai positu a; =•»(), dobet esse J)^C idooquo posito iani ;/; = ! liet 

( p I -1- ^ 

lein hoc ciisu ost J xxd 7* = ^ , prodibit 

^ , 7t /u \ 7t 7t *t 

7t 2 

lligitur fore .2 ^ ^ ^ 

^ 2”2 ~ 2 ’- 2 - 4-4 2 - 2 -- 1 - 4 - 6-6 ^ ' ?t ’ 


uatura iain coiiclusimus. 

ICuLKui Oiiiiifi omuia Iso CouiinoiitatioBCS aiialylicau 
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2o. Qnoiiifim igitiir eruiinus in ipso initio (jsse 
iiulolcm liuiiis carvac prope punctnm A indagem 
catao q inqniramiis, si abscissa p fuorit valde par 
itiKH itoi'iifji I —pp = n-n, fit cum sit 


q = 


:rr 
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fit quia uovimuft loro proxinie ^/ = 1» addamus aec 


0 -= 1 — 
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atqno Imbobiinus 
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cuius sorioi cum siugiili termini sii\t per 1 — nH = 
luKiC cxpvossio a«i banc 
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Si(5. Quodsi iu hac oxpvessiouo singuli tcnnii 
ovolvaiiLur, roporieUu* 


q = 
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1 + - p 2 ^{ 
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etc. 


At OX supra inventis habomus suinmam priina 
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) coorfioieiis ipsius (.srlt 
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icqiic tandem obtinnbitur 
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tiuiR iaui liic n=«l, ut obUueainus aoqnatioiiem huiua ibrmae 
qua natura carvao propo punctum J oxprimitur; cum oiiiiu 
at vorani acquationetu futurain esse luuus fovnuie 

•= 1 -|- j-ipp + Bp* -1- iJp’* d- etc., 

valde parva assiiinatur, rolirjui tormhn praetor biiios primes 
'unt citquo ox acqiiationo tarn positio tangentia 

ra in puncto A colligi potent. Posito enim AJi^x, 

; et p = p ideoquo, si a7’cus AQ faorit ininiiims, is cum para- 
tur, cuiiiH acquatio 'X, = Ayy sou ao propLorea 'j- para- 

sequitnr tangentem curvao in A lore ad rectam AC porpoudi- 
dium osculi ibidem esse = ~ . • 


2\NIMA1)VKHS10N'ES in J^1•:CTIF1CATI0^ 


28. Ilic igifcuv coofficiens A reperietur, si i 
qnantilas p}) mulLiplicatnr, ponatiir n===l, ita ii 





qUciG aiitem, si eius siiminatio lentolur, bun par 
ut cius Humnmm acleo iniinitaui siispicari dcbeau 
00 luagis confirinamur, si sorieni primo (§ 15) iin 
ipsius cvolvsunus, utide fit 
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etc. 


2IJ. (line orgo coel'ficions ipsius p2) in aoqu; 


orit 


sou 


5 = 1 -f Apji d- "h 
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A = 
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siinilique modo ofc roliquos coefficienbes B, 0, 
licobit. Vonim hoc labore supersedere poteriu 
coofiicicntcni A, sed ctiam oinncs roliquos pr( 
spicuuin hoc fiot ex solutione liuius problematis 


PROBLEMA 

30. Invetiire smnmam Imius seHei iufinitae 


ANlMADVERSlONliS IN RECTIPICATIONKM ELLIPrilS 


SOLUTIO 

ia,tur ad hanc suimiiain s inveniundam haoc ibrniiila 

1 — XX ) 

posb intogralaonGH singidas ponatm* x = \. 
jlxdP= P 


etc. 


a 

r dl> 4 . ‘ 4 . 1 4 - ' ■ 


f =2Ps; 

•) l/i'l — arrr'l 


'\/{l—xx) 

nto P veporiebur s, ai post integrationein ponatui o- — 1- 


am igitur geuoraliter esso dcboab 

Q oilismodi sit functio, quae evancscat, posito .i:=-d, ei't 
(/I + i)xxdP= (/t + 3 )(lP + xdQ + (/i H- 1) Qdx, 
sequcntos acquationcs conficinutur 

x%dP “ d + Qdx 
ixxdP = MP + + Qdi- 


dP 




1 -xx 


3 — 4a;.-c 


hiiicquo olicitur 


fiQ 

Q 


Quiiro bfibobitiir 


dr = 


XX fix 
lAl — .(-.-r) 


‘Zdx — '-^xxdx _ 2 f/.r 
'.r(l-;l'.T) X 1— 

Q = - XX lAl ■— .ra;). 

(/ P xxdx 

Y{ \ — .r.r) 1 ~xx 


Kint r.i-rjo 7 '-= J tt, si jioai integrai.ioncm ponatnr a: 

ciiina valor posito x = I fit iiiiquo infinitiis. Erifc q 
soriei proposilae inlinito magna. 


b2. Qoio. igiiiur cooHicions A ipsius pp in aeqnii 

q=.\ -\~ Ap^ ot 

cst Inflnilus, radius osculi ourvao in punoi.o xl uii 
Venini pvacterca liaec aoqnaUo, in qua oinnca omnii 
J) otc. fiunb inliniti, niliil plane ad cin-vao eognitio] 
radius osculi curvao in xi ost, infinite parvus, natura 
luiiusmodi acqiiatione <7 -= 1 h etp”' oxpriinotur, in t 
siij minor, veviuntainon unitato maior; aed ox onin 
kadita, nulla, via palot, qua huuc exponontem in 
enim is nuniovus integer osso nequeat, nulla seriern 
ita est coinparata, ut ex ra potest, atom ipsius p ii 


intolligimus problema esso Huinniopci 
iris requiribnr, quae naturam curvac 
Linctnm A oxhibeat. Notura est onit 
nque fuerit ciirva xi Q, aaturani minim 
iuiodi aequationo 1/’” = Ax comprehcu 
pro enrvis autom tranacondontibus 
porbiimciilas cum arcubus cuvvariun 


in nostra curva, ctsi o»t tmiiscoiidens, lioc oo magis inirnin 
quod inilln, huiu.sinodi formula y"‘ — J.v oxhj))ci'i possit, qaao 
G eins porlinuciilae oirca sitae iiatiiniTn doclarefc. 


noduin ut resolvainiis, aer|uatioiiom nobis iinilam inler coordi- 
invofltigavc oportebit, quae ctsi, ut facilo praovidero licet, ad 
ecundi orclinis exsiirget, tamcii ad accuvabiorcin curvao cogni- 
erit accoinmoda.fcu,. J'lliciGums n.ut.om huinsiuodi JLeqaationein, 
erniinnruni finitn conatot, si soricin prime invontam ad suniinnm 
Cum oniin posito 1 — pp=>nn sii. 
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— otc., 
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in-- 2 » 

ulfciplicata denuoqno diirerouUata dat 

laec pnr uc nu'sua iitbcgrobar; erit 


f' d/* 
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(in , 1 • l , 1 • 1 • 1 • 3 , , 


por ot iutfigL'ando proclibif. 

2 fdn r I ndq X i ■ X „ _ < ■ ‘ ■ I ■ 3 „= _ 

T ,7 J n dn n 2-2 2- 2-4 *4 ’ 

iin sit. ipsa proposita per n divisa, oril 

f ' cl " so.. /■ ' d. ’ . 

■ J )r J n dll rtn t’ «® t/ H an u 


imus inmc diflereufcialia liabebiturque 



ndq — qdn 
n n 


J * I nndq 

n ' ihi dn 


SOU 


|)f) rro quo d i 0* ciren t.iando 


ct -- nd. H- n(hj — ndq — (/i 

H (hi dn '* j j 


seu 


(1 — mi) d. gtidn = 0. 


Iain ol) 1 — n » = j^P ci’it 


nd)i = -- 2)d2^ ot. 


d)i 


undo fiti 


pdp 

i-VV 


~P}'<d' -pgdp^o sou 


Sumatur iam dp constans; erit 


(I -P2>)d(^ _ 1 0 

))d}> pp p 


sou 


2)(1 ~~2>p)d<^Q •— PP) + P<l^h'>‘ 


ar?. 

posita 


ICn igifeur no<|nabionoui di/Tcroniinlem aecnndi g 
^)(l —ppi)^<^Q — dpd(j[\ -^pp) + PQfh'i^ ‘ 


ox qua potosbas iUa ipsius p in aequabione j * 1 -f A}. 
soissa p vuklc pavva sbatuatur. Cum igibur fiat 


orietur 


seu 


dq = efc ddq w(w — l)yl^j 

f/i(in — mAp"‘'^d~ P 

— w(m --- mAp'"^' 

VI (jM — 2) A 2f ‘ " ' ' - ()ii VI — 1) A p"* ' -h 


rgo easo •>h = 2, ut toiminus cum p ( 

obbiiietur yi ^ cs?; praoterea vcro liinc pers 
numermn fracbum esse posse, ita ut hinc 
;vi potius qaara tolli videatur. 


inodsi rt'gnlis consuctis uU velimuR jul aeqitalionein inventaiu in 
dveiicbni, quae secundum potcshates ipsiiis p procedat, qtumiain 
«numm serioi ienninum esso inillam aliam fonnam inde cul- 

i nisi hanc 

{/=■ ! + ^ -I- Bp^ + /Jp« 4 - etc., 

-■- 2Ap + ABpA (; (y H- 8 Dp^ + etc. 

-- 2.1 d- 1 2 Bp~ + 80 cy + 50 Df/' q- ei c., 

H in aeqnationc substituti praobobuut 


-h 

2 yip + 

12 Bp 

■’+ 

.socy-i- 

5GJ)p' 

etc. 


— 

2A 

-- 

12 - 

30 C 

-- etc. 


2yJ - 


— 

oa - 

S/J 

— etc. 


— 

2yl 

— 

4/y - 

or; 

-- etc. 

•f 

1 + 

A 

+ 

B + 

c 

+ etc. 


cofifficieutos A, Ji, C ofcc. prodeunt infiuiti. 


lijio igituv viclemns vegnlas ordinavias, secimdum cjuas vulgo forma 
rjuiim aeqiiat-io cUll'cvonUaHa bransmntanda sit, diiudicari solet, non 
dontfis, cum lioc casii iiullam afferant utilitatem; undo nostra 
’,0 miiioroni lueretnv at»tentioneni. Sequent] tamen modo ox ea 
*vao prope puiictuiu A colligi potcrit, ex quo siinul intolligebur, 
dtini quoqiio in aliis casibiis defectua isto regulavum usu rocep- 
plori caeqno ad pnixin accomiuodavi debeaut. Quia cnim abscissani 
infinite parva, liabetnus, in aequatione pro 1 —pp ot poiicre 

:)i quia noviinua esse hoc casu proximo (/ = !, pro quantitate finita 
1 scrii)anuis; quo facto aeqnatio differcntio-difforontialis iiiventa pro 
al)sciss}L }) est minima, sequentom incUiet formain 

pddq — dpdq + pdp^ = 0 . 


EuLhHi Opera omnia ho CommcDtationcs analyticac 


6 


39. Huiiis iiim aequationia resoluiio cst, facilis; 
sfcaiia, poiiatiii' oi'il dd([ =-■ drdp luibebituvf] 


sive 


pdr rdp -\- pdp =- 0 

pdr - rdp dp _ 

■PP P ’ 


cuius intcgralo cst. ^ I-- lp= undo fit r — (Jp / 

c(,j ■= (Jpdp — pd pip. 


Itaoc iam aeqnntio iiitogniba dabit 




1 -b 



2 PP>P -I- 


1 

4 ^ 


in qua niin t<)vminus pp 
curvao iuiLio A 


incomparabiliber sit raino 
7 ^ ^ - y Pdh- 


40. Xuiic igitur natnrnm curvao propo initiuni A. 
niro posaumna; si cnim voccmus Ali^(C ob IiQ = i 
oriotnv haoc a; = — \vyly, ad ouam aequatio gencr 
si coordinabae x oi y sint quani ininimac. Patob igl 
nrculum circa A ttmqiuun porbiunculani curvao al 
8C(1 oius uatuvam logaribUnios implicaro. Eb quonii 
in oxponeutialem transfonnari potesb> initium curv 
erit cum linea transcendonte, ciiiiis aequatio est 
nuincro, cuius logaritbnma hyporbolicus osb = 1. 


L. Aeqnatione liac — I vu^V confivmantur q 
libus huius curvae in puncfco A notavimi] 
fore quoquo tjyly ac proinde .'c = 0, ots 
sit dx = — ydyly — l^-'pdy, quia y in 
If dx = — ydyiy ac propberea 
n curvae in A ad abscissam A lt essi 


biioniialis = -^'^y hocque casu subnonimlis rarlio Gvoliifcae 
3 si ?/ = 0, luanit'cstuin cst radium osculi curvae in A 

parvum. 


<ime autcm dilTori/ haec curva a curvis algcbraicis, quae iu initio A 
nb nuliinn osculi cvanoscontom. Curvarnin onini algobraicarum, 
idole gaudiiut, natuni circa initiinn A liiuusmodi formula oxpri- 
//'" cxistcnto m<2, uttamon wi>l. Sit igitnr m — 2 — w oxi- 
ctionc imitate luiuoro, ut sit cvit dx a{2~~ '"Uly 

dy _ I 

rf.r «(iJ — 

at radius osculi, qui suhnormaii acqiialis ost, erit == = 
^ero curva radius osculi inventus ost = , undo radius osculi 

n curva algebraica (piacnncjue erlt ad radium osculi in nostrae 
io A ut ad ft(2 — cu), hoc cst ut 0 ad 1; qiiautuinvis 

8 sit oxponcns w, casu ^ = 0 semper est ctiamsi sit 

Quare in nostra quidein curva radius osculi in y\ cst infiiiito 
tamcn inlinitics maior ost quam radius osculi evimoscons in oinni 
aic'u. 


nito iaiLi initio sorioi, qua valor applicatac PQ^q poi* abscisaani 
i;imitur, scilicet 

q -^r. [ - ^ pplp -P App, 

erit bine fonnam totiiis soriei colligoro. Cum eniin cx acqua- 
ntio-diffbrontiali intelligatur sequenUum termiuorum potostatos 
firio cresccro, valor ipsius q goiKjratim gemina soric infmita ox- 
tquo 

q = \ Ajr "h Pp' “h ('V “b + etc. 

— applp — f^qAlp -- yp^lp — (^p^lp — etc., 

3m nunc iam novhnus esse a *= * • 


c* 


4'1. Cum igitur vems valor ipsius q duplici serio c 
seorsiin oliciamus, j>onanmfi 

q — sip 

Grit(]uc dirt'oreiitiaiido 

(Ifj (Ir — — (Islp, ddq = ddy — '^dpds _ 

Hi valores in nostra iieqimfcionn difl’erentiali 

2 Hi — ffi))ddq — dpdq^ + pp) pqd^ 

siilistituantiir ac tovniini per Ip afl'ucli seorsim nihilc 
duae obtinebuntur {io<jiiatioijcft 

pO — — (1 + P 2 )) dpds + pSt 

IJ. ;j(l — j)2i)ddr — (i -\- i>2>)d2)dr prdj)'‘—-}(] — 

45. Ad has acqnationos rcsolvondas ponatur 

r = 1 + /] + Bp' + C/ -f J)p^ d- 
5 =. d- 1^2)' + •+ 

cvitque differeutialibus sumondis 

'I’j = 2Ai) + (iC/ -1- 8/V - 

= 2A + ViBp^ -I- 30Qj' + mnp 

-J- = 2«;j-|-4/V+Gy/-l-8ry,;-i- 

= 2rt -j- 12 , -1- SOyp' + 50 J,/ ■ 

His valoribuB aubstitutis prima aecjuatio abibit in ba 
2a2> + 12 (3p^ + 30^;;® + 56 -f 90 4 

— 2a — 12^ -'30^ — 56d - 

— 2a — 4/i — Gy — Sd — lOe - 

— 2« — 4/? — 6^ — 8d - 

+ «+ /? +J' + d-l 


i iani singularum potoatat.um ipsius p coefficiontoa niliilo aoqiuiles 
erit 


— 26^ = 0; u iDanof. indeterininatiULi 

Hfl— 3«. -■=(): ii= a 

2 - 4 


24/ — ir)/i = : 0; 


:i-6 ^ i H 


48 () — 35/ = 0; 


f) . 7 _ 1 • 3 • 3 - 5 • f) • 7 

0-8 2-(-4.G-U-8 


8()fc — i;3() =-0; 


7- 9 y __ I - 3 - 3 • r. 5 • 7 • 7 • 9 

8- 10^ 2 • -I -4 (i 0 8 S. lU 


etc. 


cic. 


AU‘ valor coefficieiiiis a cuiislarot, qaoni quidoni iani viiUmus 
omiies soquontes cool'ficiontos fS, /, d olc. fornnt cogjuti. Vmim 
iliorina aflqiiaiioiiis quoque liunc nobis valon^in ipsius « pate- 


bstiiuiis anini scriobus ante tnuliU.s in aitora aoq)3atione provoniefc 



2^0 
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12 lip 

’+ 

3(J('y 

‘4- t){\J)p 

^ + 

JI07-+ 


e(.c. 
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2 A 


127/ 

--300 

— 

%l) 

— 

etc. 
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2yl 


47/ 

— 

iiC 

~ 877 

- 

WJ'i 

... 

etc. 



— 

2 A 

— 

Mi 

- oo 

— 

877 

— 

etc. 

4- 

1 

4- 

A 

4- 

IS 

4- G 

4- 

XI 

+ 

etc. 

— 

4 a 

— 


— 

12/ 

— 10 

— 

20g 

-- 

etc. 



4" 

4« 

4~ 

8/J 

+ 12/ 

+ 

1(1(7 

+ 

etc. 

4- 

2a 

4- 

2/7 

4- 

2r 

4- 2d' 

+ 

2£ 

+ 

etc. . 


4H /j - :i:» C - M(y -I- 12)' = 0; 6-8 U - 5 ■ ^ 

80 JC — 03 J) - 18£ -h lG(i' -- 0; 8 • 10 7? - 7 ■ i 

etc. 


48. Cognito igitiir valoro ipHiua a = ^ alteri 
ipaiua p iuvolvifc, tota iunotescit; orit eniin 


fietque bine 


a ®= 


1 

0 


/i 


1 • 1 • 3 
‘J • 2 • -I 


'2 • 0 • 4 • 4 - 6 


lj_l • ^3 • 5 • 5 • 7 
F2-4-4'-6'C-8 

1.1-3-8-5.6-7-7 
U-V- 4-4-G-D’8-8' 

etc. 


s app 4- /?/ + 4 - c)y 4- 


49. Qiiotl autoin ad altoram soriem attiiiot 
)• = 1 4 - Ap'^ 4- 


primus coefficious A hinc mauDt indoteYmhiati 
has series ox acquatione difforontiali secimdi g 
detonninatiouo indiget; ut ad nostrum casum o 


oientiH A cx ipna curvae nafcuni dofiniri oportot, co aiitein iiivento 
t.osc(nit (‘X Ills f'unmiUs, ad quas snperiores ri*(loiinL: 


J!.= ’ 

3 

A 

1 / a 

— fi I 

O 

-1 

8 ' 2 • 2 

■' 

1 

f) 

0 

B 

-'.AA 

JJ= 

7 

a 

- ' 

li 

H 


8 ' \ 1 • -1 


y 

I) 

- ' J(' 

8- 

10 

8 V 5 • ,0 




etc. 


s aut.ein omnibus co(?f(icicmt.ibus iuvcntis ad clatam (piamvis abscis- 
p valor rcspoiulf'uUs applicable VQ --=(i ita dcHnitiir, iil, sit, 

q .. 1 -p A/ -\- lip' + cy -I* 

--((pplp- ilp'lp--yp'''lp — <)'p''lp— et-c., 

, si abscissa p I'uovit niiibito nuilto minor, sal:is pronite convin-git, 
or i])8iiis (( cognosci qucab Uinc vcro otiam ap])licatao, ([uao ab- 
maioribus unibiito rospondont, dcfiniri polornnt, quia abscissae 
b annlicata • Quaro si abscissa unitaio innlto maior ponatuv 
ri'spondons ajiplicata = ob /> = y, cl, q^pQ=> orib 


(,h- P-{- d/’-'H- IIP /Ji' M- etc. 

A-aP-'U^ -i- (iP-'l P -t- r -b etc. 

jcissa P fiat inliniba, crib 


Q-- P-P 


uir 

p 


sou 


0-P’ 


ttlP 
P ' 


a rami Vq iu innnibiim oxbcusi oh ad asymhobam C' K appro pi n- 
ligihur. 


.lia jiorro uovimus, si p = l, Core <7— J acqiiafcio 

' 1 C formam ob 11 = 0 induot 

•^ = 1 + A d- 8 + C'-h J) + 8 i- etc. 


Cum igitiir valor A iioncUim sit definitus, rtdiqu 
peuduaut, liaec aeiiuatio coiulitionem continct, < 
iialur. Ita scilicet valorem ipsius A comparatii 
soriei Infinitae I -f- A -{- B 4- (■-' 4 *^tc. fiat ^ ^ 

littoruruiii C, I) etc., qui ab A. pendent, evol 
sultant expressioncs, ut hiuc valor ipsius A neat 


52. A-d hanc constantem A deteriuiuandani { 
piam ellipsis perimeter ex altei’a formula in n 
mcthodiis cum reqiiirat, ut omiics cootlicie.ntes 
evolvani.ur, computo peracto rcpOYietur 


« = O.bOOOOOOOOO; 
/3 = 04HT5000000; 
y = O,ll7i875()()0; 
.)■ - 0,0854492188; 
ft- -<bOG7'29l2o98; 
0,0555152808; 
= 0,047254085ry; 
^/-=0,04U363G9] 

( = 0,0304228208 
X = O,032G7y3(i00 


A quaoritur 
B = 0,3750000000 
C’.-- 0,2343750000 
!) = 0,1708984375 
B = 0,1345825195 
7-’ = 0,1110305780 
G = 0,0945081711 
.11 = 0,082272738; 

Z= 0,07284r)(i53( 
JC = 0,065358739; 
etc. 


Hisque valoribus iuveuVis, si abscissa sil; C 
defiuietur, ut sit 

g 1 -I- Ajr 4 + (¥ 4 4 

4 Ip'" 4 /f/" 4 et( 
+ rP' 4 4 Ep" 4 ^P'" 4 vP' 


l) Bdiiio priueoi*8: 0,0337966902. 


Coiroxit A. 


le vero supra eiusdeiii sipplicatae q valovom ita invenimus ox- 
t 


!, (1 — pp) - 


1 • 1 • 1 • 
2 - 2 - I • I 


(I '-pvf 


1 . 1- 1 .3 .i-'. 

. 2 • 4 . 4 . (] . 6 ^ 



,ur ox utraquc iVjrnnilii pi*o oodoiii quopiaiii -valoro ipsius 2^ 
0111 ipsins q, ut dcinccps ox siequalU-aie horiun duoriun clicorc 
oni coofliciontis A. Pro vero non niniis exiguaiu IViictioneiii 
niiofc, no oxjn'uHsio postorior uiinis lento coiivorgal; tain parvuni 
inns, ut coofficioiitos ])ro snporiove toriiia conijnitati vuluri q 
invnnioiulo siirficiimt. 


ULis e.rgo ad coinmudutii calculi ]}= ^ ; orit in logaritlnnis hypev- 

— I]) == l,G094a79124.‘S. 

= 0,02000000000 

= o.oooaooooooo 

= 0,00000750000 
O'V/ =- 0,00000021875 
f = 0,00000000689 
L‘p‘3 0,00000000023 

^0,00000000001 

0,02030772588 cooflicions IpsiuB --- 1 p 
1,60943701243 

0,03208402304 productum. 

= 0,04000000000 yi 

Bp^ = 0,00060000000 A — (),0001750000{) 

cy 0,00001500000 a — 0,00000525000 

D p^ = 0,00000043750 A — 0,00000016432 
0,00000001378 A — 0,00000000538 
0,00000000046 A — 0.00000000018 *) 

G yd‘= 0,00000u00002 A — 0,00000(^01 

0,0406 1545176 A — 0,00018041989 -) 


nnceps; 0,00000000010. 2) Eililio pi'incepa; 0,00018041987. Corvosit A. K. 

Opera oinuia Iso Conmioiitatiuaos analylicao 7 


2 ' 2-2 


1 • 1 • 1 • 3 


1 • 1 • 1 • 3 




ponatur ad abbreviandum 


^7= I -e-> 

A 


Yernm hoc casu ob series ista idmia lente c 

25 


valor ipsins q satis oxaetc elici queat; qimre, ut iitr 
biam obtiueamiis, ponamus 

culuiii vGi’o tantum ad 6 nguras expedianuis eritque 


ergo 


ylpp = 0,;"00000 

i^7/ = 0,093750.1 ■0,02734^ 
0/ --= 0,029297 A - 0,010254 
i>/ =- 0,010081 A ~ 0,004012 
VoV" = 0,004200 A - 0,001040 
by^ ^ 0,001735 A - 0.000093 
djA' = 0,000738/1 - - 0,000300 
« 0,000321 A - 0,000132 
iy,'» = 0,000142 A - 0,000059 
Kjr<> * 0,000054 A - 0,00002G 
Suinma reViquorum: GOA— 24 

Summa oumiuni 0,640994 A — 0,044484 -|- 
q= 1,066592 + 0,640994 A. 


1) Editio priuceps: 1,03260360407. 


Coirexit A. K, 


prcssio (lat (?= 1,350G47, iu\de fit 


. '28i0o;> rx 4 loi 1^ 

“ 640M4- “ 


Luqiuiin hie valor non ult.iu G figuvas oxteudifcai’, tainon casui uon 
viflelur, quod isto uuiuorus uivoutiiM 0,448147 a logarithino bi- 
1:718 nuibatis (piadranfco 0,25 praecisc. deruuat. Qiiao coniecbiirn 
consonbanioa, vuloretn Uttcrao A ad plunimas figuras oxhibort 
eniiii sit 

12 = 0,li98U7180o5y045309417232l, 
i- * ideoque 

A = 0,4431471805599453094172321 . 


valor coefrieicntis liuiuH A sit roveni =.-/2-- j , sequenti modi 
lancquG coniocturnm confinno. 


nparo sciUcot arcuni cllipticuin A Y i* 
us soiiiiaxcs cum 

:)lico A AS supor oodoiii axe AO 
'|iii in A cum ollipsi corniiiunom 
'nturani. Samba abscissa cornmuiii 
ap])licala ellipsis XY^y oL pura- 
= 2', orifc 



l^lR. y. 


y /(2a; — rua;) eb -5=2^]/2a; 


■/(So; — A'ic) V‘2a: 


;uy ellipticuH 


OliCUH 




7 * 


Constat antom esse 


Hiuc, si ponatur x = 1, erit arcus parabolicus 

AZH= )/(l -h l-pp) -f ] ppl'^j ’ 1 ^ 

At in formulis iiifcegralibua erit 

* \ ^ ' 2 x-xx)"\ \ 2a' 4-2.^ .■ 


Quia auLem coiiiparationem non ad altiores ipshis p pol 
opus esfc quam ad secundam, coefficientos enim altioruni ipsi 
ex nii?ioi‘ibus iam dofinivimus, I’ciectis terminis, qui r.ontiiu 
potestatos, orit 


ideoque 


"Yi _L ~^f] _ ]/( 1 , pp) __ pp{^ - y 
' 2.r-ar.y / ) \^^2av 4(2- .r) 




intoyvalibusque actu swmtis 


AY^xy{\+>’>A 


1 +'■'-) 4- 2^ + ^ 1 


Pouatur iam x=l, ut prodcat arcus Ayp=q) erit 


^ = Vi^ + 0 + 2 pp) + 0 

“ .\ PP^ ( I ' + t PP) - — I PP + [ ppl: 


5S. Iam qnouiani ad altiores ipsius p potestates non ruf 

V{^ -h \p^ = 1 + \pp, 


' fiot 

g = I -1- ^ pp ' ppl (2 + ]-pp) — ] ^ PP - !, PP + ‘ 

pro /(2'|- \ Jip) = I- [pP scribero licet 12, ik ut sit 

fj 1 . - PP -i.- 2 

7 = 1-2 + PPi^^ " 4 ) ’ 

o porspicitur coefficiontcm ipsins piK qnom ante littora A imlicavii 
, 12 omnino uti ox casu ante compntato coniectura siiiiius const' 


59. Pro curva igitur initio proposita AQDg (Fig. 1, p. 22), si f 
ciasa C.P^p et appUcata PQ=q. orit 

7 = 1 4 - Mn^ + Of + a/ + x*/ + + etc. 

■ - [<^ipp "I" ftp^ + yp' ■*" etc.) ip, 


coofficLontea ita. doterminantur 


A - 12 


B 


1 ■ 3 
2-4 


1 

■I’ 

A 


2 ’ 


C- T 


3 • f) 
4'(i 






7- 9 

8- JO 


;(«-/?' + r 

B - (/? — r ) + • 3 


.“'“o i (« — ?) + 


10-12 


10 


J 13 
2-4 “ 

y 4 • 6 ' 

^ 6-8 ^ 

7-9 ^ 

^ 10-12 


etc. 


Sorios huec valdc convcrgit, si abscissa fiien 
sit unitate multo maior, iisdem manontibus co 


, .1 , Z? , C ( />> 

r/ = w -{“ -|- q "b q -f" 7 


' V J) ^ ^ ^ ^ 


GO. Yerum si abscissa -p non multum ab 
liac serio supra § 26 iuventa 


q^. I Jrpp 


A. H 3-5. 5-7 :r_ 
V2 • 2 • 4 • -1 • 6 • G 2 


quao otiam ex natura ollipsis in lianc convorl; 

/.T _ \ _ A - 3 ^ 

\'2 ’ Vl>.2’2 / pp 

^ 1 ■ 3 ■ 3 ■ 6 ■ ft ■ 7 TC 
~ \ 2 •’ 2”'- 4 • G • C ' 2’ 




de, pro\it fuerit vel p > 1 vel jX 1 , earn 
deni signia pvoccdaut vel alternantibiis. 
ramam proximo defiuienclam signa eligore a 


PROBLEMA 


61. Dalis axibus coniugalis ellipsis in nm 
etrum. 


SOIiUTIO 

Sint senaiaxcs ellipsis 1 et p et quad] 
rmulas invoutas valor ipsius q in numerii 
igatur, cuius termini maxime convorgant. 
rmulas, quao sunt 


I. g = 1 4- App -p + (jp<^ 4- ])p^ 
— {app + 4 yp^ 4- ep 


+ > _u„,. 


v 

+ I/; + + /,<■ + I,- + + Ptc.) Ip 


W.(S( + S.i(l~pp) + ISa 3;(i g,., 

J> ^ i>P ^ )>■> iP + ^ .,s - ) 


i).jitom l.ergciminoinm coefficienMum valoros sunt in nmnoi-i 


X44!il 4718050 
Xor)08or)i027i 
), 02183137044 
0,01154452144') 
), 0071420002!) 
X0048o474337 
), 00351408795 
), 00200223578 
V)0208639732 
), 00 107910842 


rf 0,50000000000 
,:/ = 0,1875000001)0 
= 0,11718750000 
- 0,08544921875 
c -= 0,00729125977 
c: = 0,05551528931-; 
ti - 0,01725408554 
fl = 0,041 1303G!/U 
/ -=0,03042282082 
0,032()793(>n02 


VI ■--- 0,5707003207!! 

- 0,17809724510 
G 0,10440010728 
=--0.07378055152 
(S - U.05700803G05 
3 -- 0,010438550211 
Oi- 0.03917161591 
§ -= 0,03380971991 
^=•0.02983110032 
il =• 0,020652(17507 
= 0,02408004338®) 


'0 quavifl ellipsis specie babebiUu* aevies convevgens, undo eiiis 
finiri potorit; voluU si ponaUir 



1(1 ’ 

erit 

7 =• 1,015993545021 


1 

6 ' 

erit 

17 = 1,05050222700. 


1 

1/2’ 

erit 

? = 1,3506429. 


priucops: 0,01154452143. 
18004339. Conoxit A. K. 


2) JSditio princeps: 0,055olo2793l. 3j Kditio 


PROBLEMA AT) CUIUS SOLUTK 
GEOMETRA E I jN V ITANT U J 
THEOREMA AD CUIUS DEMONSTR. 
GEOMETRAE INVITANTUI 

ConinientaUo 211 iiidici.s Eni)st»oi:mi,\n‘i 
Nova acta oiiiditoriim 1754, p. 40 


PROBLEMA 

AD CUIUS SOLUTIONKM GBOMETRAD ]KV. 

VroposHo (pmlrmle eUiplko inter linos sen 

et CE iniercepto in co geomctncc assignare puncta M et A 
CISC sit soniss'is arcus quatharHis BEME. 



AD CUIUS DEMONSTRAl’IONEM GEOMETRAE 


Si ellipsis AEBF axibzis prhwipaUhis A S el EF d 
qnamcimquc obliqHavi XGY hisecctur, ad quam semidume 
d^icaiiw in Y, vt sii CV aequalis semiaxi CA, et ex V tii 



’xiiji.xii iiii III fiuiKiii i’*, HI lUl.Kinii . I o Cl ) /• r) tdffn'cni 

iissiiimirl 

liw i\r \ (iii (!'A iii yiioitih iihini S <J fh{i nii()-, infcrviillinii <JQ I. 
ijHiilc n il //i'lndii fin idoH lirfji yi hUhv yrii cril 

VI'S \AS 

II 111 (Mil fail! I'roMi^inn rt'HuI vend mil vidi‘1 nr <|iia.ui TIhmu-i'M 
mluiii, i|U(iil (livtM'ai Mi'ciiM r]|i|il>iri iiiillo adinir inoilo 'diUm' sn coi 
liMM-iiil, iiiidt' ((\ liiii'iim ))rn|M>sili(>iiiiin {umI nicl iil.icme. lum coiiIim 
Illy Ml 'll;; i I II- 11' men I a nu’riin ('x-tjicrlaiil-iir. (Iravlni’ci aid, ('in |n-ii(mi 
' ml lini- ar,t;iiiiii'ii(iiiii susri|iii'Mdiiiii iin*i'liii'i lion |mKsiiiit. 

I )ii nlili'iiiiil i'< 4'l ilr'iiiiiu'.liiiliii I iH iiivi'tiiiiiiliir in li. I'aMiian ( 'iiiiininniiil.ioni’ ‘J 
«i iitii.sii v.i ); villi' p. '.'Ill A. K. 


I riiiiii iipn.i i'liiiiiit I.j <'i>iiiiiiiiiihili«iiM‘H 


H 


BE INTEGEATIONE AEQUATIONIS DIFFE 

wdx- _ ndy_ 

y'a - ^ 1^1 - f) 

Commentatio *251 htlicis Ksf.snior.MUJU 
Novi commpntarii acad^miae scioiitiarum I'etiopolitanao U (1750/7), 1 
Suminariutn ihidom jv 7—0 


SUmiARlDM 

hi liat; disaeitatione H uoiuiuIUr sequeatibus, quilms similti fivRUi 
quasi nnvus plaiu? campus in Analysi afierilur iutegralia divcisiinim fo 
se onuKjm integratiouis solcitiatn rcspnimt, inter so compftrandi. Cum 
parnhonis aiiguloruru relalio inter biuas variobiles x ul y huic ncfjntiii 

mdx iidy 

crtuveihena olgeUrako exbiberi queal, etsv utraqwe formula per so. alg'cbr 
seel aiignluni scu arcimi eircniarein exprimit, Imec rolutio ex eo tiuiLuii 
(pinil auguloiuni datam ct quidem mlionalem rationem tcDcntium sini 
f’ojujmrari pofisiinl. Neque talis comparatio locum liabern videtiir, nisi 
per augulo-s sivc per logarilliinos iutegrnri queant. Quolics quidfiiu fir 
blemotis ad buinsmodi aeqviatioucm tUtfevnitialom Xilx^Ydij, in 
ipsiiis .r et Y ip.sii»s y, tnntum pcrducitiir, ea, quin variabiles sunt a 
tnuquain penitus absoluta spedari sold, cum opc quathaturac duarui 
nit erius area })cr jXdx, Jilterius per fXdy oxpninitur, constrni j 
ilafo t[U0Tis valorc ipsiiis x valor ipfiius y conveniens nssignari deher 
dratuuim involvere videtur, sine qua rclalio inter a; ct y niinimo c 
rniigis ig-itur mirum videbitur, cum tnlis formulae - integral 

. ... . . 

neque pet loganthmos espnnu possit, quae quantitates transcendent 
solae idoneae piitantur, mfailoniinus pro ueqimtione clifforenliali propo; 


i.i)'ri)iahT cshihi ii |in, <,!(•, ilii I ,.„rvu, i-iiiiiN Un-UH itulrlinii,. Imr rnrimilii iiil 

.'\|iiiiiiiliit, |.!ni |i|<i]>iicl:ili« uc riiriiluK sil ill. .srilic.cl. omiirs .•iiiK 

"niinii 111 I Mill iiiiijMiiiilii ill fii ai«*ti i|uni-iiiii|iin iiliuh uvnis, <|iii ml ciun i 

.1 niliniiciii, /'.'.nil. ‘III. I' ifi.‘<i|>imii Vn|, (junil niilcni inlil,^ iirijiiiilin iiili‘ 

iliiiiii'i .lill.'M’iil iiilin |l|.l(lll^ilil«^ vinmii ll•lu^i()ll^lll inli'r x cl. if cx|iiiinit, 

II 111)11 lal.' inli'i'i III.- invnlvrl, iml mli-o mil ul/r-i-luaicii. 

Hull liialnin |nci l•mill i|n«ii|jini iiiniicnliui, vcnim ailcn iiili 
'l''l"iii, '|''iiiililali'iii I lUii-ianl.'iii nrliilniiiatii i'iMM]ili'clilin, ciil iil;-.'!nHiciiiii. f 

talin ailiiiii aiiilii i iil .'|',i al in in i|»Mi [aiiiiiin iH‘i|iiiili(i]ii> ililVi'ii-nljiili Iniiun Iialul 
i . nil II inn iim.ln < '.- 1 . A ni l in .a.liniilil liaiic. mM|iiiit imiinn iliirc) i-iiliii)i'i)i iiiii)!i) lal inn |nili 

unl.> uih/ 

j ..) I /L.' I />•; I /.I I //,r I r;,'i 


ici|iial Iniiciii Iili'i'ln ai . -11111 .•niii|.I.I.- iiilr/>rini |inHfic, ri iiiniln iiuiui'ii )il cl. U siiil 
; .{iiiti cliaiii .'atniciu inlc/^iamli inclliniliini mf Iniiic m‘ijiialiniii>ni ninll.i /^cncia 


>a il >' II il >1 

III I ll> I r..’ I /»..• 1 /-.‘I |'(.t I Ih/ 1 I';/* 1 />./' I 


in ili-nniinnnl I'l ijinii imliciililni-. omnc-i (iMti-iinlcs i}iN'ai)ini x cl >/ ml WNiji 

ml. iliiii- Mi-'|iicaii liccicl, cliuin-ii Inn* |inic'ifalcti iillinK ii'iccnilci'ciil , iiilc/pal 
M mllmc Imcnni »*).*'c Imlnlimim; .■n-fl |»iucJcj-«|iJmii ([m»| mcMnidiiN Aii 

)i a |iiil." liilc i|naila (ciniitialin. lin-ilc nsl.-inli in }iiilc>;liilc cole Kcslii ul|;c1i| 

'lalnmcdi in I'cn.-ic cv.-imli. .‘-^i i-nitn «-n<-rfici(-filcw ilu ii(;ci[i|iifil.iir-, ii( j/ull.s qni 
iln lineal, i-x Inn* Miln rm.ii "/ , \ cvI.Iciih cal ri’liiliiiiiciii iiiLo' .i' cl. if t 

II alf'cln.iicc cs|.nini |i. cum u(imM{iic (nniiniiii* iii(c/(ialc (imi aiij^niliim i|iiuni 
iniiii iiii.iKal; ikii|>iili aulciii cl InKiiiilhttii ccilc inlcr aa iili.n-linucc cniii}iiU'iii'i ii( 
Ini. (ill. Hill (niiicii |i<-i-ii(iiii i iiimlo iiifc|(m(io tinina i|iini{iic m'i|imlii)iiia 

r.-n/.!' H'/y 

I ' I I /Jr' i \ n.t ) I'l.f ( /fy' ( f'v' ( 

Inal.!' ''>liilii'lui, iiinl.- |iiiicl Imin- iliKHcitatiniicin nnilln jilincH iiivcKli^-iiliniicK enn 
II titnin’c . 1111111-111 {iitii- M- li-iic viilcliir. 


I. I'jjju Hj'i'i’i'iioMH iiivrul III. 1 );i)hw! 

icii) r.'isi'iii <-i>nli'ii)|ilii( iis, citiHniiMli ({iiiilciii n’laliniKMii iilgcbriucii.in 

1 } (i r. I'’.MisAMi Iti’iH-J IVr.ti), Vnnltt^iom ‘V.'2, I’csiivu iT.'iO; (Ipiri 

‘hr, 'r II, Milaim ll.'iua Xaimli I IH I . A. K. 


nequutiuai' iute}ri;ilL coinplota liab<;ri poteiat, pi’opterca qnot 
rotiir (piiuiiitatciii constaiitcm uvbiii'aiium, cuiusmodi soiuper 
iiitc'grationeiii iiitroduci solot. Hiiic enim, uti salifs iioUiui t 
comidolu ct particnlaria distiiigui solcnfc, quorum ilia totiim 
diflbrentialiiiiii esluiuviunfc, liacc vero tanium ita satislaciiint, 
exiirossioucs acqiu; satisfacei'c quoaut, Critcrium autoni aeqi 
eoin])lplno in hoc consistit, quod ea qv\autit,atem constanteiu 
<juao In aeqiiationc diffcreiitiali non apparet. 

*2. Quao quo clavius pevapiciantuv, sufficiot. aequaUou( 
siniplicissimain (lx = ihj considerasso, ciii utiquo aatisfacit hao< 
in roiii liunen haoc integralis minus late patet quain dilTe] 
cum liuic ae(pie satisfaciat haec integralis x = y + a mul 
sumoudo pro « quautitafcom coustanlem quanicuuquc, atquo I 
grails lotam vim aequationls (UlfcvonfciaUs dx^dy exlm.uviro 
ctiam aoqnafcio integralis completa appollafcur, propleresi 
quautitua coustana a, quae in aequatione difi'erontiali non 
voro loco istius coustantis iudefniitae a valores doterminafci 
iutogvali completo obtinentur integralia particuUvia, quae 
rutioncm minus late patent, quain aequatio difforenlialis pr 

3. Saepo uumovo autem aequationie diffevcutialis inti 

algebvaicuin exhibevi potest, cum tamen integrale completnm 
hoc scilicob evonit. si pars transcendens por constantem 
fuorit multiplicata, quae proptorea consfcauto illn, iiihilo i 
calculo evauescifc ot iutcgralo algebraicum parfciculare rol 
aequationi == rfj: -1- (j^ — manifcstuin est satisfacer 
quo tamen tantum integrals particulars contiuetur, cm 
y = denotante e miraerum, cuius logarithmus ost 

constaus arbitraria a evanescens ponatur, integrals semper 

4. Cmii igilur evonire queat, ufc aequatio differential 
cularo algebraicuin admittat, etiarasi integrale completum 
ita etiiim rationes dubitandi non dcsuiit, quod integrale com 
differentialis propositae 


ijintitiitoH U'jLnHceadofiie.s involvut, etiaiusi pro ea integralo pavticularo :l 
iiiou])) nxliibei'o Jicuorit. Cum oDim integral! complotimi sit. 



f/x 

-X*) 



ihj 



oc a.ui.oni iiitogniliii nullu modo, iicque circuli iicque hyperbolae qua( 
f'iiiii in subsiiliuiu vocando, nssigiiavi qiieant, minime probabilc videtur i: 
riiiula.s taiitoporo ti’anscciidcMitoa in geiicrc, ifca ut eonstaus C niaiieat 
Lnnnijjuta, ad rclatioiicjn algebraicam inter x et tj revocari posse. 


0. Ntd'.um qiiidojii est ifttegnile complotuni luiiiis aequationis differenti 

wm/.v mill 

KU -xx) 1/(1 -yy) 

iui)or algebvaico oxhibevi possi;, dumniodo proportio coofficientinm m e 
jrit ratioualis; sod ((uia utnnscpie Ibrinulao integrals arcuui (hvciili iudi 
. ut intogni](3 completuui sit »/ A sin. u; = « A sin. y -{- 6', rclatio autoin 
tun, qui ad arcus proportiouciu rafcioualcm inter se teuentes spcctant, a 
iiioo oxpriiiii potc.sfc, juitum non est aoqiiaiioncm inlegralem complefcam 
4jbi)s qiioquo algu^brnice (^xliiberi po.ssc. Cum antoiu luiiusmodi coinparatic 
•niulis tvanHccndoiitibuH f , ot locinn non babeat seu sali 

11 cuiiHiol, indo reductio integralis ad qiianiit^ites algebraica.s poti non pot( 


(). Nihilo tani 07 i minus ob.scrvavi, si propoaita luorit liniusmodi aecfus 
Ibronbialis 

mdx _ 

am intograle coinpl(;luui, quod scilicet quantitatom constaiitein avbitrari 
/olvat, sompor algcbraico oxprimi posse, dummodo ratio vi\n luerit ra 
lis; quod milii quideui eo magis notatu dignum vidotur, quod nulla cf 
itliodo ad hoc intogralo sum porductus, sed id potius tentando vel d 
ndo oUcui. Undo nullum est dubium, quin methodus divecta ad idem 
.egralo [jerdiicons fines Aualyscos nou mediocritor sit amplificatura; ci 
Dptorea invostigatio Aualystis omni studio commendanda vidotur. 


I'ufjiit ratio ratiouuUs coefficieutiuiu m (it n, devivaro luihi licui 
tiouo completa liuius aequatioiiis 

dx _ (ly 

VO - i*) 

hue eiiiiii conc'ossiL methodum cortaui imlicabo ox (!a quoque i 
plotiun huius aequatioiiia multo Uitius patontis 

indx nUy 

|/(i Va-yo 

couciudenrli. Quao nietlioduH otiatii in geiiero ad huiusiaodi 

wXdx^nWhj intcgralia mvenwmla adhibevi quoat, si modo i 
pltituin haius Xilx = luerit ei’utum ntipie 1' taiem signific 
ipaius \}^ qualis X Dst ipaius r. 


8. Exordial’ igitiir ab Imc aequafciotio 

dx dy 

]/(!-. X*) ~ ’ 

cui quideiti prime intuitu aatisfacero perspicuuiii est acquationoii 
pi'opteroa eius eat inb*gralo particiilare. 'J’um vero eidem aoqn 
aatisfacit istc valor aigebraicus 

rc = — l/i 


cum enim sit 

d x «= -b ' 
orit 


(M w)y(!-L)(l+2/2/) “ 


dx dy 

Hilir iste otiam valor sou acquatio xxyy + xx 4- ?/y ~ 1 = 0 
particularis aoquationis dilTorontialis propositae. Undo intogra 
quod constaiitoin arbitrariam iuvolvat, ita coiiiparatum sit n 
tribuendo iiuic constanfci certum queudam valorem prodeat 

X = y, 

sia aufcein eidem couslaiiti a-Uus quidem valor tribuatur, ut prt 
x = y--^- seu xxijy xx + yy 0. 


THEOREMA 

J}ico Ujiiur huius aequuHonis (liffercniifilis 

ilx dy 

ya-y^) 

ifionon wfcyndem cumplcfiim esse 

+ yy+ ccxxijy = cc + 2 j;// K(1 — c'). 

DEMONSTUA'I’IO 

Posita onim bac aequaliono ehia (IHlbrentialQ eiifc 

xdx H- ydy -|- ccxy{:ai}i + ydx) = {xdy -h ydx) K(l — c'), 
lit 

d%{;x ■ b cc'xyjf — y }/( 1 — -b ily{^y ^ ccxxy — X \^i 1 — (;*)) 0. 

lucluiii voro acquai.iono rosoluta colligitur 

■ I -I- ’ l-^ ccyy 

iiini ibi riulifiali /(I — a*‘) iribuitur siguum +, hie vaclicali V(\—y 
ini — tribiii dobot, ufc posito ;c = 0 utriiiquo idem valoi’ prodeat «= . 
orgc) 

a; H- ccxyy — yV{\ — c') = -~cV(l~ i /) , 
y -h oc;i;a:)/ — xV{l — c^) = c K(1 — .'t*) , 

IB valoribus in aocpiationo (liflTcronfciaU subsbitutis prodit 
— cdxV{\ — y*) -b edy K(1 — a;*) = 0 

(lx dy 

B orgo aoquatiouis dilioroiitialis integralo est 

+ !Jy + oc'xxyy = cc + 2xy /(I — c*), 

lift (’.onstantem c ab arbitrio nostro pondentem contiuet, erit simul iut( 
complotum. Q. E. D. 


10. Si igitiir Imbeatur liaec aequatio ^ j/{i 

coinpk'tus ipsius 3' eat 

^K(i -c^)±tf /(I 
1 -I ccyy 

tinil(‘, si cuiistaiis arhilraria c evaiiescat, lit x = y\ sin auU 

halH-muH -f -=■ I- rl ."!’ 

. I i/y f 1 -j- yif I 

iaiii siiiiia fxliibili. Hinc cnuinUiv alii viilovos ])avticnlii 
HUiipliciorGis, sell qui ;ui imngiuaria devolvuiituv. Ha poaiii 


et poaito cc — — I fit 




qui itidoui aequatioui pro\)oaita« satisfaciuut. 


11. Quo auteni ratio luiius iiitogralis clariiw jjorsi)ic 
curva AM (Tig. 1), cuius luicc sit indoles, ut posita abscisaii 



Pig- 1- Fig. 2. 


ei respoudens AM =J Delude eadeiii curva cleuu 

capiatur abscissa (rp — u', crit arcus a?» = «ii 

JV{x~x^) ^ 

x=-. “0±cl/(i -id) 

1 + CCHU 

fi(if -1 

■po-uq arc. urn = arc. ^til/TCou* 


bnius dcfcenninationo posito — 0, quo nasu arcuf^ JM evanosciL 
Quiiro si capiaiur abscissa uh ^ c, cui arcus ad rospoudoat, ei it n 
Eircui AM. 


Ope luiiiiH ergo intogratiouis coinpleiae aeqiiationis 
'va proposita urciii enienuquc AAf, qui a.bscisHao AP—u rospoi 
aeqnalis dm, (|ui n <lat.o piinclo d incipiat-, absciiuli poterit. V 
ibscissa dato pinicio d lospoiidcnLo ah=c si capiaiur abscissa 

c |/(J — «■*) — «’) 

up r= X = * ^ % 

reus dm arcLii AAi aoqnalis. Siiiiili autoiu tnodo emu ]/(l--c‘) i 
sLatui licoat, si capiaiur abscissa 

idem arcus d^i arcui AM. ao«jualis sicquo iu bae eurvii a dato qi 
I d uiriiupui ubsciiidi potest arcus dm et qui urcui AM 
os. 


'6. IJinc ergo patot, si arcus (td acqualis capiatiiv arcui A]\l sou c 
.rcinii am duplinii arcus AM, Iliuc si stniuatur *«=> a; =• “ 
it arcus am ^2 arc. AM. fiimili luodo si capiaiur arcus 

“"re-"') < obfcmebitur i 


i + «. 3tatiin.i,urquo 

i\ arc. ylil/'. Ac si isio valor ipsins x douuo pro c substituaiiii 

nascetur i 


:\AM, itermuquo statiiatnr ^ ^ 


ladruplus arcus AAl; atquo ila purro successive quuocimque uiul 
AM geoniotrico assignari potcniiit. 


4. Sit arcus ad ^ ii • A M ot ab^e, ita «fc sit 

/* ds r du . 

J ~ A id] ’ 

uAUDi EuLKiii Opera ouuiia lao CoinmonlationoB annlyticuu i) 


atquu ex his patefc, si capiatur 


tore 

sill autem ponatiu* 


turn futuram esse 


^ £ ]/(i - + « VC 1 — 

^ 1 -{-111103 ’ 

f.A^- -. = (« + !) r 

_ _ £ I - u‘) - »^K(1 0*) 

^ 11U00 

f 

Jy(i -X*) ^ i/(i-«') 


Si ieitur haec Jieqiiatio ^ fuerit integra.l.a dob 

• •(('}' 

])ro z inde firutus, etiam mtegrari potcvit baoc iiequatio 

qiuppG CUIUS mtogralD ent .'C = si prt 

fuerit eius valor couipletus, qiii scilicet coustantem arbitrariam in 
pro 0 ) prodibit eius valor complctus. 


15. Hiuc igitur pcrspicuuin cst, quojuodo aequatio intogralis 

veuih debeat, quae couvoniat liuic ae{juationi difforonfciali 

qiioties n fuerit mimcnis integer. Simill autem mode assign 

ut sit ; uude, si eliminaiulo u aequatio inter 

1/(1 -yq 1/(1 -«n’ ,d, 

ratur, ea orit intogralis linius acquationis 

nuincri rationales pro m ct n subsUtiumtur; atquo ut lioc intc 
coinpletiiin, sufllcit pro altera tantum variabilium (c et ij valorc 
per u doterminasse, cum bine iam nova constans arbitrarla 
introducatur. 


16. Methodus, qua bic in tlieorcmatis denionstratioue sum 
ex rci iiatura est petita, sed iudiroeto ad id, quod propositum ( 
tauiou iiiulto lathis patet; simili enim modo oolligitur buiu 
diCferentiulis 

dx _ dy 

l/(l + mxx 4- H5:*) /(i -{- myy + n t/) 


iiucgraie compictum esse 


0 = C(; — 3)X~ yy nexxxyy + 2xy y{\ + mcc n&). 

Undo i(l(;ni quod unto ratioeiniuin adhihondo intcgiale quo(iue coir 
obtinobilur huius aequiitionis 

y,dx vdy 

1 -I- >w XX -h n x*) |/( 1 -\- m y\j-\-7i if) 

sicjnideni littoi-is ,it ct v nninori intogri dcsignoutur. 

17. Invostigiitio autcm Iruiiis inlograiioiiis ita sc habct: Fingatin 
pro n.rbitrio relat.io iiiior variiibilos a; cfc y hue aoquationo contouta 

(1) axx -h nyy = 2^x}j -j- y:co:yy + ()', 

quao dill’oronliata dal. 

axiiiV -f- aydy ^ (ixdy -j- ^ydx f-yxyifdx -j- yxxydy, 
undo con(iciiur 

(a) dx{ax — (Sy — yxyy) q- dy{uy — — yxxy) =» 0. 

Ueindo ox iioi|uatiou(3 (1) oliciaiitnv valorcs utriusquo variabilis 

' “ u-yyy 

_ (ix — Yiccd + {(ifi — «tf — 'y6)xx + ^ 

^ a — yxx 

Atquo liinc olitinomus 

(3) ax — ^y — yxyy = V{a<y + (/?/? — aa — yS)yy ayif), 
(4) ay — f^x — yxxy = — 0?/? — aa — yd)xx -j- ccyx^), 

qui valoros in acquutiono (2) substituti praobobimt 

^ dy 

\/{«d-\-(ftp — cia — ‘yd)xx-\-ttyx*) y{txd -\~ — a(i-~'yd)yy ayy 

cuius ergo aoquationis iutegrale ost aequatio (1). 


18. Quo istns formas sinipliciores reddamus, ponaiiins 


cid‘^-=Ay f^i'i — aa — = C, uy = E 


oritquo 


,)■ = , j- = et (3 =y{c+aa + *') 


Qimrc buiuH aoquationis difFcreutialis 

(lx 


(6) ,/r. 


(tij 


y{A + Cxx \- Kx'f ViA + Cyy + E>/) 
acquatio integralis ost baec 


(Y) «(f,t + -'I + + ‘ixyy[C-'r aa | 

quae aiinul est integralis coniplcta. 


AJ 


10. Vol ponamns 

A ^ fact, C=^gaa ot E^hact, 

ut habeamus hanc aequaliouem diirorontialcm 

dx (ly 

V(f + gxx J- hx*) YifA- gyy + hi/) 

cuius propterea acquatio integralis coniplcta orit 

a::r + (/y == /’-p Uxxyy + 2a>(/l/(l -h y -b fh)\ 

quae otsi uovam conatantoiu involvove )ion vidotuv, i.amon ost c 
in (litfereutiali taiitiim ratio quautitatiiin f, g et h Sjieotetur, 
g ot h scribore liccat fee, gcc ot hcc, undo iiequatio iiitegra 
coinplcta prodit 

yg = fee -1- hccxxyy + 2xy V{\. -f gcc -1- fh/) 
vel 

f{xx + yy) -= fee -|- kcexxyy -f- ‘ixyVf{f-\- gee -p h/] 

posito cc = 


<.,mi(hImi orj 4 (» )»n)))()sil;i. Hti. Iuum’. iiiMpinfio ilidcn'iil.iiiliH 


dr dtf 

K(/' I ! A.t') lA/' 1 '///// I /f'/') 

iiiiM V |i(>r fiiiiclioiK'ni iil^^nhniiniin ipHiuH :r «x|)riiiii [Kili'ril., il:i nt n'iI 

mAi ! I /‘/'^‘) I 'AAi I //■*■••'•■ I /■/'.>■*) 

I In'-crr 

.1 lY(/ 1 I A-') I '■ I A.':M 

/ hrcrx 

‘Imi lit !i 0 , wi. Iiiiln'iiliir Ikkm*. iir({ii!i!.io ilill'i'ninliiiliH 

dr dtf 

V(f \ /-.'*) 

I'pniliM ('.iitMphiliiM iptiintt // (‘rit. 

r\W\ /"'l I ''K/l/ l 

f hrvrr 

iinlniUcin r pro Iiiliiiu iniiintHM'i vnlcinm piii'lic.nlui'tn 

■iliH'i pdMiiiint. 

Mcliiiiili iiiili'iii, ({MU MMpni MHiiu Hiuii, mI iiini huiiut n(M[UM.(>i(M)it 

mdr ndij 

|■'(/ I /MM- I /(.(*} V^f I r/i/.V I }n/) 

m ('I, n Mini, iiiiini'i'i nil iiinali'M, inh'^raln r.ninplnlinn nlipui id (|uid('n 
I* ('xliihcri pfdnril. 


(.Mii'iiMMlinodMin in U(MpuLlionn mipni aHuinnla viiriubiloH x nl. // hil.ur hi 
(ilf'H Hunl CdfiHlilnl.'in, n(. iindwo IWrinnljn* inltu- .sn .HinnlrN ov'/uh^rnui 
>s;l hill- liiniliilioiK’ ud rnnoiiluniin dillnnudiurniin dlsj)nriuin com 
‘Ml jicrvcniiwiniH. INiniiinuH 


( 1 ) ((X.r } lidH'’ I -1- 


undo fit 


t: = '‘‘J + + -f /^<^?/‘) 

et 

yx— (yy—dB — tc(])xx + «fVa:^) 

liincquo 

(2) ux ~ yy — f^Ji^yy = V{aG + iyy ~ dt- afS) yy 
(3) — J'S- — (hfxy = ~-V{{3 b (yy — Se ~ a^)( 

at aequafcio (1) clilferentiatii, dat 

(h-(ax — yy — -r (^uifly ~ y^' — ^xxy] = 

unde conlicitur haec aequatio difTerentialis 

dx (ly 

y{fie + iyy—Se — (((i)xx-{-cidx'‘) /(wf + {.yy — ^€~<x{i)i 

cuiua propteroa integi-afis ani aequatio assiimta. 


23. Verum liaec disparitas facile tollitui- loco y ponondi 
ratio staUiu ex aeqnationo assiimta potuissot osso manifosi 
via ad formulas clispares pcrvoniondi, cuius hie oxemplum 
Aasumatuv aequatio 

x*- -|- 2axxyy 4 2b');'c => c, 

cuius differontiato est 


seu 


4- o,^yv 4 hx) -f axxydy = 0 

<lx ^ —ad if 

xy xx~\-ayy -{-h 


lanr ox aequatione assumta prinio flctcrminetur xy per :g 

■i/c—ihxx — x'^ 

^y-V-—Ya — ■ 

turn vero ayy per y] at ob [xx-}- ayy -^hj = 


XX + ayy + 6 = /(c + {ayy + hf). 


luilii'hil.ur ii(M|iui.U() ({ilt(*rniil.i!iliH 


'/.r /‘Iff tut If 

)/(/; y h:r:r j ‘) )/(,; -) l,h -\- '*nhi/if | - H 

.!• I'- (I 


Klsi lifir, inl( 7 >;riilf\ lum dsI. fjuiiiMi su|)cu'i(H’iliiiM I’ncild 

111 rdilili'l.iir. I'oiiii.I.nr i>Miiu 

aih 

/('■ I /'/' 1 '.Itilniji I fffti/*) /{i- I hh j I ’ 

1 /f/f, <1 ‘Jff/j, /f ffii 

I /(/.!((; I hit I I fitir') I f j/(c I /)/»)((; ) /f/t | ‘2ith;Jll \ 

f: I hh fiarfCjO ’ 


Viilnr hIii, 1 ,hhI.iii- ijmi ''' iiiii|iiiil io liinc, inltir ;i: 


f/.f /:.'// ttih 

/l(! wlixx .r‘) |/(|- I hh I '2tthi}.: \ ifiu*) 

iini I'V iilliilin Mf biini nu'inbra jicr umndi'dH 

f iiiidi (<!’, ihl.cgrald i'(iiii])ldh(ni iii> 

orli'iil, 


iniHSii iiii'inliniruni <liK|)ai'i(.nfo Inniiniioiidin piiriiitn inniiihroruin 
M i'i>ti('i|iiiMiiUM; pdimlni' im'^d 

0 a \ li/yf.r- 1 //) ! yh-.r \ »///) 1 \ | //) 1 

I'l'diiliiindo oliiaiidl.iir 

f I iVf/ I ‘Jf.i f/ 1 ft//'/ I 'Cii/If) \ \ yy \ l ii/i:!’// I 


<i!/ 


(lx 


/] I yx I «/v 1 iif.ri/ i fi/// I U.V// /i l y.V l <ia; | '2i-zy \ bxx. \-^xxy 


Ex resolutione autera acquationis assunitac elicitur 

y— - 

Ponatur bvevitatis gratia 


ftl 3 - ay = A, ftd' — ae ~jjy= B, 
f s — y'C E, (Ss ~ f3i^ — ys ^ D, 


(}d' — yy — a'C — 2/ 


eritque 


/? -i- ^0' + -\- yn -f + ^xxij = -Jr ^^0'^ “I" “r -|- ' 

y5 -\r (Ilf ()fy -\- yx -r 2sxy -h Kxyij = J- V{A -\- 2 B y -\- Oyy -1- * 


2fi. Hiuc itaqiie coucludimns luiius aoqiiatioiiia diftbrentiiil 

dx dy 

V{A -I- 2 Bx + ~Oxx + 2 Bx^ + Bx^) ~ y{A -|- 2ny ^■ Cyy -V 2 7) f 


aequationein iiitogralom cainquo complotain esso 


0 ==. ce + 2/3(,r + y) + y(xx + yy) + 2r)';r?/ + 2?.%y{x -1- y) -\- 

aclhibita scilicot auporiori hovum coefficieniium dotoi'miniiti( 
autoni dofiniatuv fi vol s ox hac aoquatioue 


BB{tt~E)-I)T)m -A) ,2^^6-273/.;/? 

Ati--Effy ■" rft::r\R- — 


him vero orit 


Til- Dp 


A(( Epp _pp-A ^ 

/ jjf-Bp ’ y = 


Ob 


B p( 6 €- B}-~J[)£(p^-_A) 

Aff-Epp • -r 


y sen d = ^ -|- - 


73-1- 


27. Hiuc ergo porspiciium est etiam banc aequationem cli 


posHo; nam ob // = 0, 6'--0 et crib 


- DD{ii(i-A) 
As£ 


V'-O .ou . = 


v'iiloros nimis pt-odcimb complicati. FaciliuH Tiogotium abHolrotur 
0 v:ilo]-cs libbovaruin (ivaricscontium Ji, C et E; nam 


.h '=0 (lab bum B = 0 dab ft = ;' + “!" 

r;=0 dab = 

' ' ^ V * ftli ^ ft 

toroH aunt ftij = ay ub -p 2/Vyfi = 0. At si ossot ftp ^ ay, forot 
lin aiitom (^saeb n-^0, Ibrot et ^ = 0 ot i) 0, contra scopum. 
3 opovbcb (ii^ = - ■‘2fty\ undo liet 


o , ft = — y ot 

Hori dohot 

ot ~ J3. 

£ ' j/ 


= (,U _ 

,\ .(I fj t 

i,f, ^ ]j]l.gO 


— C2yy-\-ftf:) ot 2yy-l’ft{: 


. /> 

{A-^ftftf-^ A 


«0. 


A( 

ft 


orit 


yV 

» 


At 

ft 


Jmn ituloni tiiiiLuin ratio libtoraruin A ct J) in consiim voniat, ac(juatio 
lori absolute ipsius A invoniondo inaorvit, quom autein nosso non 
Mariobiinb ergo Hbtorao y et ft indetorrainafcae. Ponatur ergo 

y =» — Ac ct ft = Do; 

J)J)cc sou 

n = J)c hincqiic (J = Ac, t = ot « = 2/Jc. 

ins noquationis dillbrcntialig 

dx _ dy 

y{A^ 2 Dx^)" y{A 

I Eti^uni Opera omnia Iso Commontalionoa aualyticao 


10 


mtegralo osi. 


0 = 2^1 + 2D[x A{xx + yy) + ‘2Axy + 2 D:r,y{x H- y) 


L 


Hoc autcm iutegralo aon est completiim, iale aiitcm reddcUi 
y = — A ct {i= Dcc, unde fit €e=DJ)cc ef, e = 1)c; porro p 
« = 2^c, ita lit iutegrale complotum sit 

0 = 2 Jc + 27)cc(;>; + }i) ~ A(x-x -\- yy) + 2 Axy + 2:Dcxy(;j: + ?/) — ' 
iibi c est constiins ab arbiti'io pendous; uncle fit 


Iicc-\- Ax-\- T)cxx±'^c{^A c®) 


A-^DcxA- XX 


29. Hie cusus uotari moi’etiiv, quo .'1 = 1 et , ut liab 

anquatio diii'erentialis 

dx dij 

]/(l -}->)’ 


ubi ad fractiones tolleudas loco c scribatnr 2c, eritque intcgralo 
0 = 4c + 4cc(x Ay) — ~ yy + A ^cxy{x a v) — ccx 


sen 


^ 2 c c + a: + ex x 2 yc(l +c®)(l -t-a:®) 
1 — 2<ja: + cc:ca; 


Iiitegialia ergo particularia eruut 

I. si c = 0, y == £\ 


n ■ 2 ± 2 yfl 4- :c^) 

II. 81 C=cs3, ^ 


XX 


m . 2-\-x — xx 2 —a: 

. 81 C — 1 , ?/ , -A;- = -- ~ 

l-V-^xA-xx l+a: 


30. Ex eodem principio, si in § 26 loco litterarura A, B, C, 1 
per quantitatem quampiara 2> ninltiplicentur, nihilo minus aequa 


[H (Wil. 


llx fly 

IM f i I I I /'.V*) {/(.I I •.!//// I r.'i/.V I I /'■//*) 

/.'/;/./ /)/j/i/i (/!/>/ //K/OC-'Im K/i/o r.'{/(w 

' /.7.7'; Ana * />/(}( /^ ///-;■ ////a' /i/;/r 

) nt'i)' 


.//.f //;• 

/■•; J' 


fi t l‘,)i 


ii.f((U(' <y ■ j' 1 


111 . lillriiii' ji (‘I. /■ miinrimi. intli»h‘rmii»ilii(}, (Idlipii^ jii-opldn'ii, n 
'I'niliii r(iiii|ilnhi 


II I WiH.i 1 ji) \ y{r.i 1 \ - 2 \ ;/) | 'O tii/n 


o lii. 


.7 


I I '2 Hx I A’.r.t I ■!/);?:'* | /';.i:‘) 

)• I ‘Jf.r 1 


.'II. Nnliniiiiiiii i'mI. non liolnni Imin' iiniimilionnin (lifVnnMi 

iM iii(i'p,ni(i* ('i)in|)i('(.iMii inoiio ('xliiliui, kimI nf.iitin liinir. niiiK.o (iiliiiiH pu 

iudx ndy 

\ '(A I ^ I'x' I I /0*i V(A I :.'//// i Cf/i/ I I'/J//" I A>‘) 

ipnr {lipriiniii'i* <'(. <pii(((<ni r.oni|>in(.<‘ poHHO, (innnuodo coi 

II w I'l. n nil in riicrii. nitioimliH; huiM*. nnhn iui.o|.'riiUn Hiinili nnuli 
nr, ipio tnipra umiim muiii ml iin|)uil.ioiioni , ipwin inilii Ini' pnuM'.i])] 
po'dlii, inln^'niniliiiii. Mi'dindim iiulinn, r.uiiiM hie, .spni'liniiui al.i.i 
11 vidi'hir I'onijianLla. ul. iinlnlnni oiiiH ilili^dnUuK nxc.olniido ml i 
H Mpla r(>i|(ii ({iii'iil.. nmii^ Imiid ('.onlninni'iida c.oinniodiL in A.nnlyf 
nndut.iini. 

:!•.!. Hie ituh'in olisnrvo roniiiiliim ft IIH nHHuniUim IjlIAuh nxl.nndnnd 
di diiriTi'nlialiit inliT .si* cumpiiniri posHo, (iimn Hint diHpiiriii, atip: 

10 * 


exoniplmn dispavitatis (§ 22) allatimi hoc modo obtinori posse, it 
quao hai^tonus sunt tradita, in bac genorali investigaiiono ( 
l‘'ingatur scilicet baec acqiiatio iutegralis 

(1) fcxxify -b 2{3o:inj + 2yxijy + -}- eyy + '2'Cxy -\- -\- 20i 


ox qua fit 




<ic:cx-{-2yx-\'S 


( 3 ) (; = ~ y yy - Vj-y- V[-rj!t -l- Sy - («?/;/ -l- ‘^iiy + d)(ajy -t- li 

^ " "«?/i/ + 2^'// + d 


Ponatuv iam bievitatis gratia 


A2)1) = fifi -- «(y 
21]pii = 2/3J — 2«jj — 2/ry 
(J^rp = ~^2 i 30 ~ax—(h. — 4/?; 

2Dpp = 2Kd-2yK~2t,i 
E^ip =>00 — sx 


^[qq « yy — ckb 
2^qq = 2y'Q-2aO-2(3 
^qq = ^'C-^-^yij — ax — 

2^qq>=2^q-2fix~2(3 

^qq => ijq — dx 


erifcquo 

(4) pV{A.x^ -\-2 Oic:v-\-21)x-\- K)---= ttxxij •]-2yxy~\- eij-^- fix. 

(5) — q K(9( 2 /^ 4 - 253 ■■{- (£•) =. axyyA-^^xy -j- dx H~ yy 


33. At si acquatio integralis assuinta cliffcrentioUn', fiet 

dx(f<xyy 4- 2l3xy -j- yyy + + 'Cy -{- y) 

-t- dy(axxy + /3xx + 2yxy + £ 2 / + + 0) = 0, 

unde, si iatorum factorum valores (4) et (5) roporti snbstitnan 
ista aeqiiatio difl'ereutialis 

(7) - - — _ _ pd// 

V(Ax* 4- -I- Cxx + SDx + A') YC^h/ + 2Sa)/S + Syy + 2 iJ), 

cuius proptorea integralis est aequatio assiimta (1). 


(Alin luitoin supra baboautur 10 ucquationos, coefficifintinni autom a 
‘ otc. nnuionis sit !3, quorum uuus pro liibitu assumi potosfc, octo re 
int littorao dotorminaurlao. Porro auteiu iusupor (lofiuiniulao acced 
0 UttoriK! p ot q, ita. ut mine (locum quantitates adsiut incognitao, 
coofficioutoH utriusquo rormulac A, B, C, D, E et V(, 93, (S, (5 

.ur pro liihitii assunii posse. Vorum povspiciuim est, cum altori 
hit ad libitum assumt,i, altenw non omniiio ab arbitvio nostro pend 
5 onim quaovis foi’niiila ad algcbiuicain rcduci pussot. 


.‘14. ITinc aiitcm aliao datao formular* fcniusmiitafciouos non inelegai 
iiGi-i possimt, si loco y alii valoros substituantur. Veluti si pom 
= 0 .sou ipj = i^x statiiaUirqno y = zz , soquims prodibit aequi 
reiitialis 

^ ^ V{Asi^ I- 2 hx^-\- Oxx-\- 'inx q- F.) H- +"" 2 ®) ’ 

s [iroptorou iul.ognilis osl acqnatio aasumta, si iinniitur y = sz statua 
uc voliquao littcrao rito dotonuinentnr. Intogralo etiani o 
um nulla (.lifliculULto roperiotur; uaiu otiainsi fortasso integralo inveui 
Lin non involvat constantom, ponatur 

(fdx qdu 

/(/be* -12 jfx^ -I- i 2 Dx :i<) ~ l/(/l«^ + 2yiu'' H- Ouu + 2 1)u + E) 

luius acquutionis intogralo complotum ox autecodontibus assignaro lie 
10 Iliac intogralo quoquG complotum aequationis ex forinulis dispari 
itantis colligotur. 

35. Quomadmoduiu huius aequationis differeutialis, ut a simplicissi 
)iam, 

dx dy _ 

Vif-Vgv) 

gralo completum est 

(jg{xx + yy) ~ ‘^gy^y — '^ccg{x + y) d- — 4cc/‘= 0, 


deinde vero liuiua aeqnationis difFerentialis 


dx dy__ 

Vif + (fa:x) Yif f gyy) 

inbograle complotuin osb 

XX H- yy — 2xy V0- + ftcc) — ccff^ 0 , 

tertio vero huiua aequatiouis differentialis 

dx _ _(ly 

integrale coinplQtum eat 

f{xx + yy) H- ^-fj xxyy — gcxyix + y) — 2fxy — (jcc{:v -\ 

quarto porro huius aeqnationis differentialis 

d.T dy 

Vif -^9^*) Vif-^PV) 

integrale completum repcrtum cst 

f(;xx -1- yy) — fee — gccxxyy — 2 iCy ]//’(/' + yo^) 
ita otiam integrale completum huius aequationis 

dx dy 

reperiri potorit. 


36. Determinentur prime iu § 33 valores, ita ut pro* 

dx dy 

Vify^9Vy 

cuiua integralis completa reporitur 

ggixx -\-yy)~ ^ggcxxyy — Afgccxy[x -f y) - 2yya:y — 2/'yc 


ic x = tt ot tj~un, ut prodcal} hncc aequatio difforeniialis 
d( dtt 

VF+Vs") ~ /(/■+!/ 'O’ 

;mi intcgralis coinplota erit 

Agyci‘h{:'~df(icc/itin(it uu) — 2ggttttii — ^fgc.iU-y 
moretur casus ex liypothosi c = co resiiltans, qui dat 
Ai)liuu[tt *««) =/*. 


OBSERVATIONES DE COMPARATION 
OURVARUM IRRECTIPICABIL 


CotninentAtio 25‘J iuilicis Eni;s' 1 ' 1 {()EMIani 
N ovi coiiimpuiarii iiftaJoiiiiao scieiiliaruin Potiopnliianae G (176G/7) 

Sufiimuriiim iliidoin p. 10—11 


SUMMARIUM 

l-rfiec clissertatio cx co«lein fonic cst pclila ntqiic utiteccdeus. 
metiiodo formulas iulaj^rales, quae ucqiie ulgebriiiwi neque per lu 
exiKidiri queunt, nlgebrnko inter sc coin)mraiidi. jMctliodus luiten 
iicgotiuni noiilidtur, ita cst comparatn, ut uon data opera sit iiivc: 
quasi dctecta; cx quo, cum ad iuvcntioncs alias absiractissimns poi 
vidcliir, ut omiii studio uberius cxcolnlur. In anporiori qiiidcm dl 
priiustituni, vii omnium curvnvinu, quiiruin urcus indcBiiitu liuius 

r — ■ - cxpriinuntuv, arcus ciuicunquc Inter 

jircu quovis alii arcus ad cum dulain ralionem tonentes gcomotricu 
oiiinino luodo, quo uveus ciiculaivs inter sc comparari solent. Tali a 
curva Iciniuscata voenri solita, cuius arcus iiidermitc hac formula 
huiusque iirciuim eotuparatio iu Imc dissertationo jirolixius cxplicatu 
Auctor iuvestigalioiies suas a<l arcus ellipticos et hy|)crbolicos 
oiimiiio vis illius mctliodi cornitur, cum rectificatio ellipsis et hy 
fonniilain integralcm nute commouioratiim revocari possit. Neque v 
eomparatio uremim uti in circulo iiistitiii potest; sed, quod iain j 
bolicis ost factum, id mine eliaiu istius novae juctliodi bciieficio 
pracstatur. Scilicet dalo iu alteia curva arcu quocunque a puncto 
arcus ill eadem curva abscindi potest, cuius ab illo ditfereutiam geo 
turn vero ctiain iiegotium ita conlici potest, ut non ipsorum arcuiui 


'I'"’""" "‘""It 'lui. |CiMiiii(*inri» iiHHiirimhiliH, idqiic ila, ul. iuciin (|uiiasiLiis i 

I" iiii-iiiiiil. OinisMi. itiilciii liai; riniililiimi’, ul- luriis (|imi‘siLuH in iliiln piincli) 
1 , I'llliM III ililli'ii'iiliii vcl ipKoniiii iin-iiniii vci ([iKiniinitiiiii iiinll i[il(inim cor 

I'MCiil. iiiTiiH qin-iinl-, qiii ula.vihilo Inter kc fcmiiinl iu( 

!'• Iiitic iiilnil |>i.>)i1i<iiiu iMitxiuKi <lifr,iuiii roiolvi |h.I.ch1, (|M() (IuIuh (ptir 

I. :ii\c clli|.li. ioi iiivT liv|MTluiln*m, ila Hmiri iul>i-l.iir, ill. |miliiiiii iliUcrciilia [■'•'i" 
nnliiliii I'vinlal. Suit lincm itisiniiulvcrlil- (Viic.lnr, tjuiiin insifiniii incn'iiiciilii in A 
liiMini liiiii' c\|M'r{iiii nui'iinl, i-iiim indc riiiKinuili iici|IiilI ininnn dilVcrioiiialiiini, 

iilii o<c{)t>»(j</ rrduiil, iiilc/p'iillit udiai iilipdiriucii »Hni|'ii[iii imsMiiil. 


S|n‘riiliil iniii'M Mini liciiuil hi nil rnrinn iil.ilihiliMn icsjiic-inuis, lul 
u';i rnliici ili'lii'i'i' viili'iil.iir; ml jiriuri'tii ndoroiidiif' hijjjI, c;)!*, f;ii 

111 I'uiiiMiiiiiciii iiiMi !h 1 iilins iirlrh jiliiiiiml (.(Jimnodum iilli 

riiiti |iMndri(‘!i, |in‘liiini c'X iii:i;;;inl.iidiim liidiiH (’(iminodi slnl.iii 
III. iLiili'iii clir'Mi.'j ciis (‘niiiplrd.il.ur M|»rr.iilnli()ii(is, i|iiiin, idst t’litn mill 
i iniiniiudn Mini (’uidiiiiclim, ila siml nomimnilim, id. iid liiuiH 

nil |)n»imi\ midmi vinviijim iii/'miii iiiad-n armijjdjj.M ocr.'iHimmm (jnm) 
I imiiii iiliii'liiiiis iiivchliipdiiMiiM, iiihIi' ninxiimi nlililiih ('Vpnc.liiri p 
iidiiiii iiniil yiiiMin didi’i liiin iIimitito rnj'imnir, mm mimiH prnl.iiini IIh h 
uiilimi tiiiil.inmdnm vidrl-ur, <|inio hand ciml.mnimmlii AiwilyHcos iimnii 
ii'i'iiliir. Ad liiiiir aiilmii Hro|Mim iin|irimiH mummmudal.im vidnid.iir 
d nloii'M id inm'.-i, qmn’ mini <(imsi r;isn ‘did. lin'liin <’l. ii. piwd'rinri iliil.i 
> ml nmiilriii :i piinri an per viuin dinT.i.nm pid'vniunmli miniiH vol 
am r.'d. pel iipi‘r,l a. Sir. miim cognila iani vm'ilalo liir.iliiiH in nils innLI 
lii'cri' liri'liil, ipiiii' ad cam dircric hiid. pm’dnrhinu', imvis luil.mn mni 
nlipaiidiM Anal) .‘>cii.‘i linch non iimdioiTilor pnnnovnri nnliiim [iliiiii 
iiim. 

Ilnimmmdi iinicin ohscrvalioiicM, ipian iinllii (mtiii, nml.lmdo siini. I 
riiimpic raliii mm panini alisroiidilu vidid.nr, nmmnnas' doiirnlmni 
•c Ml. ('imiili:> I’AiiN.SM ‘) nnpcr in lurom cdil.o; ipiiin idoirco omni i 
I' ilipnim Mild i'(mscnilai> ncipio Ml.iidiinn, quod in ull.m'ioi'i cai'iim in 
Dill' nmsnniilur, inidiiilcr lailloratiiin rn'il. ludiriinduin. r'omnmmni' 
<111 in hoc lihro (pim'dimi cxiiiiian proi>i'iulal.oH, (|uil)UH curvao Id 


i) n. 1. l‘\Mis.\‘m, l'nii{u:ii'hi tintlnnaHtht", vido uolam ji. TiD. 
Id I mii 0]>i'rn <<uiiiiii iio ruiiMiiiMiliiliuticH itiad) liiiiiu 


A. K. 


11 


■ 2 )cyuoia et- Lemaiscata sunt praeuitac, narumquo curvanim avcus ai 
or so comparantuv; cum igitur ratio hariiin proprioluluin miixime oc 
ieatur, baud alienum fore urbitror, si eas diligeutius cxiLiiiinavoro, v.i 
hi insupor circa has curvas clicere coutigit, cum publico conimuuica 

Quod igitur prinium ad has curvas attiuct, iiutnm cst ourinn r(‘ct 
noni oinucs Anal 3 "seos vires trauscendero, ita ut oarum arcus non si 
n algubraicu exprimi, sed ctiam nequidoin ad qiuidraburani cij’cull 
perbolae roduci queaiit. Quarc po ujagis minun vidori dobot, quo( 
ines Faoxano invenit, Ellipsi et Hyperbola infinitis modis ciusinodi 1 
ms exhiberi posse, quorum ditforentia geometrico assignari quoat, in c 
nniscatu uiitem ioGnitis modis eiusmodi dari arcus biiios, qui inter sc 
it aequales vol alter ad alterum rationcm duplam toneat, undo doii 
)dum colligit in hac curva etiam eiusmodi arcus assignandi, qui aliani 
rationetn tcrieant. 

Pro EUipsi qnidom ot Hyperbola uibil admodum milii practorca scr 
iiit; undo contciitus oro faciliorem constvuctionom oorinn nrciuini d(‘c 
orum diffcreuthi geometrice exhiberi quoat. Pro curva. aiitoin loinnit 
dcni VL'stigiis iusistons multo pUires, imo infinitas elicui foi'iruilas, qut 
neficio non solum inliuitis modis eiusmodi biuos avcus dofiniro possum, 
:or se vol sint aequales vel ratiouem tencant duplam, sod otiain qui 
ior 80 in ratione quacunquo nuraeri ad uumerum. 


I. DE ELLIPSI 


on 


1. Sit quadraus ellipticus ABC (Fig. 1), cuius centriun in C\ 
miaxes ponantur 0A = 1 et CB = c; sumta ergo abscissa quacunque C 

erifc applicata ei respondons PM == y = c 1/(1 - 



cxdx 


cuius (liffercutiale cum sit dii = 

1/(1 -.Xit) 

abscissae CP=^x arcus ellipticus rospondons 


BM 


^ ^ — (1 — c_c)a:x) 


]/(l ~xx) 

Ponatiii brevitatis gratia 1 — cc — u, ut sit a 
BM~ 

1 ^ CC 


* .Mill = /( Hitinn niodo urc.im ci n^Hpoiidoim 

lh \ /'./«!/' 

./ f I- uu 

i|iiin'riliir, i|iiiinin(l<i luu' iliiiin jLlmi'inHiit' x cl. iiil.t'i’ H(i 
III, III. iiri'iiiiiii siiiHniit 

l!M I II \ I 

J ’ I .l-J' ' ,J #1 - lilt 

i‘V!iil;il. Mcii nxliilwri ijiirjil.. 


ui'mI'ki I'lj'ii Inir n-dil,, ii|, did.«'n)uu(d>iu% dniiiHinodi riiiud.iu .r 

Mliliii jIi'Iii'ilI, III. rmuiuhi dillorciiil.inliH 

I ' " ' I 

' I X r J i(t( 

(‘III iidiiiill ill.. l'’iH'ili' iiiili'ti) ur, si luiin’ (jiiiidHl.io in ^ninnrc. 

r. I'iiiM i.idiilioiii'iu iil.riiim|ni‘ loniinhin inl.i’j^ni.i-ionn imiil.i i(li!()({iin 
IvMciiji liiu's I I'lin.'ipri'di iili|iio ipHnin rllipKiMiH n'cl.j|i(’}i.l-in)ji'ni. (’ijd) 
liu pi'iK'nili!! iiiillo niodd c'xprcinri in Holiil.ioiu'H piirl/inuliirnH 

cjnlnni, ijinin nli mmIIji rnl.-i nii.ioixi rn(«T}ri poHNiifjl., il.jt (iLiitiii 
ririiii id. ^•onil'(•.l.llnl,l' cril {ritnionilnni; ox 4111) I'nrnin viniiin riiinlii,- 
(iiiniMi ipf-nr .did cupiiiluol. vi.\ poluril. ('o^noHr.j |. 


inmin i|ui«li*in idalini urnirril rnsiiH ii x, ipio rnrnuilii. iiohU'Il 
ill ill iiiliiliun iiliil; H<*d (piiu liiiic duo KIlipHOOM iirnuK iioipiitlnH ot 
Mill III', nli )ii<' I'liMiiM ninuM i‘id. obviiis, ila oi.iiini (pianHi.ioni projio- 
no Mill irdiiooi'o omI. loiisonduK. (^ini loiiUiniinilniH l.ol.uin nogo- 

vi ilolioiil, lini'Mlnr 

’ I u .r.r 

‘ t(U 

1 .r.r 


( tX \ 


nii'ipiiit ur, nl vioiMsini llitl- 

I • J n It u 

I 1 HH 

:ilio)iihir 

IlM 1 US'- ((j'uiU \ ttjxi(u ■ laiM I- ('diihL, 


II • 


1 _ — uuuu + iidUXiX'Xi = 0 quani 1 - n uu — cn<%x -1- 

mide patet stat.ui dcbero «« — « ct u = Vn, ita ul 

„ _ I/^ - et BM + 7?jY - 'XtiVn + Const. 

4. Etyi autcni lioc modo quaeationi satisfactiun vicloi.iiv, 
cleteiininationea in Ellipsi locimi habero neqiieunt. Nam cum sit 
}? == 1 — cc, ent 11 — iixx <1 — nxx ulcoqiio u > 1; abscissa org 
axem CA siipcraret eique pi’optorca arcus iinagiuarius respondc 
iiinc nulla conclusio conformis dcduci posset. 


5. Tenteinus ergo alias formulas sitque tain 

'I — nuu u 


i/l — nxx « 1 /I — null 


X 


uude ob 

cia — cicixx — uu >f nxxutt =» 0 ot act — aami — xx H- 

colligiiniis ««1, ita ut sit 

1 — — a;a; + na'iCMH -= 0 idcoque it = [/ 

Hinc autem prodit 

BM + BN = + f''.'.' =. 

J U ‘ J X J xil 


nxx-, 


■ XX 

nxx 


Verum aequatio uu-{-x>x^\ + differentiata dat 

xilx + udu = nxuixdu -p udx) sou =, n(xd-u -p 

unde concludimus 

BM -t- 1# N = » j\xdu + udx) = nxu + Const. 


G. Haec solutlo nuUo incommodo laborat; cum enim sit 
l~-nxx>l — xx ideoque w<l, uti uatura rei postulat. Sur 


I quacnnqu(5 CP =- x capiatur altera 


CQ = M 



XX 
n XX 


11(3 siimmn arcuiim PM BN = nxu Const. Ad qnnm roust 
iendam sit a; = 0, iit fiat /?M=0; entqiio « = 1 et arcus BN a 
rantem PdfNA', undo Ht 0+ Z/ jlt AM = 0 -|- Const, sicquo haec coi 
= BMNA. Quo valoro eins loco aubstitnt.o habomus 


JUG 


Pj\I -f BN= na:u -|- BMNA 


PM — A N — nxu = (I — cc)xu = H N — AM. 


7. Dato ergo in qiiadrantc elliptico ACB puiicto qiiocuiKiiio M ass 
nus alteram punctum At ita ub dincrontia arcuuin BAt — yfA^ vcl 
est aoqualis J3N — AM, goometrico exprimi queat. Quod quo fi 
stari possit, ducamus ad lillUpsin in puncto AI normalom MH\ ori1 
lalia rs^cco) at ob PM == c\'^('\ — xx) ipsa normalis 

MS= cV{\ —XX -h eexx) =“ cV{i — nxx)\ 

jy »r 

pie pro altiOro punebo N abscissa crit Vcl ii: 

>m MS producbaui ox C domittatur pcrpondicularis Cliy quno prod 
ut sit CV=CA=\, ol ob orit 6'(2 = 0 F. Qm 

:to V in axoin CA ducatur porpcudiculavis VQ, qiiao punctum Q o 
a il)8um punctum N dosignabit. 


8. Cum sit PS=ccx, erit C'iS' = .'r — ccx = m ideoquo 




jt ■ nx 
£- 


«= nux. 


ergo ipsum perpendiciilum CJt differontiara arcuum 7? 71/ — Aj 
— AAI oxhibobit. Arcuum orgo hoc raodo designatorum dilVcront 
, quae igitur oranescit tarn casu x = 0 quam a; = l, 
ita Ttf et JV in ipsa puncta ^ et ^ incidunt. Maxima autom 


(lifVcreutia evadit, si wo:* — 2a;cc 4- 1 ^ i 

^ ^ u eb anibo puucta M efc iV iu unum puncfciini 0 
casu differentia arcuum H 0 — AO = n(cx = ^ — c idco 
dilferOTibiae CA — C^fi fict (ief[iialis, iia ut sit CA -I" 


n. Si puactiim M in ipso hoc pimcto 0 capiubur, 


cr = 


V{l‘'rC) 


Pjy^ ot PS-= . '' 

1/(1 4 c) 1/(1 -I- c) 


hincfpie MS=cVc, uiulc variis modis situs puncti 
poterit. Cum autom sit 


CM ^ GO ^ ro + o ^ |/f, _ 5 5,,) „ |/(1 _|. ft 

/(I + C) ' 


\indo fac-ilis constvucUo dodncituv, scqiientia ergo T1 
visum est, quorum demonstratio ox allatis cst manifcsti 


TBEOREMA 1 

10. In qmdranie elliptico ACH 2) si ad pimcl'* 
Uingens IfMK, quae ewta altero axe CB ni II conciirra' 

CA acqitalis copialm\ ut sit 
per K nxi CB parallcla aga 
in N, arcuum BAf ct AN 
fjmnetrice assignari poterit; 
C in iangentem perpendkulo 
differentia BAl — AN = M 

Demonstratio ox fiorii 

Fig. 2. ” 

tangens HMK sib rectae i 
parallela efc aequalis; turn vero pcrspicuum cst osse Nl 



TlllCORMMA 


.SV nKpiy (/iKtdnaills ril'ijilid .{(Hi (Wij;. .'!) aUcro srni/d.rr (I A friduiiiilun 
rum ('Al'] nniylilKdho rf iit rius Ittfrir. A IC puyfio mpialiir A!''- -i'l 


uc (!/•' tir/f/uili.s applirrhn in rlUpsi rrrfu (U), 
Innir Itnliihif pntpi irhiinn, it/ sll 

('A 1 arni A (i ('fi | tnrn iKh 

iii(iii::l ml io (>\ ^ I'viilciui osi-. cMiiin sit 

M I. . 1 /-' ( ('I tttiK. fM/-’ i;o", 

< ■ I'" 1(1 1 fc '.Ir I'.OM, 

(!(). 



K 


I'lK »• 



altevum K ita definiatui*, i\t summa avcuinu AM-^ AN 



nxx — 1 
XX — 1 




n M — 1 
ux— 1 


absoluto integrafcioncm aclniittafc; quod quidoin evoniro c< 
patot/, verum bine nihil ad institvitum nostrum concluder^ 


14. Ponamus orgo 


cum liinc vicissim fiat. 


/nxx — 1 

xx~-r 


H V n , 


I /nuu — 1 

* nil — I 


X Vn\ 


iit.vinque cnim procHt hauc acqiiatio nuuxx • - niuii -f xx) -\- 
liac liypotliGsi prodit siimma aicuum 

A M A- A N = \ udx Vn 4 - u = ux Vu 4 - 


Ilaec ergo integvabilitas ut locum babeat, opovtot sit u = 
ob H > 1 prodcat quoquo u > 1, ex dato punefco M semper 
nssignai'i potent 


15. Ad coustanfcem defiuiendam patet casiini a; « ] , 
verticom A iucUUt, nihil iuvaro, cum indc oriatuv « « c> 
infinitum vomoveatur. Quocirca ut liaec constuns debite 
Cftsum considovavi opovtot; potiov autem non occurrit quv 
ot N in unum coalescunt sen quo fit i( == a; et 
autem oritur 


1/(1 4 cc) 


et 




/(! + 


16. Sit igitiir 0 hoc punctiim, in quo ambo pimcta 
ductaquo appUcata Of evit abscissa 

1^(1+ 7(4^1)) 2.io=c+ni+. 


obtinoinus consiantein qunositain 

= 2yl 0 — c — 4 - cc) 

(1 -b cc). Quo viilove substii.uto orit pro qiiibuavis puuctis ill ofc N 
smiiUs, lit sit « = sumraa arciiiim 

-1- A' = iix Vh. 2AO ~ c — V(1 + cc) 

ON - OM = — c — /(I -f- cc), 

:UioR arciiH nacti snmiig ON et, Oil/, quorum differentia ON — OM 
assiguari potest 


10 autom lac.iliiifl pateat, quomodo tarn puuctiim 0 qiiaru ox puncio 


ii N floriiiiti quoat, erigatiir in 
;ta CJ) hyperbolae asymtota; 
8 CP=( 0 , PM^y ducatur 
orit ob 

XX — 1 ) ot - 

^ y(zx- 1 ) 

a:.*!;— 1) 1 . 1 

'' = 23— ot 0/ = 

cx z X 

igons 

cx 

t 


A (Fig. n) porpendiciilum AD = c 



vx—l _ PT 

“ Wt 


ideoquG 


_MT 
pr]/(i + cc) 


CD-PT 


ucatur cx contro 0 taugeiiti TAf paraHoIa CIt ^ CD demissoquo 
iixem porpondiculo IIS erit CS = — — ideoque CQ=-^-~^^ - 
capioiicla erit t.ortia proporfcionalis ad OS et CA. Commodius 

Eiii-ehi Opera omnia ho Commontationeo analjticao 12 


cum sit 

or it 


vcl (lemisso ex 


K«(a-M;— J i yyn 


pm-q^ = 


AT)^ 


]/(H-cc) CD 
in asynitotfim pcrpondiculo AP! orit 


PM- qn=ad-J)p: 

ob = unde sequens Tboovomu confioitur. 


THEORlilMA 3 


19. Exisfenle AOV. (Fig. 6) ]nji)crhoIa, C cins cenlro, 
u&ipntola, ad qmm cx A axl perpcndkularHcr (hicta sit ? 

ad asjfmtotam perpendic\ 



stituatur 10 media proj 
DE atqne ubinque up} 
stalmntnr, iit inter cas 
tmi areuwu ( 
geotnefrice assignari pot 


ON- OM 


Deinouatrafcio ox 
(lento ost manifesta. 
et N in 0 coewntibua sit 10 - 10 = AD • 1) K, orit 10 
inter AD et DE; hacque mvenia osso oportot PM- 
vero ex §10 intelligituv esso ON—OM^{CP-GQ 
Vn^^CD ent hoiuogeneitatom implondo ON—OM^{( 


Cyl 


At eat = GE sicqno constat Theovomatis veritas. 


TIL DE CURVA T.EMNISCATA 

20. Haec curva ob plurirnas, quibus praodita esfc, insi 
Geouietraa est cclobvata, imprimis autem, quod eius 


Hint, aotjualfiy. Natiini autoiii huius ciirvae ita est coinparata ut 
nlinatiH oi-Lhogomtlibus ar=x. PM=y 7) ista aeqnationo cx- 

(■xx^-yyY^-x.x — yy. 


ifc iiitiic cuvvain osso liuoani 
inifi, ijiiao in C, quod punctuin 
ni (Ucitur, cum iix(^ CA /Uigulimi 
1 cousUfciiih, i?i ui a.ui.eni sumfca 
:om normalil.or U-aiicit. Figura 
INA qiiari.ain partoin totius 
3 oxliibcii, cui tru3 rcliquao 
la conlruin C acqualcs stuit 
lo; id qiiod ijulo liquch, quod, 

ifjit ;t flivo applicabi tj aivu utvnque negativum valorem Induafc, 
idoiii mauot. 



ind igitiiir ad ox|iro.ssionem arcus cuiuaquo Cdf buius curvao attiuot, 
lUsiiiui ex corda CJ\f. dcfmitur. Si euim hanc covdam ponamus 
;)b a:.r + ?yy =■= 24! habobimus z' ^ xx — tjn = 2xx — zz ^ zs — 2yy, 

lUR 


ot y=^z |/ 


/ i — zj 
2~ 


•iando 


y^ii-i-sz) y2(i-sz) 


elomoni.um arcus CM colligitnr 



V{d%^ -j' d\f) 


(Is 

v(i-~s^y 


ergo corda quaecunquo ex contro C cducta ponatur CM=z, erit 

;l subtoimus (JM'= Simili ergo modo si alia quaevis 

dicatiir = a, orit arcus ab ca subbensus CN C~~ - , cuius 

Jy{\~- »*) 


12 ' 


docuit, cuiusmocli fimcfcio ipsius ^ Cfipi cleboiii, pro u, ut vel 
fiat ai’cui CM, vcl ut arcus C'lV sit duplus arcus CM, ^ 
AN sit acqualis duplo arcui CM. Hos ergo casus priiiio 
autem, quao mihi circa alias hiiiusmodi aremun propoviin; 
in medium sum allaturus. 


THEOREJIA 4 


23. 7w cinra Imniscala hadeyius (hscripla s? applkcU 
GAf ^ z alicique iiisuper applicelur, quae sit 


' \ ms 


erit uYCHS GM nequalis arcui AN vel etiam arcus ON acqiu 


DEiMONSTRATIO 


Cum sit corda CAf^z, erib arcus C’il/ = .1®.-, 

J V(\ - n* 


ei'it arcus CN=f~-’' -• At esfc undo fit 


]/(l - z*) 


ot 


du 


'ledz 


Praeterea voro est 

l—2z0-\-z* . 


(1 ^.00)]/ 


Quibus valoribus substitutis babebitur 


arc. CN = = - arc. CM + Cc 

irc. CN -f- arc. CAl = Const. Ad banc cons 
casus, quo ^ = 0 ideoque et arcus Oilf = 0; 
M = 1 = CA ideoquo arcus CN abit in quae 
r pro boc casu CMNA + 0 = Const. Hoc e: 


.luiL 111 «,^onc 3 re jivc. o .v -j- arc. C’J/ arc. C'jl/iV .4 hincqiic 

arc. 6’J/ = arc. ^iY 
rciini MN iitriiujno addendo 


1 ). 


arc. CdfN arc. A NM. 


COROLLAlUUiM 1 


24. IJato ovgo qiiociiiuiuo arcu CM in ccutro C torminato, cuius C' 
(Jj\f ---=z, oi ah altnra parto sen vertica A absciudetur arcus aoqualis 
undo cordani 


= II 


1/1 

f l \ ez 


sou 


6'A- - 


ch'i y 


VA^-c]ir- 

cA^-\-c\rp 


ogonoitatoni sujiploiido per axoni 


OOliOhhAHlUM 2 

25. Cum sit « «=-j/J 7!!i vicisahn «« l/l 7 wndo cordas CM ob 
r HO porninliM'o Ucot, ita ut, ai ambae cordae CM^z et CN=u 
inii coniparaiiio, u(. ail. 

HUZZ -j- HU ~\- zz ^ 1 , 

tu luincla jVf.' oL A inter ao permutari queant indequo prodeat 
601/ «« arc. yl jY quaiu arc. 0A'’=» arc. y( jV. 

COROhliAlUUil 3 

2G. Cum sit 6hY=M = V!7!*- oi'it 

ot . 

.0, cum ox natura curvac lomniscatae pro puncto N coordinatae sint 

ot QN = it]/^ , 




CQ 


H 


idcoque 


y(i + zz) 


et Jll__ 


tjimve si in A atl axera CA engafcnv nonnalis A T, dniic 
diictao occurrab in T, erit AT — z CM. 


COROLLAUIUM 4 

27. Ex dato ergo pimcto M alterum punctiini N ita 
capiabnv tangcns AT aequalis cordae CM ducttiquo vec 
piincto (juaesito N secabit. Ob oandem autcm rationoni ]) 
pvoducatur, donee tangenti in A oceurrat in S, orit paritei 

COROLLAIUUM 5 

28. Manifestum ctiain est pimcta M ot N in unurti 
posse, in quo ])ropterea fcotus qiiadrans COA in dims ])n 
dituv. Inveuiotur ergo lioc pimctuni 0, si ponatur n =» z, 

z*-[-2zz^l liiucque 

}3rodit ergo corda CO «= K(y2 — l), cui simul taugens A I 
simui posiUo hnius pxmeti 0 fiieiio assignatnr. 

COROTiLARIUM 6 

29. Notaio orgo hoc pnneto 0, quo tofcus quad}'aus (J 
aequalea CMO eb ANO divUlitui, ovifc quoque punctiB M 
oxpositam dofinitia arc. jVO = arc. OiY, ifca ut idem hoc 
arcus MN iu duas piu’tos aequales dispescab. 


THEORE^iiA 5 

30. 2ii curva kmiiscata, cuius axis GA~1 (Fig. 8), si 
quaecungue CM = z uliaque insuper chorda appUceiiir 


c 


Fig. 8. 


A 


oil arcus a corda lia^ 
diipk maior quam ar 
subtensus CM. 


DKMONS'IMliVTIO 


•* ds 


t cordit 0]\l = orit an;as f'M -- similitmuio oh corclatii 

ifc iirciis — j • Quia iuitem oat w •--- — ^ 


lilt = 


4-?4f — -le* 

1 -I- 


/(I ._ „„) = ' Ot /(I + nu) ' ^-,'“.7"', 


1 -!- 


V(1 -- a‘) ^ 


1 — 6^‘H-ier« 


iflorcnbiando coUigitur 


'2ih(l — z*') — -h «•) — 5‘) 

(1 


t H- 2dier(l — -|'^“) 

•go iianciaciTnur 

d u 2 de 

y(i-M^) ~]/(i-^) 

lo live. Cil'/ “ t3 arc. C'^1/ -|- Conat. Cum uutom posii.o liat 

i(loo(jiio Jinibo arena CM ot CJIP cvauoscanfc, eonstiins qiioqiie 
ibii. Sicqno suinta corcla cril/'* = « = — orifc 

arena CJIJ ^ = 2 arc. CM. 


COROLLAIIUJM 1 

capiatnr corda 0'iY = yj “ orit arena A = arc. OJld hincqiie 
CM^ orit = 2 arc. A iV. Simili modo si capiatur corda CiV® , 
jV® = arc. sicque otiam a vorfcice A erit arc. AN^ = 2 arc. AK 
odo obtinenl.ur qnatuor arcus inter so aequales, .scilicet arc. CM] 
re. yliV ot arc.NN^. 


32. Cum antem sit 


LiUlVWLilj/VmUaVL £. 




ut V(l-\-nu 


liae quatuor cortlao ita liabfibuntnr exprcssao, ut sit 

CM=^, 6’.V= CN‘-. 

1 *1’ \ y ^ 


COROLLARIUM 3 

33. Conveniant ambo pmicta ut K'‘ in ciirvae piincto n 
quo supra vidimus esse cordam CO ■■= V (l^2 — l), atquo bt 
GOA in quatuor partes aequales dispuscetiir in piinctis j 
igitur uveuit, si sit =■■: CN^ [V2 — l) , ita ut posit 
V {V2 ~ l) = a habcamus 

1 — 2zz -• 2 ^ = a -f 2 ft 2 r^ — uz' sen ~ “ 

et ‘ 

= ~(Lt«)_+ yy] -} 

i-a ™ i-l/(i/‘2 

Unde colligimus 

Cil/-= « = ]/“*“? + >'?( L+fi“) et 6'jV= 

I — « ' 


0 




COROLLARIUM 4 

34. CoaluscaJit ambo puncta HP ot N (Fig. 10) ot pane 
coibimt sicque tota curva CHINA in puuctis M et N t 
Pro hoc orgo casu liabebitur vel 


1 l -^-ze 


vel 


1 + 22 /-'^ 


or (lat 1 — ^ -j- =-'■ 0 liaecquc per 1 -j- ^ clivisa 

= 0; cuius coucipiantur factores 

(1 — -{- ^^)(1 — V2 •{• 2Z) = 0 

= 2 ot /<-?' -"--2, undo (it jx — v^^2ViS liincquc 

» = 1 4- [/a Ob V = I — /;J. 


1 4 |/a -j. |/ 2 |/;i 


cii; 


+ 1/^0 1/3 

■\ 


oriel, Lir 


l/^ “ =. \/~ ^ + (1 -I- ys) i/2 1/3 ^ 4 /■* 

* 1 -I- .1 + 2 1/3 -J_-(l -1- 1/3) |/2y:i I -1- |/3 


3-^2 1/3 cN~.y^^-y^. 

\-\Y$ 


conoid. A.KLUi\l 0 

obiani qnocunquo uveu 071/^ (Pig. 8, p. 04) invoniri pofcoat cius 
di oiiiin arena illius ponal.ur corda ot iircua quausiti 

orit 


‘20 (/(i ■ - ^‘) , , -iec , o I . -^2^ , H /-v 

““ ,14 I— -h- 2 ^'= 0 , 

1 - 1 - 0 ^ aa ' jtjt ' ’ 

coucij)ianbur 

(1 — fizz — 0'‘)(1 — vzz — z') = 0 ; 
fi^r = ot fir = 4; erii orgo 

,, - r ■=-- 4 ]/( J, - 1 ) - 4 y(l - »’) 


= 


2-f-2|/(l— u‘) 


till 


ol V = 


2 — 2 '|/( 1 — id) 


na 


i[ Oponi omnia [‘.o Conunuulaliouos ainilyUcau 


18 




K H 

uncle pro z duplex valor realis olicitur, alter 

^ ^ |/ {- 1 - FCi - «‘) -I- 1/2(1 + )/(i - «;■))) |/'(i ■ - |/'i 

n 

alter 

_V{\+Vi 

H 

COKOUAHiL'M G 

3G. Duplex hie valor revera locum obtinot; cun 
( Fig. 11) et Car duos u-rcus diveitioy CM- et su 

z praobebib cordaiu ai*ciis Oili, qui ost somissis arcui 
ipsius s dvit covdaui arcus Cm, qui cst semissls aveue 
valor pro illo casu, posterior vero pro hoc locum b 





b'ig. 11. 


COKOLIAR.IUM 7 

H7. Hoc inodo otiam lemniscata CVl iu quinq 
potest. Sit ciiim coixla ])ai tis slmplicis Cl =- 2 (Fig. i: 

erit corcla partis qiiadruplicatao 


(74 = 


‘2 II ]/(l — /(*) m/ 1 ~gz 

' 1 -h«‘ 1 -Vzis' 


= 01 , mido cordiL ^ dcfiinUu’; qusi iiivcnta, cum sil ( 72 ---- J 3 , 

I / I --1111 


COUOLI.AmCM 8 

hiiic po.SfL-i cfii'da ix?[>oi-iri iKJSfsinl.cordao aiciuini 

)li, oci-n|)li, soduciipli ol.c., inaiiiiesi.uin cst hoc modo I'hiam 
I lot [>avl:f.’,s (lividi poaso, iiumcniH siti 2''‘(J -|- 2''). Ju 

inula coiiLiiioui.uv Hoqiicntea iiuiiiovi 

3, 4, 5, G, 8, 9, 10, 12, Hi. 17, 18, 20, 24, 32, 33 of,c. 

m HLunpof omiiiii (livisiomini puiicUi asHignnrn licuL. 


SCUOLION 


igil.iir smit, quao III. (Joinoa I'^AaNANo do curva lejinnscaia ob- 
nao (jK oiu.s invontiH dorivaro Iicot. lOI-si ouim taulium pro- 
luocunquo oiuH duplnm a»signaro docuit, tanKm liiuic ariann 
10 (Inplicando cl-iairi cordao ji-i’ciiuiri fjuudrupli, aclupli, sodo- 
3 colUgoui.Lir. Namqno si corda arcus HimpU staLuaiuv =•• z, 
ff, qiiiulru])!! ■ ‘■j), ocl.ipdi 1 /, sodocnpli = r obc., oril 


u » 






i 'f 

- id) 
I 4- «' 

'‘ip VO -V) 

1 4 -jid 

^<1 K(t 
( -f-V 


•U(l -!-^)(l -0x1*4-^*) 1/(1 


(5tC. 


1 ai'CLiuin luuUiploi'uin cordfis ox his asaignaro non licob. Qnein- 
) arcuinn quorumvis nmltiploviim cordao expriinanbuc, hie in- 
hoc argumcubuin , (pianbuni Jiinibca Analyscos id qiiidom por- 
is porficiabur. Priiiumi quiclem teiibjindo oliciii, si arcus simpli 
turn arena bripli cordam fovo = q j voriun posboa rem 
goiioralitor oxpocliri i^osso intolloxi. 


18 


Tl-IEOREMA 6 


40. Si corda arcus shnplkis CM (Fig. IS) sit z 
= eril corda arcus (w -f- 


1/(1 — /nt)(l - zz) 
• (1 + 7{»)a -l-r,:) 


J -•- 


DEMOXST'KATIO 
Ei'ifc ergo ipse arcus simplex 

c'i¥=r/^" 

c Vii-z' 


et arcus «*ciiplns 



1/(1 

CM’ =!' 


/(i 


iclooquo ViaboimiH 


=.P 

I H-m» 


ut sit corda pro area (» -}- l)-caplo exhibiia 
= s, ntqae dowonstvavi opoviet esse arc.uin buic curdi 

r_ + n /: 


y(i-5‘) 

Cum autem sit s = . erit 


, seu 

1/(1-*') 1/(1 --s' 


tain vero roporitur 


,/,_dP(^+eQ) + rf()(H-PP) 

'■ {i-PQY 


1 _ s* = i^P Q cm ~ 1 

{I-PQY (I_i> 

ergo 

yri - « - 4 


iiur 


da 

1/(1 - s') 




-}- PP 

^pp i^gg 

V{X-:rP--QQ-APQ+PPQQ) 


jBsioiiifi ergo valorem invostigemria. 
lino quidcni eat 


7JT» \ \-uu-[-ss — iiHJS£ . . , \ -\- Mc -l- ~ 

■11= , , el- I -h QQ 

I -f- j<a ’ ^ * 

I-1-P7' 


I -r Z!: 


• + Qg 1 "I” 


f/.s 


ideocjuc 




1 -Ise 

- II >1 


]/(!-«’) ]/ii-.p:p-QQ \.pi>(gQ~.\pq) 


0 oh 


I -1- WW — S0 UUZB 
1 uu 


- pp=^ ‘ ■' ol. I — QQ = ■ ■ - 


1 -1- B3 — nn HUBS 
.1 -I- Bz 


PP)(1 -Qfj) J, - p (f + P<r = 

Avn 

^ ^ (I •|•^0)(l -f-Htt) ’ 


ncluditnr clonoininal.or 


V{1 -/■/>- QQ -I- PVQQ - A PQ) 

s' ~ id -1- -h idz' — -I K0 ]/{l •— 0‘)(1 — rt‘)) _ 1^(1 — ^fOCl ~ *<■*) ~ 2u0 

/( I -fitH) y{i -I- zz){l + !(m) 

bhiobitur 

ds d /*( u d (J ( L - h Bz) 

|/(i — s') ]/(l — «■*) — 2««f 


;liirorcntiando olicinina 


dF=^-dz 

f I - 


dQ ^■= du 


f uu 

BZ 


i H- 00 


(1 -1- lUf) i/(l - a') ’ 
(1 -1-0 0)1/0 



quavo ob 


|/(1 - XT '*) 


oi'it. 

, -i/J— «M ‘^nuzdz 

(ip^dz 1/ ~ — -- — 

’ 1 (1 -\-ud)Y{l - 

_ 'Inzdz 

i+M (1 -l■.-^)l^(l 

uuflo coniicitur nuraoratoi’ 


dP{i -V uu) + d (;(1 -h = dz 1/(1 - id) - - 

y(i - «‘) 

aive 

dP{l 4- Hit) + <l ()(1 -j- zz) = (w -'r l)f/^ /(I — 


y(i-s') ^ ^ ^ 


imde povspicmim eat esse 


Q. E. D. 


ds _ (h 4 l)rf« 
Cj\r^^={n -\- 1) arc. C 


COROLLARIUM 1 

41. Si a vortice 4 absciuclautur arcus Am, . 
CAf", rospoctivG aequalos, erifc Cm corda coi 

corda complomeiiti arcus CAP, corda coniplei 

iLiitoin ob cordas CU z, C'il/" — cc 


f 1 A- Zg » 1 4 ?tM 


Cum auteai sit 


orifc 


t/I — itn , t /1 ~ ZB 

2 / ha Vr,~ 

_ _ H-i-” 


y I-YSS y (i 4 PP)(i+ 7^§) 


p 

f- 


y 


i iiaiic {onnaiii rociucitur 


i/\-ss 
* I - 1 - 5 S 


i/(i -- zzm — mm) 

./ (» -i-MHi" 

1 +«2 ~ 


COliOLIiARlUM 2 

Si igli.ur jjonaiur 

corda arciifj sitnplicis = corda complomonti = Z, 
corda arena «-c\ipli =^ ii, corda complomonti — ■ [/", 


> \. + Bz » I -i-un 


corda arcus 6 H- l)-cupii 


aV '|- uZ 
I —zuZU ’ 


coi'dn complomonti ^ 


Zlf-ZH 
1 ztiZ U 


OOROLLMUUAf 3 


Invnntio orgo cordarnm arennm quonimvis nuiltiploriini uua ('um 
loinplcmonti ita se habobit: 


Corda arcus 


ainipli = a - 


dupli = h == 
tripU =■* c •■= 


d 

1 — aaAA 
a li -f- h A 
1 —ah A. D 


, ■, aC-l-cA 

quadmph - l_ao.tC 

. , nV + dA 


otc. 


Corda cojiiplomonti 
simpli = yl 

1 1 * A A a Cl 7s 

tiipli = ~- 7 % - C 

^ 1 + abAB 


1 1- A C a c f~ 

. , V A 7 ) — ad -jn 

quinlupl, = ^ E 


etc. 


COUOLMUiaM 4 

Simili modo si corda arcus w-ciipli .sit-—?*, corda complemei}ti 
:i arcus ?2-cupli =s oiusquo corda complemeuti =>=S, ut sit 



orib corda arcns (w -|- «)-cupli cb corda 

Qvlin etiain sumendo pro n nuincnun nogativuin, q 
sui nogativnni, corda difTerentinc iilonnn arcuuin oxb 
corda arcus (w — ??)-cupli = /f ot cordu conij 


OOEOLLAJIIUM 5 


45. Sumtig ergo deiioniiuatioinbus, qiuic in cor 
oiit quoque 


; m)~\ 


IC+cB BC-i 

1-bcjiC be I 


CORaLLA.UlUM (! 

46. Kx his coUigitur, si corda aveus simplicis st 
daruni In corollario ^ adhibitariini fore 


a =* 0 

1 

1 +6a-^-32« 

(1 +<?•)' + 


y i‘\- 0 g 


B 


1 — 




(:i + 


/)= + ^ 
(iZg»] 


SCHOLION 1 

47. Eaiio compo.sitionis forinularmn c 

. _ 1 — J'6' i?6 

iiotan ineretnr, quod similis nst rogulao. qua tangen 
duoruni anguloruin definiri solob. Si euim sib rS-= 

(« d" /?) eb pro difforontia i 

1 (« “ /?)■ Siniilique modo si poi 
rs = tang, d, erit 


MS~~rs t / svv , 


ES rs 
i" — rsRS ” 


moaiuiH aiitcm isia coniposiuonis raiiio re]n’ao?5enini)itur, fii ponat.ur 
> w -ciipU r =■- 71/ sin. fi , cortla compleinonti 11 ~ 71/ cos. ,u, corda 
[)li s jY sin. j', corda coinplomonti S=NcQii,r', twin onim erit 


corda :irous (m -|- 
corda eins coinplomcn<ii 
corda arena (wi — 
corda oins coinpl(jmonli 


- v) 

1 - - sin. fcs'ui. v {-.oa. cos. v 

.71/.iVcoa. {ft v) 

1 -{- Jl/^jV-sin. (It sin. z'cos. /( cos. u 
sin. iji — v) 

1 -|- urn. (I aiii . 7' coH. ft cos.// 

AfN cos. (/( — )') 

I -■ • JiJ ^aV^sIn, [c sill. V COR. fi cos. v 


aiiiom ait 1 — rr — Ji U = rrjtll, oril I — jl/71/ = ;17‘ cos., a- it 

71/^ sin., a cos.^* [/{I --- Jlf M) ot sUi. r cos. r = V(\. — .YAQ; 
istarnin formnlariim donoiniuaLorcfl n.l)ibniit in 


1 - ■ 1/(1 - jW jl/)(l — .A' A') o(, J + ]/( I — /1/7i;)(l - jViV). 

toroa voro ox ilia iioqual-iono 1 — 71/ /I/"--* 7I'/‘‘ sin, /t,® cos. ,«*’ til. 

dn. 2,a «= 2 sin. COS. /<. Yorum liinc iilao fonnulao non concii 
uni. 

SCllOLION 2 

AH. iCx liis obsurval-ioiiihns calcnUm iniogiulia non (ionLotinunida aiij 
Dquit.ur, siquidom liinc pluriinaruin 5KH|nalionuin dilVcroiitialiurn ini' 
ciilaros oxhiboro vainnuis, qiiariim inlograt-io in gonoro vix sporavi 
3r()po,siia ao(jn!i.lio ]]0 diUbrcnUnli 

dll tie 

liorqnani qnod casna iiilegralis = ^ per so osl obvius, novdmiis ei ( 
(acero — gonon; igitur cum iui.ograbio constanloii 

ain, puta G, iiivolval, oril n aequalis fuucLioni cuipiani quantilaiuin 
tumeu niliiloiniiuis ita orifc coinparaba, ut pro corbo qnodam if 
:q flab 7i=^z itomquo pro iilio quoclam ipsius G valore m «= — \ 

ONUAjiDi Eui.Kni Ofio.l'n. omnin Iso CuiumoutalionoB aiialjllcno 1-1 


oxpressiouom algebraicam adco simplicom coiivorlunt. 
Siiuili modo proposita bae acqnatione 

tiu __ 


duos habemus valoros, qnos ci satisfacDro -novimiis, 




— 1 - 1 - 2 ^^ + ^' 
1 + '202 —z 


parltorqiio gemiuos valoros exhiberc docuimna, qui in gcnor 
sabisfaciant 

nulu _ ndz 

uncle via, ad lianiin formulavum infcogralia gonoralia invou 
piacpavata viclobur. 

Doindo quae supra do cllipsi gI^ hyperbola sunt allabji, 
tioiniin (lifforcutialiiun iutegratiouos spccialos suppeclitaiit. 
Proposita oniiu ox § 3 hac aeqiuitionc 


novimus ei saiisfacoro banc aociuationom intcgralem 

1 — na>x — nwu -p nuuxx =« 0. 

Isti aiitom aoquabioni ox § 5 potitae 

dx |/^ H- du i/~ - --- == n(xdu udx 

satisfacere iuventa esfc hacc aequatio 

1 —xx — liti -j- nuuxx «= 0. 

Delude sequenti aequatioui ox liyporbola § 14 petitae 

y + udo;) y 

satisfacifc quoque 


1 — nxx — null -f nuux-x — 0, 


mi cum prioro ox ollipsi poiifca congriiifc, cum «it 


-I /» x:c— l 
y .r.t— 1 




J —nxx 

t — XiC 


)i facilo concludoro licol:, liuic acquatioui 




— flMll 
k U H 


(xdtt -j- iidx) |/'J^ 


hitnc inl;ogni](3m spocijdom 

fh — ffh(xx -f- mi) j - //kxxiin = 0, 


jioqualioiii ull.uri 


d 


* h-Jcxx 


}- (in 


I //■— ijun 

/ 

/< — h HH 


= (xdu ■ {- 


i(dx) 


0 

\/fk 


lianc inLograliiin sp(!cia1oin 


fib — ffc(xx -{- H- ffkxxun 0. 


v idoo prujioiKmda confml, quod unsain milii prmihc'vo vidoid^nr buI, 
/soos ulLorius oxcolondi. 



SPECIMEN NOVAE METHODI C 
QU AERATUEAS ET RECTIFK 
ALIASQUE QUANTITATES TRAN 
INTER SE COMPARAN 

Coinmontatio 263 indicis E^•ESTKOl:MIA^ 
Novi Ooiinnentarii academiao scioutiaruni Pelropolilariae ? (17. 

Suinmarimn (Co»nmeutatvoii\un 263 et 26l) ibidt 


SU^DrARl(JM 

Priiicipio moiicudus esl lector ro^audnque errori typolb 
posterior oidiue (Vis«crlaHo') priori ost nutopoRitu, Cnlpam banc 
utraraqnc dissc-ttationem Rimwl considcTiiidmws ct consueta nobi 
ftUtom sit, dkemus. Vevsatar urclbodus a Ccl Auctovo jivopo 
(livcti qaautitates trauscoudeutes sou eiusmoiU quantitates in Uv 
uulln modo algehniiee cxjiriiui possimt. Sompar considcratio li 
se videatur, tarn CJcowetrium quam Analysin pulccrrimis invouii 
ouiin Ueometrnc liiicae cnrvns coiitciuplnri coftpenmt, statiin on 
lit tiiiii spatia ab its iiiclusa quam ipsam caruin lougitudincm 
gatiniium jirior circa curvaruin quiidrnturas, altera circa earun 
bninr. Quoiiiatn voro nentriiin iu circ.ulo praestari potcrat, etsi 
est Hiinplieissima, eo inaioii studio in einsniodi lineas curves iu 
turain, hoc est gpnlii iis inclusi (Umniisionem, vc! reetificatio 
ncqimlis nssigoari debot, admittcront. Interim tamen otiam in 
quadrature circuli investigauda frustra desuchiruut, praetor 
invciitn suiit consecuti^ quibus idem usu venit, quod Alcliimisi 

l) L. Euixiti Coinnientalio 261 (indicis ENDSTuociiiANi); vi 


nm pv.'Kiparntioiifi occujmU, cbi voto bud oxcidorunt, pluriTna salnbeniina rt;in 
niciliciiific enniiildiiml.. Post iuvotihim aiitom Aiuilysiii inUiiil.onmi suininuni s 
irai'cipuc in qiiiulninclis ct ractilicnmdiH liiicifl ciu-vis ost <n)nsuintnni, nbci riiin).s 
it, ([uibiis pliircs nictliodos satis subliinfts, (|naruiii nsus per uiiLvcrsain M 
siinus i‘xistit-, ncci^ptas ji’IVjto ilnbcinii.s. (Jnnro linntl inijjoros fruoi.n.s al) oornn 
lire lici'l, qni in coinpiiralionf! liiicnvinn curvaruin, fjiiaL; pci* si! vol ((imdratin 
alloncni nifipiuint, exqiiii’cmla Isdionint, in quo iicgoLlo crrl.R prornncliKsiinu Ai 

sunt iulcuiula, ila nt, ipii iiic quicquani iinitistitorit, is )iluriinuin hi Inii! 
issn sit (■(‘usiauliis. 

lliK! silu! (Inl)io vi’.l'urciHlii ust nova iiirl-liodiis a Ccl. Analovi; oxcn^itala, cni 
iMiiblliinn (•.urvarnni, ((inivnm i-outiticatio oiiiiies vires Aiialyiieos liaiiscoinUl, iiri!' 
iqturfici! ilocet. I'm rrs qtndem curvis*, quartifn ri'i'ii/tctitiu opu tircntli vid b 
i ox[)i’iliri ])uti:sl, hoc cognilis riictboilis prnostnri potest, s(!(I loluin iie^’otiim 
H bi'iielicio hnius iiictlioili cnnilciUir, queinjulinoiliini ox sjjcciiiiiiic ]iosfi;rior<i lii' 
I, nbi comparatioiK’.iii arc.inun (‘ircnlavium, uliuinU! (piiilcm satis (^ngiiitam, c.i 
ilieonnn niira sinqilicllalu e\c(|uiliir, nl. i»m liiiic snniniii utililas liiiiiis 
.! elnci’iit. 

i altiM'o iinti!ni spociiiiiiH!, (ptu<l iiic piiiuo U)<m> extai, Imtic. inctboilnni poUsyit 
in lU'cnniinoilaliini conspiciniuK, cuius linmio recUncutioiunii ticqtiu >nl iirciiy cil 

log'milInnOH vin'ociiri possa itiier (icomclruB siilis suppvqno conslal. No{pu! o 
nm IjJmo.s anins iliNshnilos, (jiii inlcr no slut .aoqimlos, abscindoro licot) ox qin 

niii'iiin videbitni' daio linius curvmi iircn iiuorunqiio soin|)cr alintn nvciini ot 

ii pimido tiTMiiiialiim oxiubori posm*, qui ftl> illo ililVcmi qimntibiLo gfionioiricc 
aim line lu’ in circulo (piidom praoBtari qiicuL Si onim dincrcutia inter dm 
iiTH f^aoinctriia! assijrjuiri posKOt, no ip«o rcelilkutio cirmili abaoliita iiiiborol 

iintoin bacc ratio lon^’o nlitar oNt conipaiala, cinn iiiiiunierabilibuB moiIiK dl 
los arcus cllipticos dcliniri possit. Sinilli modo, proposito iircu ellipscoB qnc 
0 qnovifi [mnelo aremn abKchidoro qui ab illiuB dupio vol triplo v<d nlit 
)lo atfpu! ctiam subiiuiltiplo (|minUhito gcomclricu nssif^imbili ditTcrat. Fun 
lolcst, nt hacf! dilVeventia prorsus ovimescat sieqnu biiii arous nlliptici datain 
urn tenontes i!xliibori qucanl, diiminodo mlio iFFa non sit aciqualitiitis, qnippi! q 
ircuB prodeiint iutor so simileB, in quo iiibiF singidaro habclur. Cuiicta aiih 
mala, quae Ctcl. Auctor hie ])ro ICIlijjKi expudivil-, fliinili plane modo olium pro 
alqiK! iiifinilis aliis liiieia curvis multo iinigis complicatiH resoivi posso riiai 
X quo lificc inotliodiis oiuiii Geometrarum attcutioue ct uberiori ovohitiouc di^ 


sum (le coiu^nwatioiic arcuimi ellipsis, bypevbolao ot, cm'v 
lal-iiis laihi qnblom jKitero statiin simt visa. Cum i 
cousuetis ciusmodi t-aiitiim ciirvanuu arcus iiiiev se coni]) 
rodilicatii) vel Ji qnadriitnva circuU vcl a logavitlimis \ 
4{mint.iiatcs, otai sunt trauscendoiitcs, fcaincii il-a iani ir 
ills (juoddani civitatis siinfc iidoptac, ut pcrindu atqiu 
quoimt, maxima ccrto atienliono oral dignum, qviod a ^ 
ct ellipsi arcus siiit assigiuiti, quorum didcreniia siL al^ 
autcm eiusuiodi arcus, qui adco inter so sini, aequalc 
lationcm, proplerea- quod liarmn nirvariini I'oclificutio i 
circuli noqno ad logaritbmos reduci qiuuit. Hinc cortc 
transcondontiuin insignc lumen ucconderotur, si inodo \ 
iisiis, certain metlioduiii suppeditarofc in Imiusiiiodi iiiv 
piogvcdiondi; sed qnia totu snlistitntioiiibiis prcca.vio 
fortiiito adliibitis nilitur, purnni indo ntilitatis in Anal} 
iam uolavi inl.ogrationc.s, quas operntio Faonaniaka coir 
pavticulares nequo idcivco metliodiim Certam, a qua 
Huppeditai'Q. Interim taincn ea mnplisHimum cnmpuni 
(luo uHerius oxcolciido Gcometrao vires aims sumniu 
ad inaigue Analyseoa iucvomcntinn. 

lies autem line redit, nt pvopo.sitis diiabns forinii 
fit non inlograbilibus, ubi X sit fnucfcio quaopiani 
oiusmodi velalio inter variabiles x ot y definiatuv, nt \ 
so flaiiL nequalos vc! datam ratlonom tenoaiit, vel ut 
assiguabilcm obtinoaut. Qiiao investigatio cum latiasii 
iusigiies in so coiit'mot casus iam pridom non sine mii 
ineuto evolnfcos; hue enini retbrenda suni, quao do 
circulavium, de lunulis quadrabiiibus, do ^onis cj^clo 
turn voro do ai'cubns pai'abolicis, qui vol datam inter hi 
diffcroiitiam algebvaicam Labeant, a geometris simt tvf 
investigatio a Col. loii. llERNOULru®) ad parabolas cubic 

1) b. I'Jui.ERi Coininoutntio 252 (indicia Enhstroumiani); vide j 

2) Ioii.Bi;nNOUi-i-i, InvesUfiaCio ulffcbraica urcHum2wahoUcoyiim a. 
boiUum. IhmonMralio isoc^tronismi tksctnsnum ajcloide etc., Acta eri 
T. Ijp. 212; Th&mtm univcrsaterectificalioui lineurum cun'uiKDt mservitt 
Rt-s. CuliicflIfS yriwmrioe arcuum wchsmvu etc., Acta evud. 1G98, i». 4 


Hod quia ratio, qua uaiis est, nulla certa uietliodo nitetiatur, 
ii loro ])onitiiH ('aniit. Hoc quoquo perlinet, quod nmUo ante iarn 
lliKiKNiuH iu IJorohfffio oscillafuno exposuorat, ubi ])ro])09it() 
oUipUco cotnproaso sou rovoluUone circa axein luiuorom genito 
icuit conoides Iiyporljolicuiu, ita ut aiimiua utriusquo supoificiei 
iboii posset, cum l.ainoii neutra suj)erli(:ies seorsini cum cii'culo 
qiu’at. (^uae iiivontio iam tmu suinmis Geometris maxime menio- 
est; atipu! (ii'.RNOL’ij.iLrf in Uttoris ad Li-aitNi/.iuM') datis dolot liauc 

I nulla c.i!ri.a motliodo inniU, ex qua plma luiiiis gcueris invoiita 
:oat; interim (piia superficies tain illiiin spliaoroidis elliittici quain 
perbolici a logarithinis pondot, rodnetio utviusque innetim sumtao 

II siiiiili niodo perfici potest, quo in parabola arcus algobraieam 
illoreiitiaiu assignari soleut. Inprimia autem Iioc loco non ost 
nin 'I'sciiiRNiiMisiuM^) quondam mctboduui a sc inventam iactassc, 
icio eurvarum qiiarumcunque, non vccUficabilium arc-us ita inter so 

[jfwscmt, ni din’eroutia /iat aJgobraica; sod praeterquam, quod 
suain uunqiiam aporuerit, manirestiiin ost cum paralogismo quodam 
ituin ut saopius alias, cum certum sit rciu ita gunoralitcr omnino 
II po«H(!; noqiio ergo TaeiuaNUAUsuis pulamius cst qiiicqnam coruiu 
lino vol Luui cArca conipurationom eurvarum sunt iuventa vel adhuc 
ituv. 

ion igil.nv quoddam meUiodi luiiusmodi quaostionoa solvendi hie 
mwtitui, (piod non obscure maiores progressus iu hac re pro- 
otur; atijiiii cum non solum dilTicillinium sit propositis in gonore 
irinuliK iniogralibiis quiiesitam iutor variabilos rolatiouem oriioro, 
u)C saopissimo omiuiio no liori (|uidom possit, ordino invorso roni 
, lit ussiiiiiLa binarum varinbilinin relatione indc ipsas formulas 
nvostigarom, (piao per hnne rclationon\ inter se corapavari possent. 
jdns cum rucillimc procodat, ad nudto snblimiora pnrducore posse 
ao aliis inetliodis plane sint imporvia; hue cuim luetliodo non 

lIiivGRNs (1()2‘J— IGOrj), Horologium osciUaiorium siwe dfi motu iHmhilorim ad horo- 
inoiislnilioiu'S gcomclrica', Vatislis 1673; Opera farm Vol. 1, 1724, p. 15, iinprioiis 
V. K. 

lOiii.iiiuua orrasso vidotur; cf. Ion. tiBiiNOucM, McdUalh de dimcofiiuue liucariii/i our- 
ntlarcn, Acta orud. 1006, p. 374; Opera omnia T. 1, p. M2. A. K. 
L'koihkniiaus (1061—1708), Hava el singtilaris gcomctriac promotio circa dimenfiio- 
vn eurvarum, Acta eriid. 1606, p. 489. A. K. 


1 . AUlNAlxun 




SOIUIU ea., quciu UUUUU r AUlNAlxun, luol 
nssccutus, sed cUam inulto auiplioi-a ai.qne illuslviora 


niniis particuliiritor dofiiiivorai., ego saiiy iinivcrsalii 
calculiiFi, quo sum usus, ita coiuparalus csfc, ut, qiioiiii 
singulares coinplectil-ur, viaiii ad inulto subliiniora sto 
Tuni v(?ro (jiiaiupmm variiLi)iliuin mutiui rolul-io } 
deliiiiri potest, quoties integraliu iitriusque fornuilaci 


quiidratiira circuit vcl a logaciihmis pendet, taiiuia 


siiio inrjlesto calculo porficitnr, diiiii partes vcl a.rciis 
iiius CQutinentos se iiiutuo dcstiiiero debeiifc, ((uoinadii 
tioue arcuiuu paraboliconiiu abimdo persplcibur. Ter 
hue difficnltates cunctac pciiitiis ovaiKJSCuut ac lore 
cuiiiparatioues tarn in eivculo quaiu in parabola, ah 
diibio non exiguo. vis liiiius inefchodi siia ossc ccusond 
inulto tacilius ea, (juao aliia inctliodis iaui sunt ci'ul 
:ul eiusmodi iiivestigat-ioues luanndiicat, in quibus ali 
piaostiturac. Qnaui ol» rom hoc ([uideni loco isi;ani 
cos casus applicalm, qiii etiain aliis inot.hodis, sod m 
solent, C|UO, cum priucipia, quibus innititnr, hue occ 
ceps facilius cius applicationem ad (luaestioues siiblii 
Quouiam igitur mild a rolatiooe inter binas vaviabilof: 
stituo, ordieudum est, a siinplieionbiis incipiam uc 
modi, (juao ad similes ibnnulns iniegrales pordiicant, 
similes siul proditurao funcliones i[)sarum ft ot y. K 
hiuc uatao ob siimlitudiucni cjiuintitatos trauHCondontc 
liueatn cuvvam pevUneutes, deiucepa autom ud forn 
<piae ad diversas curvas pcrtineaut, sum progressurus 


Rl-lLA'l'IO PEIiMA. INI'ER lilMAS VAlUAB 

0 = tt + y(^cx + y\j) + tipxy 
1. Si hine seorsim valores a; et y oxtrahautur, 
_ ± _yy)5a; — ay) 

r 

% =-- - Yy)yy~_^) 

ubi quovis casu dispicieiidum est, utrum signum qui 


^ri cnim potest, nt in nti’a(|«c formula vel aigna ])aria vel 
a haboant, duin alterutiimi arbitrio nustvo plane rolinqiiituv; 
[) inpriniis iiatniu variabilium rc ot y, utrum affivnaative an 
iaiftur, spccta)'! debot. 


tur lii'ovitatis gratin incinbra ivratioiialia 


X ■ ' ccyj =■■ 

ot 

- yy 

— da: -|- 

y =--■ 

ct 

-fiy-yQ 

♦4 — * * f 



y 

J* =: Yjf -y dfl': 

ot 

Q = yx H- d'y, 


)//;// - - ay) 


Q, 


:iisij laoilo colligero licet, ntniin qiianUlul’es ]' eb Q Inibitnrao 
(Tu-inativoa an negativos. 


iiitietur iani acquatio aaaumta cnU|UC 

(hxiyx -I- ih}) -\- (hj(Yy -1- (yri;) 0 
•• ““ Q ob yy "b habobitur liacc acquatio 

Qdx -\- Ihly ^ 0 sivo -b = 0. 
j pro eb Q valoiibuH liuic acquationi mbogvaU 
r , + f , - - = coiiKt. 

y ((6 ' d — y y) a; x — uy) y ((«> S •— y y) ff if — «y) 

-io inter variabiles .r ot y assiunta. 


amiiB baec accuratius, ot quo bicilius appllcatio liori (lueal., 
— C4Y -■= yip ot — YY = Cp, 

f — — Y f = ConEjl., 

a ]/(yl -I- Cxx) *y \/{A -h Oljtj) 


ui Opura ouiiiiti Iso CoiQinoatatioiius antilylicau 


16 


« = ot {Cp + rr) 

sictjue quant-itiitos p efc y ui’bifcrio nostro relinquuiitur. 


5. Stutuatur ergo y — A el p = Akk, ita ufc k sit nov 
atans a nostro avbitrio pendens, eritqne 

« = — Akk, y = A ot (^ = \^A{yi -[- Ckk] 

ol ac(|naUo cauonica noslrae aeqnatioiii integral! sal/isbicions 

0 = — Akk -f A{xx -|- ?/;/) + 2x}iV A{A -|- Ckk 


sen 


et 


- ^]/(^67£7.-) -I- k Y{A + Cxx) 
~yV{Aj-Okk)^hy{A±C,nj) 


n. Si y(*‘l -b Gijij) uogativo capiatur itemqvio VA, turn 1 
diffcvonbialis 


(^X _ _ (?// 

i/(.i + c.r.Tpy(^-rc]/j/) 

iutogralis ciit 


ideoqnc vol 


vel 


0 =« — Akk H- A{x-’X -|- yy) — "ixijV A{A -|- Ckk 

_ y{A + Ckk) ~ k y{A + Cxx) 

' V A 

^ ^ y y{A -j- Ckk) 4- 1ij/{^A q- Cyy) 

Va 


7. Quia ergo aequatio iixtegralis coustantcm in se com 
in differeutiali non incsb, indicio hoc ost integraloni esse cc 
differentiali nulla alia satisfacib iutogralis, nisi quae in fornii 
houdatur. Atqiic liaec est integratio principalis, ad qnara 
y assumta perclucit. 


ut.oin dcrivari posanut iunuinerabiles aliae intogi-aiiones. Si oiii!!! 
eiusinocU functioncs ipsavum x et ij^ ul vi relatloui.s assunitae 
xlom relatio ftatisfaciet tiuotpie liuic acquafcioni clinbreutiali 

_ ydi/ 

'/(J + Cxx) Vi^ 

inotlis luiiuamodi finicUoncs {icqualoa oxUibori possiinl ex 
}■ ot y iiivonlis. 


(it-cin haec invOHtigatio latius patxjat ot X et Y sint ftinctionca 
)on iissuino intor si3 aoffimlos, eiiisniodi nntem pro iis valoro.s 

Xdiv _ Yihj _ y 

ViA^-Cxx) \/(A^-Cyy)~'' 

iH V prodoat algobraica, si scilicet rolatio § G Iraditii locnin 


igitur ait 7 


d.v 


^{.1 -I- Cxx ) ' 


01 it 


{X~Y)dX ^^^y 
\/{A -i- (Jxx) 


= kV A[A - 1 - Cxic) yy -p d‘;*; == Ay -Y ^VA{A H- Okli) 


• V A nogativo erit 

V{A + Gxx] = ® V{A + Ckk) - ^ /A. 


(X-Y)kdx 
x /iA -l-GJcJO-tjVA 


sit poiTo ex aequatione di/rcrentiata. 

!;(yix — yVA(A. + Ck/c)) = c 12 /(xVA(A Ckk) — yly), 

Lf>* 


pojialiu- x-'tf =- h; orit. dy = -^ — quo valoru substi 


aeu 


sicqiio crit 


{j: l''J (yl + Ckk) - 

(lx _ (h( 

X y(A -f f.7:/') -- tj )/.-l — ijif) Y.i 

l;(h( X-Y 
dV=-^ ■ ~ 

yA xx-- ijy 


12. Quoties ergo ^unctio ipsins u, 

intcgrabilis, totics valor quiuititatis V algcbniico exhibo 
ovcnit, quoLies X ct V fucriiit ])otostatps parium oxpoin 
propioroa cum sit ex aequatione assninla 

■.(x + i/!/ - A /f + ‘‘‘^'1 VA(A + 67,7,}. 


13. Poiiatur ergo A' = a" ot crit posito n 


ideoque 


VA 


XX- yy 


V = -j - -|- Const. = Const. 

YA YA 


Qnam ob rom habebitur 


J Y{A q- Cxx) J y{A q- Cyy) 


14. Sit iam n = 4 eritque 


+ ’jy = + T + 

undo 

cl V ‘‘p [kh Va + 2 i<. V{A + Okk)) 

ergo 

V=^^^{kkVA + uV{A + Ckk)). 


u crit 


rx) 


r 

\/iA - 1 - Ctf!,) 


= Const. + 


(fci-f'yl -\-x>jV(A + Ckl:]) 


j ultoriii.s progi'oiU licet. 


gitur coniung«mlis si fuorit 

Xii- + yi; kh -| - 2.r;/ \/(^ -1- kh^ 
:o I'iA -I- Ckk)-- k /(A 4 6’j;-^;) 

^ ^ Vyi 

4C7.-/.) ~l-kl/(A ACvv) 
/A 


a: = 


itor y; ot // satisfaciot huic aoqaationi int/Cgrnli 
J /(A -{- 6V.r} ■ A i/(A 4 Cyy) 

istiariim Jbnniil.arutn inU»grali»n»» algcbmico ns.sigiuu'i potast. 

iTIO SECUNDA JN2’EU BINAS VAJilABiriER :« ET y 

0 = « 2/if(a: H- i/) -|- -1- i/y) + 

iain, \ilii in p]-aecodontibu.s dcprohendinnis, nmbiguitus Hignoruni 
ai-bitrio nostro pciidot, dummodo oius ratio in conclusionibus 
e liaboatnr, si ad clidbrcni.iam biinuMim formuliiruin intogralium 
Qius, exirahondo nidicos babobiinus 


2/- 


- /} — f5.^’ - + 2/f(S — y).'»4 0d — yy^xv) 


r 


17. Statuainus brevitatis gratia has lonnuJaa irrationaies 


Vipii — 4- 2/3((y — y)x + — yy)^^) P, 

— «/ -|- 2/?(f)' — y)y + — yy)y !d Q 

lie 

— P = ^-Yyij 4- iSx ot. Q = {3-1- yx -\- dij, 
olicUuitur isbac rclatioues 

Pi-Q = (y — 

y 13 -h Q = /?(()' — y) -h (flrf — yy)!/, 

(iP -\-yQ=- |3(j' — d) — {dd — yy)x. 


18. Aequatio autem propositji <liff(!rontiata dab 

dx{(3 4- yx 4- d',v) 4- ily(p 4- yy 4- (^a;) = 0 


Qdx — Pdy *= 0, 

1 oritur 

dx dy ('(lx Pdy ^ , 

P = i Bou = 

orgo ao(juaLioiu intograli subisfacit rolatio proposiba iiidoquo valorcs 
y exbrncti. 


19. Ut liiuc simili modo alias iutegratioues obtinoamus, sint itoruii 
V fuucbioues similes ipsaium ;v eb y ac posito 


Xdx__Ydy_.,, 
P Q-^-^ 


liantur hao fuuctiones iba, ut V prodoab quantibas algcbraica 
3atiir 



Y 4- Gousb. 


si 


20. Cum igitur sit erit 


dx 

"P 




seu 


P^y,j^§X 



H idooqiin ont pro aoquationo cliirorciLfiuli 

y-x -f- d'u) 4- (fj -\- yij -1- (f3 - 1 - yy ~{- f)' x) =- 0 

r-{jh-. — Pif -1- — yyy) -|- an{ft yy -f ■ ()x) - 0. 

i liiiic pro dx HubsUtiito liabobifcur 
(]y=^. dit(X--Y) 

(^■“.v)(/^ + >'(-'c + ?/))’ 

ultcrius ;7; -|- y = /; orib xx-\~yif^tt — 2u ol, uotjuatio asBinnl'.H 
n a.bibii/ 

0 = « -h 2 /^/ + “h —y)u, 
it.iando fit. 

cll{^ ~d)du 

dn <11 

/id- yl 5'— (V 


igitiir sinjplicion inodo obtinolnr 


(IV 


(it{X-^ Y) 

{Y — ('i){x — yY 


X ol/ y fnormt ])oioslatos ipsarmu a; oh ?/, bum fraobionom 
\i idooquo ob por 9oluiii I ob 


iini pofiSG. 


a -h ^2(U + yti 


ro X^x” cfc r =■'?/” ac ponatur pnmo w = l; orib ^ 

do lib V--^ y^^.‘ Qiiooii'Cii pro hoc caau orit 


ationi intograli satislib por rolationom iubcr x ot. y assumta.m. 


OIL 74 




X— y 


,T7 I I/_ “ - 

‘=‘- '“2{r-ii) 3()'--iS) 


Hoc ergo cuhu babebitur 


VjinH r yydy _ ^ . , (.i’ + !/)' 

J P "J Q My- 


2b. Si ulterius ]>rogi'Dai tnbcat, ponaUu- » = 3 cvitquo 


- = ajrc + a-^ -r //// = ^ ^ — » = 


2 


sicquo crit. 


*• — •• ‘‘2{y-«5y 


/"• -/■ 


•« Const. H- 


(;/ - 2 + nY ■-‘’ift (•^• -l' VY - ' ( 




20. His igitur forumlis ooniungenclis seqiioiiti aoqiuitioiii ini 

/L dxi%-\-^s + ^xx- y ®a-3) r :l 

— — }*;.x-|-(6iS'-yy).rx) y(/3/J — fty -I- 2/3(6 — )■) iy -1- 

rwf , '-SCrH-y) S(.r + yy , -DKy -26)(.r-l-y)3-y/i(a:H-y)'- 

Const, -f ■— ^- + 2 ^ ~ T 

satisfacifc relatio asauiuta 

0 = « 4- 2p{x 4- y) -f -I- yy) + 

iiuleque valoves pvo a cl iy initio evuti. 


27. Quo applicatio arl casus particularos facilius fiori possil 


(i^ — ay^Apj = ct dd — yy ~ C] 

ub sit 

P^VpiA-l-iBx + Gxx) ot Q = Vp {A + 2 By + Gi 

fiabque 

y^A + Bk efc <? = + 2/i/j + <7/c/c); 


}) = 


C 


ot ft = {<1 -\- /) 


a = 


liJilir , .._(AG-Jiliyhk 
a a ■“ (JC'(A-]-Bk) 


'no TERTJA \mm BL\AS VAUIABILES .k IiIT y 
0 = ri -h f}i xx 71 yy -|- 2(Jxy 

ondo uiraniquo raduKiin habobii.ur 

— (ix -\- ]'^((«’y<J — »i — «tO 

!J~ - » 

n 

— ()'y-~ - inn)tfij-— fcm) ^ 

3/ - - - , 

m 

'(d A — 7n 7i) [Vx — a n) ot Q / ((<^ (f — m n) y y — a m) 

p (Jci; -b 7iy ob — Q d'y -\- mx. 


fFcrenbiationoin vci’o obbinomus 

dx{7nx -1“ ihj) -(- diji^iy <)’:/;) = 0 
v;y=.0 idoofiiio undo acquatio assiimla huic aoqua- 



ni X cb I''" fuiicbionoB ipsarum x ob y singulabim ao ponabur 

i‘ Xdx /' Yily __ 

J P ' J Q * 

lanbitas algobraica, oribqiio 

i^y)dx _ jy _ {X~ Y)d x 
P ~3x + 7iy' 


Oj)0ra omnia Tjo Coinmontntioiios aual^bicuu 


10 


31. Positu lit sit ihf ent 

A •X* 

d(t:{mxx — mjy) + du{ny -|- fly;) = (), 


tlx 


— du 


undo, cum fiat , T qhi 

•l.t-f-jiy mxx‘~nytj* 


dY= 

mxx — nyy 


biiiCfjuG non difficultor casus integrabilos oliciiintur. 


32. Sit eniin prinio X=^mxx ot Y~nyy\ cult 

dV^^ — (lu et y^~u = — xy. 

Hinc relatio inter x et y assumta satisfacit liuic acqiiationi ii 

fmxxdx rnyyihj ... 

J—p J = Const. -a:?/. 


33 . Sit secuudo X‘=*)n)nx* et Y = tniy^; evit 
undo (it ~ 


V «(« ■]- d «) « xy{a + dxy). 

lilrgo buic aequabioni intcgrali 


finuix^dx CnnyHy ,, , 

J P J "~''Q ■ 


aatisfacit relatio assunita inter 'c ot y. 


34. His igitur colligeudig relatio inter x et y assuinti 
aequationi integrali 


a s 


_ fdmY^nyj + ^y^) 
d V{{dd~ m n)xx ~ or») J '/((d f- n) yy~ ocm) 

Const. — ^xy + ^xy{a + dxy). 


ius fid faciliorom appliciitioiioin 


dd — nin = C]}, ail — — Ap ct (xui •-= — lipy 
P= Vp{A + Ox<j^) (it, Q == Vp(ii + Cyii)\ 

Sit GVgf) }j? = T)’ ct n vl; crib 

a — p et = y(^A]i -j- Cp}}^ 

Jkk, lit Bit a = — Ckk, cl acipiatio rciationoin inter x ot y 

) - Ckk- -I- Ha'X + Ayy - r S.'r?/ V{AB CGkk). 


oh rem va.lores ipHiuH n; ot y liicc l‘|•allt 


- .r ]/(/J Ji d- OCkk) -I- kVC(A -I- 6*a:.r) 
A 

-ijV{A a -i- a Ckk) - k Vd-fi Ayyy) 

y 


P - k YG{A. -]- tea:) ct Q k Va{l) + Cytj) . 


itur valorcb convoniiint huic aequutioni intognili 


y(A -p Oxx) J 


'V{I!-\-C,jy) 


st - mxy VU-\r fllc-xyi— Ukk -|- xy Y(A IS + CVe/,:)) Vg. 


nr B = , quae aoquatjo latiiis jjatoro videatur, atquo con- 

itis prodibit isba aoqufttio intogralis 


^-^+'aa 




"'Ia. — , 

y(A~l^Cxx) ^ V{B-bByy) 

OF .. , CCP^F ^ , g , COFF ^ J /[A F 


36 * 


kk -- p a'-t -V 'I !}>J + 2a-?/ ]/ + kl 


39. Hae formulae ratioue sigiioriini utcunquo transn 
enim in fotmiilis iiilogralibns nihil miitando tain h qi 
lubitu vel aflirinaUve vel nogativu accipi possuni, di 
ratio ubique observotiir. Deindo etiam tarn VC qmiu 
potest; illo autem ciisn quoquo ~b .ra:] , qnippo 
]/(^^ + yv) liGgativo esb accipieiulura. 

40. Doniquo patot, si C sit quantiias positiva, turn 
positivam ease oportero, quia alioqiiin altera fonnula i 
naria. Sin autom C sit quantitas nogativa, turn etiai 
(isb; ot quo hoc casu imagiuavia so dcstmaut, pro , 
accipienda evit, quo k ct k^ fiant quoque imagimiviae. 


41. Hoc evgo casu sequent babobitur aequatio int( 
•,l:c (91 + ^ 99,ts: + ISi--) YC mIij (91 + j, Sit/J/ 


i- ioxz ± y o /• 

J ~y{A-Oxx) 




». . . CCFFf,,, , CQFF 

Const. + + Ux 


cui satiafaciunb isti valores 




oriG oriundi 


kk =- 


f; 


k 


, X:C H- 


A 

C 


ff)l — 2:fl/ 




jrnuiliiG oLiani eas, (]Uao ox hypotliosi prima suni. eriitufi, iti 
ail’, ponoinlo scilicet k] =-. A et F=--^C; quin etiain roiimiUm 
thesis Iiin non latiua patent. Si oiiiiii in rohitionc aeciniclo 
pro ot Hcnbatiii* x fit ?/. aoquatia oinnini) 

oritur siinilique modo, si lianc relatiomun constitnere velimus 

{) rc ‘2h:(: p -p 6’y/?/ -P 

liioncni tertiain rcduceretur, mulo oiuH ovolutioni'ni })nicLorniiUo. 


cnuni nunc oat ox Iiis fonuulis infinitaa comparatiouos insiitni 
iiiUUiio.s transcoiulontos Iniii i’afciono spatioriini qiitarn arciiinn. 

a fpiadaitura oirculi poiuleni: vcl a logariblnnia. Etsi autBin 
mos otiain vnlgari calculo insUtui ]) 08 snnt, tunion non innUle 
quoniadinoilinn ouodoiu luulto Cacilius ex lua fornmliH doi’ivari 
00 iitagl.s nofcatn digmnii vklotur, cum hie noqno naturae cir- 
iritlnnoi’uni ratio poculiuris haboal.ur. I'Jx (pio fiicilius luioUi- 
inodiiin luiec inotliodus ctiain ])ari succohsu ad oiuaniodi Ibr- 
is so oxtondat, qnao neque ad circuli neque liyporbolan quiidra- 
possunt. 


DK COMPAllATiONl^ AJICUUM OIUCUT.ARIU.M 


lias circuli sou sinus fcotus =1 nc jiosifco siiui qiiocunquo 
q)Oiulons = 77. if, siunto II pro iiota oiiis fiinctionis, qua pon- 
suo simi dcnotaUir. Erit orgo, uti constat, 



(l2 

[/{I— 30) 


das bitGgra]e.s § 41 orutas hue fcranafemmii.s, poni ojjortet 
= 7 '= 1 , V[ = l, ^ = 0 ot S = 0 . 


4o. lix hifi mucin valoribus omergot iiacc (lequatio nitog 


f _ /’ ''V = Const., 


cui satisfacere invcnt^ie sunt bae foriuiilao 


y ™ a; |/(i __ /,•/,) _ k |/(1 - a;®), 
.r = ;/|/(l 1/(1 
quae oriiiutur ox luic aequationo 

Icii = XX -1- yjf — 2xy K(1 - - /r/c). 


4G. Pev has igitiir iletcrmiiiationes satisfib buic aeqiuil 

n. X — n. 1 / = Const., 

in qua coiistana ita (leteriniiiabikir; ponabiir // = 0 oi'itque 
Ciisu profit 77. A- -• //. 0 = Const, sou ob 77. 0 =* 0 orib C 
avcui, cuius sinus s«A. Hiuc geueratim babebimus 

IT.x-U.y^-^ 17. k. 


47. lliuc ergo sbatim avcimin tarn addlbio quani subbrac 
oniui duo habeanbur arcus Il.k ot //.?/, quarum sinus 
suinmae avcumn sinus ponaUir =x, ut sit r2.x= n.h-[- f. 

X ^ yV{\ — kk) — yy). 

PoiTO si maioris arcus sinus sit =iK, miuoris sinu 
ponaiiiv ‘^y, ut sit fl. y = U. x — IT.k, erit 

,, = te.V{l-kk)-k\/{\~xx), 

uti ex elcmeutis est inanifestuin. 


48. Pci'Spiciium cUaiii est, quoiimdinodum bine arcuiim 
(lo(iuci oporteat Posito eiiiui y =» A*, ut sit 

x = 2kV{l~kk), 

erit 


n.x=^2n. k. 



1C pro :r. invcntiia loco y siibsUtuatur, in lurmula 


f. k proclibil. 

If. :i. - 


iioro anicni, .si sit y sinus arcus nk sou II. if nff. Ic ot 1^(1 — y/y) 
CHS )iky uti V(\ — kk) dcnobit cosiunm arcus k, atquo ponabur 
k) -t- /cl/(! — yij), ovib 

//. =.- (» -P 1)77. k. 

) cuilisvia niulbipli arcus k vopcricLur sinus lunlbipli iinibalo 


inborn haoc fncilius oxpediri »]noai)t» valorojii (pJOfiiH* ii)siiis cosiniis 
SHO coiivciiict; qiunn in fineui, cum ox fovmuln priina aib 

k [/(I — rr,r) it; /(I — hk) — //, 

lie valor ipsius x ox allora Ibrinnla; oril 

kV{[ — o)x) = y(\ — hk) -1- hV(^ — A7c)(l — yy) -- y 

|/(1 _ ;i;a;) = |/(l — 47i)(l — yy) ~ ky 

Jo oi'ib 

VO- ~ yy) '■■■' 

litis ergo v<‘Lloi’il3us t-am pro x qnuni pro 1^(1 — xx) niulbiplicebur 
productuin ad liuiic addabuv crikquo 

-p lx |/(1 — — yy) — ky -|- Xy Y{\ — kk) -p Xk /(T — yy) 

+ Aa; = (]/(l — hk) -p Xk) [/(I — 2/y) + y (A /(I — kh) — /■:). 
faefcores similes reddanfcur, iiocessc osfc, ub sib ?. = y — 1, oritquo 
icx) + a;]/- 1 = {V{1 - kh) Jc l) [V(l ~ yy) -h y V- l) . 


52. Jhnic ergo fonniilam loco supenovm ailuibeiulo s 
II.x=‘2n.ky oh y^-k esse oportevo 

/i ;i - XX) + X r- 1 = (1^(1 - kJc) + h 1/-^ I 

Ac fii liic valor pro x inventus loco y subsUtuatur, ut 
prodiltit 

l'(I - + :f !/ - 1 = (/(I - kk) + k |/- 

pro unde in getiere cnlligitur, ut sit ILX‘=‘ 

K(1 - + x V- \ - (1/(1 - /,■/,-) .p /.■ I/- 1 

53. Quia porro Y — 1 ob suam naturain tani negativ 
acciporc licet, erit qiiotiue pro eadein arcus niultiplicatioiu 

y(i - xx) - X y - ! = (r(i - /■/.•) - /■ y - 1 

ideoque vcl 

r(i - XX) - wm- ' 

vel 

_ (yn~H) -p kY~ ij" - (K(i - Jck) -kY~: 
2 /- 1 

quae fonuulaij (pioquc valent pro valoribua fractis e.\])onei 

II. DE COMPARATIONE ARCUUM PARABOLI 

54. Sit AB (Fig. 1) axis 
bolao, quern tangat recta inc 
qua capiantur abscissae; pos 
latore recto — 2 sit abscissa 
erit applicata = ox c 
liuic abscissae respoudens erit . 
qui cuia sit functio ipsius 0 , 
ita ut 77. n significot aveum pc 
convonientem sou sit 

fd0V(l - 



A K Qf /* ^ 

Pig. 1. 


rabioiialitatc in denominatoroin translata oviL 


go fonnani iib foniiulao iiiLegi’ale.s § 38 revocontuij orit 
. K =. 1 , a />'=!, = 1 et 93 1 (& = 0 . 

I.io iila iiib(!gra]i8 iti haiic abit fortuam 


/'(/;(;( 1 -h 3;;f0 _ 

[/(I -h xx) ^/(i -1 ini) 


Con.sb. -f- kicy, 


iuiib hi valorfts 

/, 1/(1 .j_ V{\ -1- kk) nt. x h V{\ + yy) y /(I kk) 

k quam K(l -j- ocgnLivis. 


ic igUni' inter a; eb y f(!hitioMO ftuliaisf-cnbo pro iircubus pam- 
//. X — Il.y ^ CouHb. 4- kxy) 

)nHtan(.om dotorniinamlain ponai.ni* :// = 0, ofc (juiii tiini (it a: 
Couyb. Qnocli'ca imhohitur 

n. X — II. y «» f7. k. -i~ kxy. 


igitur Illume aoquiil.io locum baboat, rolatio iuLer i-arnay abscissaa h, 
modi orit 

^(' H- Vk) + V "1- kk) sou y = x K(l ~\- klc) ~ kV{l -j- %x), 

'.rea ovuuiitur istao defcerminafcionoH 

= l/(L -h kk)[\ -1- yy) 4 ky ot /(I + yy) = 1/(1 -1- kk)(l 4 xx) ~ kx, 
joito clicitur 

a; -I- y(l -h a;a;) -= (k + Vil + kmy + /(I yy)). 

lul.KHi Opora oiuhia l 5!0 CojmuuutationcB uualyticao 17 


lit sit 


J 1/(1 +jy))+j) /(I +/.:/.) et ^ 

sen 

q + “h I??) (^‘' "H " 1 ' 't” ^-' 

erit 

I.tleof|ue Imnc acquationcin ab ilia snbtvaheudo babebi’ 

(//. a; — 17. ?;) — {H. q ~ fl. p) - I:{xaj 

59. Pi‘o hoc igitiu- casu cvit 

x-\^ Y(i. + ^ 5 + 1^(1 H- qq) 

y-l- K(i -i-2/y) P+V(^ +PP'i' 

unde relatio inter 2^* ^ 2/ obtiuotiir. Eri 

k = ;r V ( I + .V//) — y y (1 + •'«;) = q V{\ d- p))) 
et 

1/(1 4- 1,1.-) := 1-/(1 + f.X)(l -I- J/?/) - .I'U = 1/(1 

CO. lam oh 

, 7 y(', 

orit 

1^(1 -b ieic) (/(I -b yy) + y) (/(I -b qq) + q 

undo ropevituv 

X = <J \\\ + W')(l -h 9?) + 9 1^(1 +l>ji)(l i I'll) -f V 
Quare orit 

(/7. a; — n. y) (77. g — 77. p 

= (? +7>7>) — + ffff)) ( 2 / 1^(1 -\-pp)~pyO- + yy)) I 


PROBLlilMA 1 


rcH parabolae qaocimrjue Ah (Vig. 1, p. 12.S) in verlicc A toiuhiato 
'le piinclo p arcwn ahsclndr.rv pq, gui arcnm tlbim Ah snpcrel 
'.ike assifpiabili. 

soumio 

iilioino p:ir:Muctr<) =2 ait k abscnasa sivcin yih convoiiions, ab- 
)uuc.{.i8 p ot g v(;apoiicl(intea shit AP=^}i ot AQ — .c tu-iU|ui! 

Arc. pq = IT. ,i: - IT. fj o.t Arc. Ah --- = IT. h\ 

L H\l tibHc.iaaa si caihatur altoni 

(J =: rr p |/(l -I- /■/•■) -I- h I/(1 -I- p,,}, 

If. X- - r/. }} ^ Tf. h -I- fcxp 
Arc. pq — Arc. A k -j- h%p. 

arcus p<y, fiui in dalo pimcLo p torhihiatur> avcmn Ah qimii-' 
5 asalgnabili k.cp. 

am a pmicto p untroraum abscimh arcus pq\ qui pariter 
titato gooinotvica auporct; acl hoc ponntur Al^ = x ot 
A-kh) — ky'[l.-\-xx)\ ot cum ait i\.vc. pq' If. x — /7. ?/, orit 

Arc. 2^(/ Arc. Ah -|- k-.cp. 

soluUo U.a. coniungoLur, ut posil^i abscissa data AP=-p 
-I- /.-/f) -I- * V(\ + pp) ot y( C = p J/(1 + l-k) - /,' |/(l + pp), 


Arc. ^(7 = Arc. Ah d- hp>A. Q, 

Arc. pq'= Arc. Ah + hp- A 
iiodo pi'oblcinati cst satisfactum. 

COROBLARIUM 1 

autem ncqiiit, ut oxcossns hxy^ quo arcus pq arcum Ale 
lafc; iloberot onim esse vel vol*2/='0. At casn a;=»0 


17 " 


A!> similiB capioudus; altoro aut.em cusu, (juo ii = 0, fi( 
in arciim Ak abiiet.; iinde aixni ytk geoinclrir.c in pa 
alius arcus ipsi acqiialis, qiii ipsi non simul fiiturus si 


COROLLAKIUM 2 

G3. Yicissim orgo date avcii quociiiiquo ])({ in pars 
arcus absciiidi pofcorit Akt qiii ab illo deficiat. qnantii 
enim nunc clatac sink al)scissao AP^if ot AQ^^x, or 

A K = h — :i- K(1 d-- jnj) — y \'\[ + :c:\ 

qua inventa erit Arc. — Arc. Al = kxy. 


COUOLbARTTlM 3 

(14. (|v\lu etiaitt puneCo p pro incognito balnto, pr 
arcus pq assigoavi potorit, ([ui illiini suporot qiiaiiti 
nal)ebirnns orgo bas duas uequationes 


sou 


ergo 


k'xy ^ C et xx • i- ijy = kk -{- 2xy 1^(1 
.'ca- 4- !f}f = “h j. /(t + 

»-;'/= |/(/.' A - ■ + Y 


ben sint x y biuao vadicen hnius aeqiiatiouis quadrf 


erit 


uude 


isz-" Pz ~\- Q = 0; 


C 




26' , 2C. 




COllOLLAlUUiU 4 


Quant'ii.ciiiifino sit haoc fjuaiititi'is C, motJo sit affiniiativa, seniper 
pro ot y valorem rcaloK iiqiic affirmativi. At h\ Hit C--0, liot 
y=-^{). Quin otiam ])(iui potest f-' iiegativimi, quo ceihu y repc'i’itnr 
ogativuni ot airuiH qim(5.s(tn.s iitrinqtie circa vorticeni A orifc dispo- 
'runi Hi sit C' — — 7J, necosso est, ufc sit 


D < 


2 (;] -H ]/a -I- kk)) 


sou 


«< p-(r(i+«)- l); 


osHOt nuiiiiH, utnujuo abscissa liorct iuiaginaria. 


COltOldiARIUiM 5 

Jiisu antuni 

j)=, . I k (i/{i + /,■/,■) - 1) ovit, 2 .> = 

“ -I- VI (1^(1 -I- wo - 1) ct 2/ = - Y'l (ni + /'-'O - ; 

iHu oriotuv av(ius xitrinquo a- vortlco aoqno oxtensns, cuius clefcchus 
1/r. ost ininiinus omnium, qni quidom gconiotrico constriii possiint. 


PUOBLEMA 2 

Dalo arcii pamhoke quaeungne ef (P'ig. 2) a (hto eius puncto qHocunqite 
tscinikre (iman pq, ita iit ef ci pq differentia ycomeirke possit 


SOLUTIO 

,0 j)iiriibolao laloro recto =2 ianget recta 
jolam in vortii'o A , a quo capiimtur ab- 
uao sint Ah' = e, AF=ff AI^=p ct 
qinirum ti’os })riore8 e, f, p sunt datac, 
i, q ita accipiatiir, ut sit per § 59 



Turn vGi-o fit 


l- ^ fy(l ee) - e VU +ff) 
sciiboiido c ot f pro y cfe x critqno 

(77. q - ff. it) - (/■/. f-n.e) = k{i)q -e. 
IdcoipiR liubebilur 

Arc. pq -- Arc. cf= hijiq — cf). 

Hiiic etiarn appuret, si puuctuni q fiiorit datfiiii, os. lb 
niodo puuctuni p autrorsuin procedendo defiuiri pos.se-, n 
prodcat geouietricc assigiiabilis. 


COUOLLAUIUM I 


Ex rcducUonc § 60 facta patel esse 


P9 — ef ^ -b ce) -■ e/(l +i)i>))(;jK(l -b ff) 


sicipio suinta abscissa q ex acquatiouc 


‘H-y(i+'7Q)_r + V{\-\'ff) 

e-l- |/(1 -I- cfl) 


ki'd.pq — Arc. ef 

- {fVili-ce)-e\^(l + ff)){pyO -h ee)-e /(I -^pp)) {p K(1 


COROLLAUIUM 2 

09. Si veliiniis pimctuni ;; itii acciporo, ut <arciuiin 
sen fiat Arc. pq — Arc. ef', oportot esse 

vel p K(1 -1- ec) - c /(I + pp) = 0 vol p V{1 + ff) + 

Priori casu fit 71 = -Pc, poatoriori p = -\-f^ utroque aiit( 
cuui arcu ef congriiib vcl eius fit siniips in altcro para.l 
ita lit geometricc diio arcus uoqualos oxbiberi iiequeant, 
futuri sinb similes. 


COllOLL-VRIOM .-) 

il /.: = fV{\ + ce) — eV(\ -I- ff), orit. 

1/(1 -I- hi.) = |/(l -f- ec)(l + /■/■) - «/■; 

“ /■!''(! -I- ff] + 2r.efV({ + ff) - 2cffV{\ +ec)-e |/(l + e.e) 

= f\'n + ff) - « + m) - - 2e/-(/-l/(l + ce) - r. |/(1 + ff)) 

k (/(I + ;.■/,■•) = /'|/(1 -h /'/■) - e |/(1 + e«) - 2cfl!. 
ninv 

r= J fV{i H- /■/■) - o -i- “ 9 ^ 1^(1 -i- 

COUOLLAUiUM 4 

gituv I: niinili quoqiic inoclo pcndcl a p ot q, orii- oUain 

'I = t + V'J) — ij> >^(i - i /'■K(i -I- >•>>■)■ 

ti ^ 

nun (liircreiitia nil => kef^ ai quatuoi* paiabolao punctti 

fie invicom pontlcut, ui nit 

p-\-VO^-]W) c-h]/(l+cc)’ 

/■“ 'ZV{I +?(?)- 2 i> 1^(1 - 2 /■''"(i -I'/'n + B ««)• 

ob functioriGS quji.ntitatum 2h Qj f invicom soparatiis 

a. 

COllOIiLARIUAl 5 

3 intor c, fy Of otiam H:a cxpiiini potest, ufc sib 

j) + i = (]/(! + ce) - c) (|/(1 + ff) + f) (K(l + Pl>) + P ) ; 


1 


evil 


+ d'i) + ^ 


= K(I -H Q<J) - 


1^(1 + — H= {K(l ce) -h c) (/(I H- ff) -~ /') ( 


undo dnlis c, f et p facile valor tarn pro q quain pro 


COROIiliARIOM {J 

73. Ex formula, corolliu'io 1 data appavot arcuui 
fovo ai'cu cf, si puuctiuii p a vortico parabolao yl 
(\narii piinctum contra antoiri arcum pq pr’oditurum 
quidem sit p = 0, oiat 

Arc. cf — Arc. pe = ef{fV[\ -j- ce) — cK(l 
miiiimviH autom omnium arcus pq evadot, si capiatiir 

ot 

{</(V + ec)a + ff) -<ir- 

luinquo evit 

Arc. cf— Arc. pq = ■■ (e -j- f) (/(I + ff) — ' 
Arcusquo -pq utriuque ae([Uo circa vorticoin A evit dis; 


PROBLEMA 3 

lA. ])aio flr«# paraholue ef (Eig. 3, p. 137) a puncto 
pZy qui siipcrcl datinn imiUiphm (xrcufi ef qnantitaic (jeo) 

SOLUTIO 

Posito parabolae latere rocto »= 2 aitit in ver 
datao r, AF-=f ot AF^p\ turn capiautur abs 


i ot ultima sit AZ=z\ qiiao ifca detorminontur, nt sit pnmo 

^)+ (/(l-l-i)p) e-{- ]/(l -\-aii) 



Fiff. n. 


3to q simili inodo dufiniaiur puncliiui ?•, nb Bit 

’■'■) „ !'+ y({ -I- ff). 3m, »• -I- Vi' '•'■) _ {f+ Vi'A rn 

?'/) « +y(i -I- I’-o) >> + K(i -i-pp) ' c + y\i + «c) ' ’ 


‘ ,.)/(i + rr) - ‘ 7/(1 I- 5 j)- /•y(l -I- m -I- 2 oV(l+oe), 

ad illam addita i)rodi])it 

■if= I r V(i -I- >■>■) — ^ py(\ /'/(l -I- ff ) + ^ c !/(l .f cb). 

to r ca]jiiiiiii' imnctuin s, ut sit 

L«). _ HQ. 9CU -:i' HA _ f Z' 

'■»■) e -I- ]/( I -H f!<!) 2?'I- K(1 -h ee) / ’ 


= 1 s y{\ + ss) _ y ,■ |/(1 -I- rr) - ^ /•y(t -I- ff) + I e /(I -|- 6-c). 

Opora omnia lao CouimOQtatioiios aiisilytioao IB 


I i. X 

Arc.i35 — 3Ai-c.c/’=- sKn + ss) — ^ /-/(i + /‘/'j -|- 

Atquc hoc inodo si ulterius progrediaunu* sii(]iie z pnnctum post 
opovationes invontuiTi, orit 

^+i/(i-p^) Viu-fn]’\ 

p + Vo -^PP) ' ^ -I- Vo + ce) / 

uncle iinmcdinto piinct.um z roperieUiv, ita iifc sit 

Arc.p^: — « Arc. 2^(1 -h — \^pV0 pp) — \^f V{\^- ff)^ 

sicquG arcus pz est inventus a dato puncto p abscissus, q 
n vicihus suintum supeni-b quaubilate geoniolyrica. 

. COltOLLARlUM 1 

7o. Quodcunque ergo multiplimi arcus cf proponatur, cuins 
ponoua sit nuincrus n, sivo is sit integer sivo Iractua, a dato pin 
abficindi potevib arcus -pz. qui hoc multiplum excedat quanl.ita 
assigniibili; orit onim 

|/(1 _|_ ns) 4- — (K(l -f pp) 4 pV/O 4 ff) 'h + cc;; 
et 

V{\ ’\-zz)--z^ (|/(1 -\-pp) — i>)(V'(l + ff) — + ee 

COROI.LAIUUM 2 
7G. Quodsi ergo ad nbbreviaudum ponatiir 

y (1 + ec) c = E, y(i + rn + r=F, y(i + pp) + p 

erit 

y\i -\-0Z)-\-Z - &t 1/(1 -h zz)~z==^ , 

p2jru_p;2n 

^(1 2VE''P'’' 


unde oritur 


U’go Bot 


cokoujAUIUxM a 


■ 4! ^^(l -I- sz) =. 


gp8/;3«p8. 


i mode Gst 


H /';/<; ’ 




/^ ‘ - 1 
8 pr ' 


j ^ „(pi_ 1 ) I) 

H r'-^ hp'‘ HPP ^VP' S./l-’A’ 


118 oxprcssioJiifi psuios biiiao in unairi congrngtnif.nr, roporiei.n?’ 
geoinoiricii 

. , /'■*_;* -i- _ »(FF- A’/'/KV.'/ /'//'■’/'’ -I- J ) 

\vo.e/« •• gy)ajpnp3«- - SPJJ'JFF 


COliOld.AlilUM 5 

.dniodiim hie ox puucCo daio p attiaaun ^ rloLov- 

vicissiin, fii puncLuni z pro dale accipial.iir, aiiU'oi-snni pro- 
i modo pujicl/uni p ox cadom aoquaUono roporloiiur, ila nt; 
arcum ef n vicibus wumtiun. quautilato gcomobrico assigmibili. 


PEOBLEMA 4 

\n arcu quociiyiquc ef invenire ali-mi arcum qui se 

in data raiionc n:l, Ha ut sit Arc.pz=^ n Arc. cf. 


SOLUTIO 

sdem doiioniinutiotiiljus, quibns in pvobl. pvaccedenti oiusquo 
inua, qiioniam fieri ciobot 


Arc. 2)z — 11 Arc. ef = 0, 


18 * 


quanhitas ilia algebiuica, cui liaec arciium dlfTevontia ae 
niliiliiin abiro debot. Habebinuis orgo cx corollario 4 L 




]?in_f.pn 


Ponaimis bi'ovitatis gratia y = 0 cribnu; 


6'*-P'+ 1 




undo fit 


(C^"- 1)EE 


6'*' /'=* -- 


h('‘'-^{GC- l)(CCE^ -f 0 I 1 


^(O^’^l)EE 


4(,C 




idcoqno 


/J_ \/(n{(JG~- ■lliOCE^ + ^) _ y'nin[CC-iy{C(\ 

Y V 2(c^”-i)oo>;F 1 \ ‘ fi(P’'-iyc 


4(0"'*- 1)^6” 


sivo 


V 4(6'»"-l)CCjt7? ■■^26’V ^'V J 


4(6'"" 


Deindo si pari modo ponatuv y(l -\- ze)-\- z Z, cvit 2 
autom quautitatibus P cl Z ita cUciiintLiv ipsao j) ot z 


VP-i , 
P-- 2 p et . 


ZZ^l 

*2^ 


RostAtuto auicm pro C valoro p- si ponamus 

/fn{FF~ EJ?P){EEFE^\') 1 \ 

V \ ■ ''\KEFF{F^’'- y-:®") ' 2 1'FF'') “ 

I /fn{FF~ EE){FEFF-v 1 ) __ i \ 

Y \ 4 Ek FFiF^"^ - i*;*") “ 2 k' /'■"/ “ 

repGL’ietur 

P = E'‘(.A/ - - N) et p = -1- 

Z =- F‘'{M - R) ot E\M. + 

nude concludimtiir ipsae abscissae 


j) = - I M{F'‘ — 71,"') - N{F'‘ 7 


2 = + ’- M[F" - E') - I N{F" + -i 


■J ot N t:un atTirmativo quam uogatLvo accipovo licoat, cfi])iatnv 
ii<. puiic.f.uiri z in istinii parabolae raniuin iuciclat, in quo ost 
r[U{! 

p = I + li") — I 

« = !, + li’) -I- I M{F" — B“). 

■inulis HI (lollniaiiLnr piiacta }) ct cril. 

Arc. p? ■■= 11 Arc. cf. 


CORObliARIUAI I 

ao ergo abscissao A V = p »rl. z ibi smiL comparataC; ut siL 

2 -1- p -h h'/) nl. ^ -- p -= — K'). 

:)ribiis pro 71/ ol. A'’ rcHt.itnencViH 




nVyF\F'^--:h]'^){EE.i'F^V 0 

I laCFPXF^'^-E^'*) 


F^“ A’^'* 

•iJ'FF'^ 


pp -i- 03 


n{F^- r/^FFFF-b l)(F^" -l-A'*") 
4 A'A'A'/X/'’'"-./';-") 


(JOR,OTJiAUlUM 2 


li 91 «= 1, evil 


__ t/n'JEFF-\-l . I \ A7 '’-f-l 

- r V ^FEFF ‘2 7';i'7 


'2 FI 


oli A'' 


FF-^ 
2/'; A’ ’ 


1 7. 1 I 1 1 f. ^ T. , 1 ^ 

^'-1- 2 2*+2A;-2P 


i?— j;, SOU == F — j., SOU 0 = f, 


t p ot 2 in piiuctci e oil f iiiciduni;. 




83. Si avciis ilftbeut cssc diiplns arcus djiti ef i 


€>\. 


I'Uj:Fh'±i__ . 1 \ 

Kncl-rFlXFF-fFF) ' ‘M-:h:Fl''J Y ‘iEh 

-,// ej-:T'F^\ _ I 

■- y \^EKFF{Vl‘'-\-EK) ‘>EFFF> > 2 Eh 


undo, si arcus cf iu veiiice A ifMniinct.ur, ut sit ( 
}]] = j , i^t, N = 0; sicqno pvodit z -h p 0 ct, z—p = 
jj „ — f ol Hoc ergo cast] arcus pz uiodiuin 

gI iiLriuquo arcuiii ipai e(’ sen yif iiequalcm complectiti 


C0JU)I,LAR1UM 4 

84. Si arcus 2 )z dobcafc essG triplus arcus ef scu n 


vV-l/Y _ 

y \4 EEFFiF^ -h F^F^ 4- FA) ^ 2 F 


>4 EEFFil: 


SIVO 


M -y 


AdFAF^ -!• 3 EF-\- 2 + 2 FEFF-\ 


et 


•M’AF^F^VEEFF-^^FA) 

KT = l/' H- 3 - 2 - 2 

^ V 4 + EEFF 4- i?0 


COUOI.LARIUM 5 


85. Si hoc casu, quo ??=«3, arcus ef iu vortice 
fit E^ I, nude 


^ - 1/2 -h 3 Fl FJ FF -f-_3 2 

M ~Y -\vujp-iA irs'i^\ 


SIV0 


iF\F-^-\-F^i-l) 
J\[ =. (Jf' 4- 4 ) 1/ ^ Y “Y 'LL 

i\i j; y g. _ 


ot 


'Jy iF^( 7 <'*.\-T' 


iF\F*-^F^-\-l) 

-~ 2 FF~F ~2 


qiii ergo valor ost iinagiuarius. 


COROLLAIUUM 6 

go arcus cf tri])lum oxhiboi’i possit, is non in vorlico A tornu- 
II E doiiot es9o iiiiiius quain I atc|UG suloo liinos dabiUir, infra 
lOqueiit. Ad quoin liuiiioin iuvcnioiuluMi roHolvi oportot lianc 

pomiUir EJI<'==S ot, EE-'r EE= .11; nrit 

;i« ■ 2 n n - ‘ 2 SS i(ico(|Lio n -- r( I + ss + s) , 

!'• I- /•' ... 1 /( 2 .^ -I- )/( 1 . I- ss + 6)) . 

].• E „ y(-.. 2 K -I- |/( •’ -1- S)) ■ 

K>\ cf A’>1, dobol case > 2 ct H- -|- > 8 

OOKOIJ.AUUJM 7 

ratini orgo pro oasu a = 3 oportot sit 
« > •■2UU ■■■2SS idooquo .It < )/(!] S‘ + SS-\- “ S ] ; 

. nunioniB uiiitato minor, vcperitur 

F -I- = |/(2« -I- a l/( I S> + SS -I- “ S)) , 

F - f; ^ )/(- 2 S +aV{ I H- SS + ® S)) • 

80 «« > jS > 1. 

ooholT/ARIUm; 8 

mu8 S=^-2; orit Capiafcnr a = l, ut sit EE=2 ot 

/l9; orit 

E = /(1/19 + 4) , E=\ + 4) - i V (/lO - 4) . 

E = V (|/19 - 4) , F = ; V (VlO + 4) -I- I V{Vn - 4) ; 




oL 


Poii’o repoi'itur 


uude 


e- l/(nft + 4) - ’ - 4) 

/•= pl/(yi9 + 4) + |l/(|/l9-4; 

ot A'-O; 

2 ^/2 


hie oi'go arcus tviplus utviuque circa verticcin acqualil 


111. m COMPAllATlOi^R SUPERPICIERUM SFllM 
OOAIPRESSI ET GONOIDJS HYPERP 



Hil Sii. igii.Lir pvimiiiu proposii 
cum genil.inn rufcatione ollipsiy BI 
miuorom AC. PouaUir soiniaxis ii 
axi.s mniov CJ3 = a\^m oxistenlo m 
Kumta iam iu axe miuorc a ecu I 
ciit applicata PM = yv({a(t — (Ox), 
cum = (?a; y 


a a — XX 


90. Posita mine rationo tViamotri ad pnriphevinm » 
ficioi spliaevoUUcae a revolutioue aveuR BM gonita^ {• 
aciasao O.P»=?c, aequalis huie iutegrali 2njcixym(aa- 
hoc iutogralc, cpiod tanquaiu fnnebio abscisaao x spool 

J}lxVm(aa [m — l)xx) = II .a 

91. Poi’fcio orgo superPiciei sphaoroidicao ollipl 

vespoiulens erifc ubi fuuctio 77. x, uti porsp: 

sen rectificatioue parabolao pendot, eritque 77. x = ( 
pouatur a;»=fl, turn 2n’lT.a exhibobit semisaem totii 

92. Sit povro couoidcs hyperbolicum gouitum re’ 
(Fig. 5, p. 145) circa siium axem cap, cuius coutrum 


^01*3119 ca = c, semiaxi^ autoiii 
Siiintu ergo in axcj a ctniLro 
niiujuo C})^---y, quao qiiidnin sit 
icata ))m = {^n(jfij — rc) oi. olo- 
oliaiMi =rf,/ 

'/V — C‘- 

ail porlio 9U[)ornci(5i rom)ic]is istiiis hyperlnilici ox area am 
iHsae cp = y respondens jdifV'ii{{n -I- \)jrij — er). Quod 

pociari powsiti tanqiiiuu rmn'.ti*) ipsius i/, iia imlicoLiir 

j (Ijf Vn{(}i + — cc) 0. y 

HI capiatur y — c. I'jrit, ergo siiporficic^H c^onoidis hyporbolicn 
/ rcspondeiis ='2n-0.y. 



“ f /•< '/ 

Fig, f.. 


i’(Mil(ir liao biiui.o rorinulae cum illis, quan supra § 38 sunt 
im Hit 

; / , I da'(« a -h (/« — Da’X') Yin 
|/(a<t P (m — -D.'i.m;) 

A ®as au, (J — “HI — 1 , 

— IJ "= aa Vm ot. ^ ^ Y{m — 1) (w — ^) Y m - ; 


y^Di— 1) y(m — 1) 


pro liyjierljola cum sit 

;t i oi'itquo oIj (£=--^0 

!/(«+>; sj/i/) yj: ^aaVm(«+ 1) 

}/ {E - 1 - Fyij) y{m — 1 ) ^ j/(— cc -P pi -p I ) W) ’ 

lU 


Opera omn!u. Iso (Jouimontationeii nimlyticao 


ergo 



a a ym{n 


fJG. His ovgo substitiitiunibiis f'actis habebimua 1 


n. X + ^ (■). y (Jon.t, + t'-i'-LV 

rcy«(m— 1) 


cui satistacit hacc relatio inter rf ol ij 

aeu 

ubi — uegiiiive accipi coiiveniot. 


97. Vol pouatur k = , . , ob si fuerit 


ne 

\^{m - 1) 




SGU 


erit 


= “f );(“+. 1) y(H, + Di,,^ _ «) - 

c<r/(m — l) ' rcl/(?« — I) 


r^.^.|.«?.r'>K».t.Ua2/ = Const.+^'' + 


98. Ad coDstanteiu auteDi (leliniondam ponabui 

oritquQ y = e, uudo prodit 

,, , «« l/m(H -f /•, 

Oonafc. = — ’ O.e-, 
ccyn{m — 1) 

sicque habebitar 

CC ]/«(»«-!) 


At si ia hyperbola capiatur abscissa cf=e, crit si 
em nata = 27i • (0. ^ — 0. c). 



oiuitin igitur y per . 1 ; doturniinatur, orifc qiioquc 


'''V ^ x' Ij-f- K(«a + fw — l);ra)(i// + Dec — cc), 

( 0 / -1- 1)//// - ee) "1- V((n -h l}ee — rc)) K(«« + (»< — Dxx) 

+ |/(», - \){n -1- 1) + !/((,, + 

l:.M> - l)(« + 1) = rf:fc?)-, 

K(« -i l) 

,i‘ = - 1 - 
1/(h-M) 

.iiioUir 

K((h -1- l)?y;V — cc) -1- y V(u + 1) 

I * 'I" ~ cc)^(y(<ta -1- («i — "H — 0 )* 

liitiH orgo jibHcifjHia C.l*^-x cl. cf^ c abscissa e;;«= // ifca defiuii'i 
,i. 

(»-i- \)]nj r,c)-\-yy{n \ l)^ yL _j_ (w- ® _ \y 

(a 'I- i)cc - - Oil) -I' c \^{n -i- 1) «« ■ « 

)ni ohL 

(17/ [/((a -I' ^)!iy-cc) ^ ao\/{m-\- Dcc-ce'} cc.r -Kat— 1)g:x) 


PROBLEMA HUGENIANUM 

)alo s}jh((cmde cUiplico (alo ABO invemre conoidcs hyperMwim apm, 
Inti dcsci-ibl possit ycome/rir.c, citiiis area aeqmdis sU fulnrtt nfrique 
tdiacroklicue ct conoidkae iuncthn siimfaed) 


]y* 


notam 1 p. HI- 


A. K. 


SOLUTIO PRLMA 


Mauontibus pro nti’0(iuc corpore denoniiuationibi 
tiiatiir 

««)/>«(« + 1 ) , aaVmin- 

■ ^ 1 HOU c.c = ] ^ 

VC ynim — ]) Yn{m — 


unde aeniiaxig trausver^us liyperbolac c detei‘mii\cLtu 
specie arbitrio nostro relicia, oritquo stabilita superior 


— fj.c) 


-t- ].)acym 
ce 


■XII 


CXjl |/«i 


102. Cum nunc sit snporlicies S[)haoroidis ex 
Snp. 7iil/ =^^n lf.x ot superficies coiioidis ex 
Sup. evi = 23((0. y — O. e), erit 

a 

Undo ai liac dnao superficies innetim .sunitae aeqnentu 
"" r, ob oius aream ^nrr orit 

rr^ 2y.ry|/)!()«-l)C« d- 1\ 

a 


103. Hie iain coiibinoUu’ solutio probloinatis aensi 
Cnsu onim Hucikniano, quo integrum sphaeroidos aasnr 
redit, eius semissis, erit ;t = rt; turn vero puuctum c in 
unde fit e = c. Brit ergo hoc casu 


fietque 


Sup. BA Sup. am = 27r(3i + !)««.- 

]/(» 


104. Radio ergo circuli utrique superficiei siinul ai 
rr = ^aa(iit(^H + 1) -f Vmn(m — l)( 3 i " 
»• - a 1/2 + 1) + ]/„(,„ _ ij) 


aive 


cp ^r. y = + I ) -i- — 1 )); 

yin -I- 1 ) 

li flc’hct 

> nitn — X) 

0 HimpUciasitiia Prohlcinabis Hiiuhniani. 


SOLU'I’IO SKCrJNlU 

volatio into]' jj; ot ?/ Kit ita conipavaia, iii. .sit. 

\)<ni-cc) + 1 / [/(li i- 1) _ / ()H - l).r^\ ,r 

l)cc' — cc) -|- ft t/(u -I- 1) ^ aa / a 

ccyn{hi ■ - 1) 

nj |/((n !■ 1 )?/)/ — ftc) __ tfrtc j/((n -p £)«« ■— ftft) co.r.y{aa -[■ (»/ - l)a:.r)^ 


■/Cwi-l) y(jK~i) ■|/(»H- 1) 

i{)i{l(5 nova abscissa c^j « z ol. pro e iain snniahnr ;/, \\\) sit 

1)« - -I- . \/y. -I- 1) _ 1 / /| (m - l),.:.rx _ 

i)}jy--cc)-\- u \/{n-\' \) ^ na ' a 


I’ 


««i/, ) 

ccyn{m-l)^ ^ 


— cc) //n// i c/’.r )/(«« + — l).r.r A 
\/{m — i) y(m — 1) Yin -\- 1) ) 


y{m - 1) 


ini.ur liao fonnuluo invicom atr|uo ?/ prorsus oliiriinabitur; fiol. 


l)ftC — cc) -|- -i 1) V ^ 


aa 


a 


„ , aayin(n-y 1) /y-. ^ x 

2II.o:-\~ ■. ■ ■'-{9, z — G,e) 

ccy«(m — 1) 

agy((n 1)20 — co) rt« e ]/((« + l)ec— ftc) . 2 cc.'i;_l/(aff (m — l)a;^\ 


y{ni - 1) 


]/(w ~ 1) 


•|/(»-|-l) 


107. Sbitiiatur iain 


0 i) 

- - - . ^ 
ncyn(m — 1) 


son = - 


a a ]/)«( 


U yn{n 


erit por “i* iniiltiplicaiido 


iSiij). BM -{- Sup. en 


_ -I- 2) -r \}::s -cc) r7f/r]/(i» -j- 


2cc 


I 


VOh-i) 


y(m -i) 


unde facile radius circiili neqiialis dciiiiifcur. 


108. Sit nuuc pro casii liror.NiANO :c = a ol. c = 
■/((rt+ l)Z2-fC) + ^ [/(Ji + I) _ /,/ , 

c(yn + Vin-^l)) '" 

Mineque invonto z ftxistentoque 

cc = 0 

2 yn(ni — 1) 
ci’it 

Sup. /(..( -I- Sup. «H == 


SOLD'.l'IO aENElULIS 

lOJ). Si bac ra-tioiio coiiUnno uUorius pvogrodiiiiTii 
csL tjictvun, i’ej>cnetmv si abscissa cq ~ z cxistoiito cj 


fore 


]/((« + i)zs — cc) ^]/()i -4- 1 ) 
]/((« -I- i) ee — cc) -I- c y^u 1 ) 


1 + 


(m - 


a a 


cc]/«(w— 1 ) 

= + mz -c^) nacy((n -^-Ijcc-cc) 


2cc 


' ]/(«-0 


y(m~l) 


= Sup. i3JU + 

2jr.ee yn(m — 1) 


l*vo casu orgo Huoi’.mi poBito x = n ot c = c liat oi 

orl'jiftK- Ij 

-bHcissa (:q=^z, ita ut Bit 


+ „ ,,, _ ,,) + , y(„ + n _ 

r.{yn-\-y{n-VV)) 

Tc]/m{n-{- \)Utazy{{n-\-\'\zz — ec) aocryn ^innccYiit'S. 

^ [ler. \ |/(m— 1) ]/(»(“]) 

HA -1- Ruii. (Di = 7i(z -b \)zz — cc) — ncc -I- 

\ I ( "I" 1 ) 

— 71 (zV}i{('}) -1- 1 ) 2-2 — cc) — Hcc + maa)- 


QiuKM’uiiquo ovgo fiiorit hyper))ola, ox qua cnnoiflos nnscitiir, dummodo 
munni’us raiiomtlis, ub co Hcmper portio an iibsciucli 

I 1 ) _ . . 

:;iiiiis suporlicioH ad siiporKcioin spluiorokliH ]i]\[A additit pev civ- 
liiiioi’i potoHt, cuius radius r geomotncc ost assignabilia; orifc oiiiiu 

)■ =« \^{maa — hcc -I- z /w((h 4* 1)^^ — cc)). 
f.iu() iLutoni lacilius patent, ciuomodo abscissa cq^z roperivi debcat, 


»-|- l)« __ , i' |/- _ (,/(„ ^ ^ )/«)()/»« + K{w - 1 ))", 

CO / C 

’(« + 1 ) - if" " - 0 “ o^(« + 'i- >^“) 0 ^’" - ■ 

lo tarn 2 quain K((« + 1)22 — cc) colligGotur. 

II hu; antom povro coucluditur fore 
,((« + 1).. - cc) = ^ (U« + 1) + 

_ .. . Win + 1) - VnYW«‘ - - I))’''- 

-I l/(»-f 1 ) 


ixu j/VJ14V 

erit 

ot 


sin^uo problcin?i tion difficuUor coiistniitur, dniiniiodn o: 
ratioualis. 

IM. ] Iaeo igiliir oxompla .siifficiaiit nsiini iiovao motliodi, 
ostondisso; etsi eiiim hacc cadcm oxen]i)hL luclhodo con«ncti 
Union non solum ad calculos ndinoduni intriojilos devonirl 
integration 0, qua lovnuiliic diilnroiitialos vcl ad quadratiuT 
logarithinoa rodneantur, absolute est opus, lluiiis jgitur r 
signe commodum in lioc consistit, (juod oius boiioficio oadei 
sine laborioso calcnlo quam .siiio nllfi infcogratione rcsolvl 
cansam indc mc-rilo muUo uiaiora ac subUuiiova oxpcctavi 
onniinm cousuctnnnu mothodorum ponilus suporont. 


^ y(m _ 1) AT (-t d- V{u 4- i ) = 


nV'N + M-’^N-') 

2]/U+t)^ 


^ (M>‘ - ■{ d/ 

^ ‘U/(}i+i)* 


8ri'X![Ml':N ALT.I5RUM MEl'llODl NOVAE 
(i LF AN'ri TA^l'E.8 T.IIANS<3 IXX D EN T l« 
IN'l’ER SE COMl’ ARANDl 
OE COMI'ARATIONE AROIJUM ELLIESIS 

(loiiitnoniaiio 201 imlicis Knrs-i-uokmiani 

Novi coiiimr'iilarli iictulimiiao scientianim I’olropoliiatiao V ( 17.')8/0), 1701, |). 3 - 18 
Siinmmriiiiii (Ooinmonlatiomim 201 ot 203) ihitlom p. Ti— 8‘‘) 


i. I‘l■inulln ImiiiH molliodi spocinicn, quod impor") oxliilnii, in compiini’ 
Fiuun (iii.'culi ol piiniliolao conican vorssihatur; qimc conipamiio otsl i 
RiLiLia noil ohIj nova, cum niofchodis vul^avibiis iam jiridcm sit oxpc 
m«i imlo cxoi'diondum (jsl. visum, <|UO novae liiiins, inctliocli, (juam 
ihni.vi, vifl ineliiis [jei'.spiciatin*; quod )jon soinni ad eatidoni vorilaios, 
tliodin ooiiHuoLiK unii soloni., povducat, sod oUam viaiu longo raciliovui 
mdilioi'oni oad(mi [inLoslamli ])ai.oraciai.. jMctliodus nuim consuota 
itiouoH sai.iH laodiosas voquirit alquo ila csl compaiuta, ut, nisi f 
Lriim ciirvarutn, (jui inUir mo huiiI comparandi, ad (piadratiivas cogi 
'uli ac liyporbolac I'ovocavi poUiisscnt, nullo inodo in siibsidiiini vi 
aiissot. 

% QtianUim oi'go liaoc nova mcUiodus pracftUivR valoat, nborins ox ( 
'atioiu'. arcuiim olUpsis oL hyporbolao porBjiicielui’; rpiarum cuvvanim re 
io (‘luii iinllo modo noquo ad circuli quadvatiiram ncquo ad logaritl 
uci quoat, mothodis cuiiMUOt-is niilUia ampliits locus rolinquitur aequo 
modus patot divorsos istanun ciu-varum arcus inter so conferondi. Q 

a) vitio i>. ]oa A. K. 

2) L. Eui-i;iu Cojnmniitatio 261J (imlicis KNiiaruouMiANi); vido p. 108. A. IC. 

iKONiiAiim Rui.i;ui 0|)fini omnia Iso CoiumonlalioncB analylicao 
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corinu ot hyporboliconnn pari cum huccossu inst.itii 
pKiii))obc(a-iim, qiioTiiam inei-Uoili viilgivves ivd id plane 
suinnuis usus novae inet-lioili iiido clucobit. 

3. Inveni autoin huiits nietliodi ope arcus tam ollip 
pari modo inter «e coinparari [)Ohso alquo aicus para 
incnlo esse, quod lianini curvanuii roctificatiu vires / 
gredi videatur. (}uin otiain luioo cuinparatio sub iis( 
iti parabola iiislitui poiost, ita t)t prnposito sivo in t 
area quocunqne ah alio qiiovis ciiisdem curvao puiict 
([ui ab illo dillorafc quautii«ite gcomefcrico asslgnabili. 
puncto quovis arcus exhiberi poUnib qni ab ai’Cii ]) 
vel tnties sumto, (pieties lubnerit, (luautitaie goomotr 

4. Povro aut-c\n cffici peU'st, ut hacc differentia, 
avcnsqiie iuvoutus ipsi ai*cni ]iroposito oiusvc mull 
perinde atquo in parabola id Hevi posse notuiu ost. 
venit, ut biui arcus aequalcs exhiiieri ncqiujanl, qiii 
similes; vornm boc imillo magis noiaUi orit digiur 
quam hy]ierbola proposito nren quocunqii(3 somp(3V al: 
qni iUius (biplo vel Iriplo vel multiplo cuicunquo sit 

5 . Quemadinodum igitur ratione companitionia di 
eb hyperbola indoloin parabolae sequimtuv, ita curvi 
similia depreUonditur. lii ea eiiiiu ciivva aequo ac 
fnerit arcus quicunque, a puncto quovis dato arcu 
proposito vel liierib aequalia vel cliiplo uiaioi’ vol I 
lubunrit. In hac imniquo curva periude atque in cin 
dantui’j ((uorum diPTcventia geometries possit assiguar 

G. Qnao auteni hie sum allaturus, tniilto latins 
commemoratas, elHpsin, bypovbolam ct lonmiscal.av 
casus quasi shnplicissiinos constitiumfc formularuin, c 
peditat. His enira formulis ovolutis similem compai 
curvavum gencribus instituero licebifc. Quenmdmodum 


linius iimitobjit.ur 

0 a + -1- i;) -j- -|- yi/) 4- 

uii.tiononi hitina patoiitom I’undanieiiii loco nssmni oportot., ox (jiu 
,<|U0 variabiViH opo oxtracUonis mdicis (juadvalat' doliniri (jueat Si' 
OHita haoc 


AKQUA'riO CANONICA 
{) a y(x:n -p if if) - 1 - 2()'xij -'r ‘Cj .rrjif 

)(lHi (;x hiic acciun.l.ione lain valomui ipsiiis ;j: qiimn ipfiiiiFi if soDr.sin 
, obtincbimus 

— A X + / (rt A :rj ~ I ft -1- yxx) (y + 
y\-^iOx 

^ ^ \/(AAyy~i(( 4 rijtf)(y-\- C-yij)') 

V + 

vadioalibiiH divorsa (rilminmn aij^niv, qnouiani ab iiohIvi 

ininiO(I(» ooi’Mfri in HocpKaitibuH dohil-a ratio tcnoatnr. 

naimiH, at bvovitali coiiHabiiuus, lavH fonnalaH sjualas 
/(rS’fJ'.r.'j; — ■ (a yxx)()' =*= X 

— (a -1- yif!/)ir " 1 “ S//.V)) = 

IlK 

me ao(|iiatio caaonica cliajn flillbrentiotiir oritcpio 
0 == dx{yx 4- ()'/; -}- umy;/) 4- dyly}} 4- <ix 4- 'Qxxy), 

:imns fore 

0 = — Ydx 4 - Xdy sivc ~ ^ 

■ X sit fiiiictio ipsiue x ot Y ipsius f/, erit intcgnindo 

20 “' 


U). 

posita 


Vici?jsim ergo noviiiiiis, si huinstnodi }io(piat.io inic 



— y = Const., 


ill f\xvd 
lit sit 

ct 


X ct Y oiusiuodi liiiicf-ioncs irratioiiales ipsai'iim 
= V(S(^x,% — (ad- yx:v.)(y + i^x.c)) 

y ^--= i/(<y (?//// — (a -1- ru>j)iy -f 'c-i/if)), 


tuui liilic aeqiiai.ioin siitisfaccre relationeni inter x ot y 
canonicain definitam. 


<h, 


11. Qucmadinodum auLcm invonimiis -aoqiuitiononi y 
sidercnuiH nunc aecjiiationciii latius patentcni 


Qdtj F(h: 


Y 


et iiivcstigonnis, cuiusmodi fuuctionas P eb Q esse qnoant 
nt dK integvationeni admittat idcoque dilTcrontia (bniiuhinr 




algobraice exbibori queat. 


13. ‘) Quo haec invostigntio baciliius iustitiii qnoat, jioiiar 
xily-j-ydcc^iUt habebimus — , qui valor loco 

difforentiali substitubus dabit 

0 = dx(yx d- 4 - ^:vyy) -b + 'C'J^-^y) — dx 

sen per x multiplicando 

0 = (lx(yxx — yy?j) -j- du(yy -h ^xxy) 
scu 

_ 0 = ydx(xx — yy) -f- Xdu. 

1) In ediliono principe loco numoriim 12 ofc qni sequniitm- false mimo 
seiipti sunt. Pnlsos paragrapliorutn uumoros rotiuendos esso piitavimus. 


[iryo 

iu« 


yivv - - xxy V “'• X » ^‘*’*^ C11U)(|U0 


y ' Y{>j!f — •'■•i')’ 


UY= ((>- 

rivy—^'^) 


lalot, si sit (J = jiy ut ./* .ra\ fore 




(hi 

r 


at 


H :l-ri 

y ’ y 


noqnaiiojK^ ciiDOJiica orit 



-- (JoilHt. 


xy 

r 


lis autani inlagratio quaiitiUilis T (iuoqu(< .siicncdit, si pro I* ot Q 
)()iostiiios (|uiLOvis pariimi dinionsioiuun ipsaniiii x ot ?/. (^.uoci 
poiiaiims XX ~\- yy I ci. ol> xy ^ u aoi|U!itio canoiiica. iilut in 

f) =- G -)- yf 4 ' «<V/£ 'i' Jkw, 

— « — 2(5 It — ?!< It 

y 


unins iani /’"-a;* ot <;vit 

-I- »///) =» i(lo.)(tiii: d V= -i 


- -j- f'/r/i): 


idu fit 

- liu 


tu-' 


sivo 


,, K™ ■■'■"(SaH-; 

yy rr 

y = _ G — 4- f/y) — 2fyxy bubcbitur 

y = ( 2 g — j'(.ra; + ?///) H- <)';£;£/). 


Sry.riy - 1 - ^'xxyy). 


iro nostra aoqinil-io caiionica ctiain satisfaoiet Uuic aetpiationi 


= Const. — (Ha -[- 'C^xyy). 


tioni dinbrcntiali Uitiua patcuti 


VlA^uif — 


lyiSli + 


V(66yif - (K -I- yyyHy -{- 


Clonst. -j- — 


^xy 

'6yy 


{.‘i« -!- -\- L 


18 . Si ulturius progvodi vnliimis, ponainus 

<IV='‘^;{u' + XX!i!i + :c')^‘‘” {tt- 
snbat.ituto ergo pro t valoro inveniu orit 

d V = (an -|- 4«^5'« -1- i4-d'ii' -1- 2a(^ — y'}')uu - 
idooquo iniegraudo 

”, («« + 2a(hi -\- Y (4cS’fy -]- 2aJ — yy)HU -f- 

Unde ciit per aequatioocin canouicam 

jYdy Cx^dx 

J K ”J X 

= Const, -f- (l5aa q- '^Oathxy -j- 5(4{J'dd-2ttL — yy)o:x, 


19. "Nunc autein fovmulis nostris ivratlonalibus ) 
inducainus, quuo facilius ad ijuosvis casus accoiuinodii 

A' = Vp{A Crc.c + Jiii') ot Y = VpiA + 
Tiuccsse ovgo est sit 


undo fit 


Ap ay, Kp = — y'Q, Cp =- dd — 


a — 


— Ap 

7 * 


S 


-Ep 


et d = 


rr+ ^ 


= yl ot. j> (il- slunaini-qiio — yj ac fiet 


■1, ? = 


lUh 

\/A 


Hi. ™ 6',!7 + >;/:') 


, l'(yl + Cj:.r H- (■!, V = /,■ /(J -1- Ci/i/ -|- /o'y') 

)nic!L pj'odiltil: 

- - yl(;t;x’ -1- y//yl H- ii:r // l/yl (^I -|- C/^/r -|- A'/.^) ^ Kklixx-ij,). 


juitoni vaviabiloa x at, ?/ ita a ae invic(!in lit- aii 

i' -- - . y lOl _|.. l/(A .|. CH- H- 7(7,') -I- 

yA 

'' (//( --/ |/(y( + CM ■ I- A'/. ') - “f a yy, 


xYA^A -I- (!kk -1- f{ \/A{A -I- axx-\.E.x') 
A^JiUxa: 

^!f \yA(A -I- (ihlc^V K/.') I C'i/?/ H- /'-?/') 

yf - - i'Ud tjy 


tur viilords HfilisfiuMont )unc aequationi iuLi'yrali liitiHSiiuo 
(ItHUictao, tliiiri (111 por — k iii«lt.i|)licatur, 


V{A -hC'oi.T-f- 


|/(/l -i- Cxjy + A'ly^) 


.+ 


H- (3yl/.-/- -b 5;(;;v |/yl(yl -I- C'/.:/.- -b JCkkxxyy^ 


ergo 


y 


curva quaepUun iia fnoril, coiuparata, ufc abscissae x 


rdxm -bSUa.’*-!- Ka:*) 
)/ (^1 'b -b 


isquo uctetiir por If. -x ob avcus alii abscissae y ros[)n 

-1- %}jy -\- (5//‘) 


J 


[/(.-I -VCyy-\--l'Uf) 

]Dcr //.//, inter hos duos arcus ista. rolaiio locniii lialx 

:r - //. y == Const -I- + 3A(.r 

|//1 () A YA ^ ^ 

siquid(!tn iil)sciss{Le x ob y ita a so invir.oiii petuloanb, 

-VCkhA- FA^) -}-/.• YA{A + Cyy 
at 

•f = 


A — Ekkyy 
;r YMA -1- m FJA) - k YA (A -!- (krx 


A •- FJikxx 


24. t\.(\ istaiu autciu const-antcin, cjuuin aoquatiu iul 
niiiiandaiH consiclcrctur casus, quo y = 0 ot (pio fit a; 
ubscissao cvanescciiU convonious qiioquo uviiuosciit, 
//. A- = Const., quo valorc siibstibuto Imbubitur 

n c — II n — If A = -1- V 

■ ‘ VA 2 YA 

Hoc ergo inodo tonii ai*cus in ista cuvva (liinl.ur, i 
binoi'um reliquovuni suporat cpiantitato gcoinoiiricn assi, 

25. I-fiiic iam in gonero patofc, si curva ita tuori 
ab.scissao x respondeus sib 

n.,^. f,- - 

Y{A + Cxx F Ex') 

icleoque sit 35 = 0 cb S='0, tuin arcuiim illoruin cl 
abiro; liocquo orgo casu in hac curva arcuinn coin[] 
]}oterib iitcjiie in circulo. Sin autein in numeratorc a 
t£.r' vel utorque, bum a»-cuuiu illovuui tcrnoruin diftbroi 
bills est ideoipio arcumu coinparatio periiido succccl 
Ipsa autein comparatio coclem inodo perficiebur, queii 
pro circiilo ac parabola exposiii. 


uoniilut l,(!riii arcus in coniputiim veniunt, (|iiorinn ai)soisaao sunt 
, tincnadniortnni ij pomkfc ah at /,, eoilein modo h ab 

I'ltift', iiudt! datis I)iiiifi tcrtia ex his aeqiiationibus dctonninabitur 

_ ]! VA{A -{- C/, a- -I- -y k V A {A -p Cyy -p 7 ^,/) 

A — likhyy ’ 

_ .(■ l/A ( A -[- CJ:Ic + i-VP) ^kYA(A Cxx L’x‘) 

A — Kkkxx ' 

I- 1'^-’ U -I- (Jyy -!- iO/’) - y \^A(A + Cxx + Ex^) 

A — I'Jxxyy 


i iiinc EiLapiidiio fornictiu' ab irratioiialitatc omiii iuniiinis, prodibit 

Fj i}' =-■ AA(2kkxx + 2/.7.'7yi/ ~\~ '2x'Xyy — /■' — -r' — if) 

"b dyl (Jl:kx:i:}iif -p 2A Kkkxxyifkl' xx -\- yy). 

Ill tni’iiiHi aliscissau A, it, y pan inodo siiit innnixtao, consicloravi 
larum (nmdratn. A A, rca;, ;//// taiKpmm radices luiiusmodi aoquationis 

Z^-pZZ-\-(jZ-r = 0, 

p = AA -I- :vx + y/y, 

(j «= AAiCcr "I- A/cy/y/ -\- xxi/y, 
r = kkx'xyy, 

F Fr r == A A (<1 q — pp) -1- 4 yi Or -f- 2 yl 
(y(p ■— Frf = 4y(y((/ + 4yi Or. 


ac orgo inlor CDof/icioiitos q), q ot r relatione constitiita si pro AA, 
:;iipiaiitur tevnao radices luiiua aeijuatiouis cubicao 

yA~pZZ-\-qZ-~r = 0, 

iniparal.iono arciiniu curvac, qnam (§ 23) siumis contemplati, 


n. X — ir. y — 1 1. A = 


fA ^ 21/yl 


lOui.Hui Uporii omnia Iso Coioincntationcfl mialyticau 


Gvll/yl ’ 
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29. Sint ipsae abscissao aiiis fsignis atlcctao -f- .r, ~ y, - 
ao(^uationia cubicae 

4- -\- tz ~ u r= 0; 

arit 

Vr '= n, (j = tt . ^ 57 / (»t p fis — 2/ 

atquo 

(4s8 — 24/ — KmiJ = 444 it -h 844s/( 4 44 Oi 

sive 


458- Khu 
~ A 


2 Ash -f- Cun 
A ss - Eh u 


j^adiaos autetit fuuus aequ<Lt.i*)!ii8 opo trifjectiouis angiili ita 
8uniio v= ^ y(ss — }U) efc aiiguio cuius sit cosinii.s .scilico 




2 ( 55 - 30 • 30 


■). 


ipaac radices futurae aiut 


= -y cos. I </» — s, ;/ = V COS. (gO" + ^ c/)) 
V cos. ^ f/j^ — ij 5 - 


30. Sed rclicfcis his, quao ad radices apectant, nsnni foi 
accuratins pevpendamiis nc primo quidom notafcii maximo digi 
nequatio difi'eroutialis 



1/(4 4 Cxx -h /iV) y(A 4 C>j!i 4' Ei/) ’ 

qiiippo cui novimus convonii'o haiic aoquationeiu iutegraleni 

.X’ = y Va ( 4 4 C/.4- 4 m-0 4 k VAiAj^Cuu 4 %'). 

A — Ekkyy ’ 

quao cum coustantem uoviLui k involvat ab arbitrio nostro 1 
revera intcgralis completa. 


1 ) l^ditio princeps; cos. d" 

8 (ss- 80)/(ss4 3/) 


Corroxit A. jC. 


hoc casn ponaiijus 

/* tr 

f , — II. re, 

*> \/{A-yCxx-VEx^) 

0 lit :c = k, orit ii.x=-l[.k-Yll.y. iiiiic, si Hab k = y, 

r _ + J-Y) 

/ idooquo isbo valor ipsius :c siitisfacii linic aequabioiii diffe- 

ii.r 2 dy 

|/(/l -I- Cxx -! \/iA -1- Cyjj + %*)’ 

111 coiistanioin non comjilociibnr, oril. is tanlnm inbegralt* in- 


Ifinion ol, hnius aoqiiatioiiis dinbroiitialis facilu inbegndo 
•uri ]>()iorit. L-^unabur oniin 

(ly <le 

OVV -I- 

^ ^ » [/vl (A -i- Clck -I- EJA) -I- k yA(A H- Ojsz ■{■ 

substibiiatui’ iu fornmlii 

‘i y YA {A. -I- Cyt/ -h lA/) 

r X por z ot novum constMintoiii arbitirariam k, qui valor orit 
,iim huius aoquabionis ilinbroiiiialis 

dx _ 

{/{A q- Cx.x Ex^) y{A q- Oez -h Ez') 

Ills //.k = n/I.y lie sumaniiis valorem ipsius k iain esse 
ox praucodoiitibns colligimus, si capiabiir 

■ "i" ^!i} ± y ( ^ + Z'-y ) 

^ A~ Elikt/y ’ 


fore n. % [ii -{■ 1) //. If. Giiin igitur casu n =^= 1 sii 
:c inventus dabit valorem i])siuH k pro casu = 2, m 
JI. x ~ ‘S n. }j. Qui valor |)orro pro Ic sumius ouin pr: 
fl:, ut iiat AIL sioque, quousque liibuorit, pro 


M. Tnvento autem valorc ipsius :c, iit sit If.x^ 
particuhiro Imius aequatioiiis clifroreutialis 

dx nd// 

\/(A q- Cxx r y?.a-‘) Y^A Cyy ICy 

turn voro capiatur 

__ YAiA + a-?.- f FAd) + k YA (A + Cxx 
^ A — Kkkxx 

sicquo obtmebitm- valor integralis ipsiiis z coni])loti 
ditlerontiali 

(h ndy 

y{A + Czz H- " l/(.l -1- Cyy 

erit onlm 7/. z = 11. k q- 7/. x If. h + vFl. y. 


35. Contomplemur imnc oLiam in gonero form 
(iamque ncl Uuoain cnwain ahftjpijrsi (Kig. 1) taunsfc 

indoles, uf. posit 
AK—% arcus ipsi 

dx{ 

n 





^ ^ quom lioc signo 

festnm autem cst 

rclat-io intur avcAmi ak ek suaui abscissaiii yl7v cst sti 
inter ai’cum et applicatam vel corduin aliainvo rect.ani, 
licot, conslitui potuisao. Quai'e ctsi hie x abscissam 
designafc, famen qtioque aliiuii qiiaiiivis recfcani acl area 
poterit, dinnmodo ea evaucscat ipso arcu evaiiescente. 


isidoi’cniiis nunc U'vniiH iibscis-sas, qiian sinl A}\=h\ A '/<'=/' et 
ao ita a sc inviccin pondcaiit, ul. ait 


^ f\/A{ A -\- CIA.- -I- V'AA) -I- Ic \/A {A -|- Cff -h 
A-Kkkff~~ 

f ( t 'I ' - * y^{(^+ -I- A ’ff ' ) 

(I \/A(A + dffA- KD- fVAiA -i- 

A -Kfffni ■ ’ 

ai-ciKs nk^-^lUc, uf^^ TJ.f et a(j=f/.g Iiacc rolatio locum 
sil. 


//. / — (I. k i\rc. aij — Kyc. af — Arc. ah = Arc. fg - - Arc. ah 

^ ''M-fu ^kfuikkA-ff Ami) _ e/';/;VV. 

'^VA ^aVa' 

lO orgo (iiiocuuquc iircu «/. u cnrvac initio a auinbo a qiiovis piincto 
otoril arcnH ///, ita uL diUnroiUia arciuiin /Vy ot (ik geornetricc 
o:ili. Ob juincliL onitu k ot /' data dabuntnr abscissae k ot /', ex 
foi'inulain primani (loluiituv abscissa //, Vcl etiain, si dontiiv 
t/, a. piincto fj rcgrcdiondo absciiuli potcrit arcus /;/; qui iib arcu 

0 gooinoLrica discropnt. Vol donbjiic dato avcii quocunquo /}/ a 

1 a absciiuli potorit arcus a/c, qui ab illo quantitato geoiuetrica 


IS Iiic ovolvi nioi'otur, quo f 
accipial.ur, ut sit 

nyA{A -VCkk-\- F,fA) 
i!—- A-FAA 

K=^k, crit 

I'C ah - -b ^ 

YA 2YA 


k; si igitur abscissa AG = () 



^aYa 


fuorit Ek' > A, valor ipsiiis (j prodibit negativus, (jiii ergo retro 


lUU 


Aljl ,'U'jlllUJJI iNUVAJ'; 


ftuintus lit JJf=h, ita iit sifc //-= — /; ot, U.g = -- Tl.li 


es 


orilquo mutatis sigiiis 


, _ 2}c)/A(A 
' " FAA- A ~ ' 


Arc. ah A- 2Arr-. af. = 4 - ^k/:h{2kk -\-hli) __ (S t 

VA 2 j/yt 


()/ 


80. Einc intalligitur aljscissaiu k oiiiHtnoili vidorom obtin 
h^^k\ quavG .si ciirva i!X pnnelo « iiLrinqLK? per rajtios sii 
Rxtendatur fucritqiic AU = AK, eriti quoqiio Arc. «// = Arc 
h == k sen 

./a’ — A -■= 2 VA{A -[- Ckk -\- FAA) 


ve! 

erit 


FEk^ — Gy( ~ 4 A Ckk --‘6AA = 0, 


VA 2]/ a QA]/A' 


aicufl orgo huic abscissae AK^-^k rospoiulens alisohilo 
cuai sit 


Avc.ak=.^ A~ 

^Va 2J/A i8A]/A 


^ 40. AoquaLio antcni ilia, etsi cst octavi gradus, coinmod 
positis oniiii fiius factonbiis 


reperitur 

unde oritur 
hiucque 


(/:’ + akk -(- ^9)(k‘ — akk -j- y) === 0 




na 


6A 


« - «« 



iAC , , 

36 A A 

_ 16AACC 

■ EE 

accE^~ 

[,iyi&AACC~64A^E 

oca 

3A 2AG 

' 2 ~~ 

F aEE 


/.'JF 


ob ob 


•1 


II 1 , -I /7 - 2 vJ a , :j /I 1 \ 


n quod ul>scissap npgativuu idom arcus nogjitivo sninUis rcHpoii- 
Htis ciirvis sc-iiipor locujii halwt. Nam cum sii 


If. -x 



Hxiiii q-®.ra;-|- e.T*) 
\/(A -l- (Jxx H- E.t*) ' 


iapialur nogativa, eril 


If .q = /*- 'f- -(- 


n. 


(inoiiL'H abHCiasao 4- in § pracr.. (lo(ini(ao rtispniulci fi.rcus veulia, 
fircus longitiiclinom g(i(}riiot.nco asaignari posna 


mro antoui non uhhiiu hoc nil-iociniuin, quo arcuiu absoluto I'octi- 
[i, Honipor tuio adhiberi posso; viclontur oniin casus oxirtl.oro, 
'111 uo?i flifc hjibituriim. Si imiui sih S3 D ot (5 «=» 0 i<looqno 

II. , 

30 ut.iquo 3 Arc. ah = 0, cum lamoii ox acfpmtiono ocbwi gmdus 
lon fiat abscissa /r=-^0. Vorum rcc(jr(l<uulum oat banc noqini- 
ossc ox liac 

;• — + W') . 

rro-j" 

Um praobeat radiccni k — O, bane unica orit, quao hoc casu 
acit roliquis existoiitibuH otumbua inoptia. 

0 taiTion ills casibus ratiocinuim omnino lalloro consoiidiim ost, 
alia quaccimquo radix accipiatur, sod potius ciclorn abscissae 
•espondorc sunt putandi, quorum unus tantuni isquo nogativus 


satistiiciat; hocf|iie ergo Cfisn, tnnioiw in § o« statna 
non sequilur esse Arc. «/i — Arc. «/•; idcoquo Arc. oi 
cum cidom abscissuo li = k otiani alii arcus praetor A 
qium imus sit, ejui rcdclafc Arc. a/? + 2 Arc. «/v = 0. 

44. Quod quo clariiis porspiciatiuq ponainus A = 
st(3nte'4i = 0 fit ^i = 0 eritqiio /A -r = VI Arc. tang. ;r 
atquo Arc. tt/t V(A Umg. /i; posito orgo 

. 2/<-l/(l AL>U- + /-') UJ: 

crifc Vi A buig. /<• -|- 2V( A tang . /l = 0. Quodsi iarn pona 
et k-^V'6 reperieturquo VifA tang. -j- 2A tang. |/3) 
A tang. 1/3 Arc. GO®, taincn iudo non scijuitur 3V( At 
cssot fnlsum; sed quoniam tangciit.i KO convonit (jik 
valor priori loco pro A tang. K3 .st:i‘i])liis vcritiitem pi 

Vr(- Arc. 120“ + 2 Arc. (JU") = 0. 


45. Ilaec igitur ambigiiitas, qna oidoin quantitati 
abscissam assmniinns, plures valoros Arc. a/; responder 
quod, etiiimsi in § 38 pouatur k =« k, non tanion pi-o 
bero liccat 3 Arc. (lA Interim tamon nihilominiis orit 


Arc. ah + 2 Arc. ak = 

VA ^ 2 Ya 


abscissae onini h, otsi est = k, tanion praotor arcuin 
couveuic't, qui loco Arc. ft/i substitiitiis acqimtioni satii 
guitatein sodulo dispici oportet, no in orrorem indiica 


40. Quotios autoin buiiusniodi ambiguitas non htd 
abscissae nnicus arcus respondeat, turn sine bfiositation 
otiain pro Arc. ak scribero licebit Arc. ak et 3 Arc. ak 
uequo luHO nlbis orror erit oxtimescendus, qnaocui 
octavi grndus § 39 invenlao pro k capiatur. Id quoi 
quo V[=v't, S!3 = 2C et S = 3 jE, quippo quo fit 

/7. a; '-= a: (vl -j- + A’a;*) 


(■jnaiititas ulgobraica- ot 

n.q -- //. / - //. k r- _ Avayv 

K-'l 2/^1 '2/l]/j ‘ 

Quodsi iam ponaUir /'-=/.■, crit. 

yl-Ji’A' 

2k k 

fi — /• SOM 

7-;/' - ..; = 2lOl(j -I- f//- + /a-'); 
l^l(/l |. f,Vyy + h'y') .. ==, I/J(J + g7,A- + L'k'); 

!J ™ - y/. k ol 

-■Jdi’ '.ilik'' . „ ,,,,, , k{.lA.CUi f>Ai:i‘-EkV) 

=•« , ■ — , “ ■ , SOU oil. fC — 

]/A. 2\/A. 2yl]//! 2AyA 

/<; /*;4-” fi A -I- 4^1 Okie -b 3 A A , 

y. _ ^0 _ - A) _ 

^AVA 2|/yl ^ ^ 

n.k=’lcy{A -h 6V(/r-l- /'/’/.*) esl vevituLi consontmieum. 


(^laiujuain aui-om luiac enrva por so osl rocbincabilis, tainoii OA'idcntnr 
d, (jiiod volumns, scilicol ftoiitincri in iiosLris fovniulis etiain ciirvus 
i.l)il(!S, in quibus inodo auto oxposilo arcuin absoUiie vocUficabiloin 
iiccat. Iiivoiili) aiitoni tiiio urcu recti iicabiJi vcibit ak cx. eo statiin 
ilii oiiisdojn indolis oxhiberi poterunt; cum onim a qnovis puncto 
li ijuoat iu’ciis ftj, oiiius ab illo difterentia est gGomotrica, otiain hie 
i.L roclilicabilis. Praofceroa voro ox eodeni arou adhuc alii infiiiifci 
■eetificabiios roporientuv modo aoqueiiti, quem iu geuerc exponere 


Di F.iii.kiu Ojiora omnia 1 90 CoinuiontaUonofl aualyticne 


22 


lit sit poi- § 30 

I'K-Vkl!' ■_ gK—kd , 

A -likkff • ' A - Kkkgu ’ ' ‘ 

Quodsi ifim fuerit. 

d Y(A -[-(JxxA I'U') ' 
erit 

//. ,j — //. f — jf, /,- Arc. (ttj — Arc. (tf— Arc. ak 

= , iikdm + n'tfjff) _ 

yX 2yA 6 A 


50. Suiniuitiir simiU tiioclo pmobor abacissam A K 
AP^p, AQ^-q posiloquo paritor 

r.'/(yl + Cpp + lip') — P ofc ]/A(J + 6V 

ac relatione liac coii.stitnt-a 


l)K->rkP 


A-likkpj,' 
orit pro cadom cnrvji 
Arc. pq 


P 


qK —Jc Q 
A-F/k> 




Akc ak = -h 

yX 2 yA 


51. Snbtriicta ergo ill<a acqimtioiio ah liac rolin 

Arc. pq — Arc. fg 

= _L ^kpq{iih-\-pp -p qg) - ^kfgii-k 17/ h- 

)//l 2yA 

ubi abscissae f, «/, ob q ita a- sb invieem poudenb, 

UR] 1=. 

A-Effgg A — 7'lppqq h A(gg - 


unde simiil abscissa k oliininari ob rolatio inter f, g 


buec oliminiibio fucilius absolvatnv, not-a-iulniu osb esso ciiioc^uo 


A{ff-h!l(J~^cJc)~ A{pp-] qq -kk)~ J'lkkpiUfq 

2f(f ' 2pq 


{PQ - i^'niP'l) ' {A-KffqqY' {A-.l'klipqqY' 


])}) i- (J,j) -- f<j{kk -1- ff \- fi,{)=^pg(pp •(- qq) 


)bnr 


i_ r -■’ A/Cp;> -1- <iq) 

’ - A — J'^fifpq 


faiff -1- fj(j) 


. 93;r(;;^ -/V/) wpq -fffWf) g<J-\-V7^-yfl<i) 

]/A ' 2/ A 

i\{A- k:ff/pfi)YA 


igibur sib 

1,1. (pn^ff + fw) ■- fif(i>p+q<D) 
ipq-fffKA-Wypq) ^ 

scissao ft g, p, 7 ita a so invicom pondoiinb, ub sib 

fjF-\-fG ^qP-\-pQ^ 

00 -ff <n-pp' 

1.0 arc\i quocnnqxio f(j in cnvva assnmla sonipcv ah alio dato 
:}?i(li posso ai’Ciim pq, qui ab i!lo arcii (Unbrat qnanbiiato algo- 
bili. 


Isi porvo a pnnct.o q iiltoi’ins progrndiondo capialui* pimcbura r, 
al)scissa All = r sib 

qF-pfO ^ rQ 

90 ~ ff ~~ rr~qq 

foipp t oq) ^ ^ qripp-\-_qq) -poigri + rr) ^ 

i-Efgpq) iqr~f(j)(A — Mftjqr) {qr- 2 )q)(A — Epqqr) 


cnt quoque avc. qr — ly = quam.icai.i aiguuniiucLL 
priorem addita ilabiti 

Arc. pr — 2 A VC. f(j = Quaut. alp;cbi 

sicquo a diito punclo p ahstiiuU potcHi. arcus pr, (pii 
situin f(f suporot- quantitato algtjbraica. 

50. Simili luodo, si nlLoriiis abscissae JiS’ = s, A'a 

fJF^■fO_ sU^rS ^ iS^sT 
UU — ff ~ as-rr tt-.ss 

iircus ps tripluni arcus ///, arcus pt quaclnipluni iti 
quantitate geonieirice assignabili. Vicissiiii autoni cb 
vol pi etc. reperiri poterib a clfito piincto f arcus fg, 
vol trieutc vul (juaclrantc (Icdciat quantitate gooiiujla-ic' 

56. Rvonire obiaiu possot, nt, licet qiuintital.n.s 9 
anquales, tamcn diiTorontiac istao guomctricc assigiia 
otiam fiOiiiper uua abscissaruni ita definivi potest, ut 1 
in nihilum abeat. His igitur casibus in pvoposita cm 
nssignavi poiovmit, q«i inter so vei aeqiiales sint fuia 
uumeri acl numevmn habituri. 


57. Cum haec lulissinie pateaiit atquo ad oiiiiK 

(lueant, quavum urcus pro abscissa vel aliti quacuuqu 

expviinituv, ut sit ^ ^ 

_ + Ga'^) 

y(A 4- Oa:x -f- 


convoniet istas affcctioiies |>ro uonnullis ourvis dotenn 
liuiu-s nietliodi cinrins pei*spiciatar. Priiiiuni igitur p( 
cumpai'Htionein in ollipsi exponero visum est. 


DE COMPAliA^J’rONE ARCUDM IN E 

58. *) Sit igitur propositus tpiadraus eliijiticus J1 
centnim iu A; ponabur alter semiaxis, super qn 

l) In odiUoDc principo paragraplioium nuiiiori abhinc desunt. 


or voro Aa-na. Siimta ergo abscissa Qimoun'mo JP=:v orit 
PA[ = n Y(aa - - .rx) 

rciiUubi 


nxih' 

Yiaa — xxY 

ns liiiic JibHoisHiLo rospoiultnis 

J ' aa~xx 

-■ ni) m, nt sit 

aM = 

• / * an — xa: 



y. 


! csf,, iil.fir sfiiniaximii sif. iiuiior vel uiin{n-, siiinaimis AB esse 
^ 0 (,iio n < { m mnncrus posiUvns iiiiitale lumor. ot cum focus 
A li, orit. oins a coniro A dislantia 

= Y(m — nnan) = « Yvi; 
ninmn m Ihciliiis int<-Iligit.iir. 

oigo luc.us ui)9cissao ciucunf|iu^ AP=x rospoudeiis designfttuv 
oril. 

7/. ;r« 

J ' (»«• XX * 

in ml (bnnaiii iioHi.niiii gonoralcm retlucta abibit in banc 

ll.(C= f Mau-mxx) 

/((d — (w-p Daw.-c.-t -l- mx*) 

oc casu habchiimiH islos valorcs 


(J ijaa, B = lit, = rtfl, ^ ^ ■ VI of. S = 0. 

i-ribus abscissi.s a\ y, (jiiibus rospondeant arcus IJ.h, II. x, 
sil 


any Yia' — (j» -h \)aahk-\jnIA) + aakyia*^^A-J)^(yy + my*) 

fr‘ — vikkijy 

a fix {/(«' — On DaaUc -{■ -f- I)0(t7;,r4-)air*) 

—vikkxx 

((axy{(A-~{m -j- [)aayy-)- a((y y(a*~{m +• l)aaxx + nix') 

a* — mxxyy 


hi trcs fircus a so inviccm itii pondobiint, at sit 

n T~r tt 7 

11. x — //. ?/ — 77. /c = — ‘ • 

rt« 

llis igitur piutnnisais setiucutia prol)lc!inata losolvainna. 


PROBLEMA 1 

fjO. Propo!i(fo i;lli)>scos arcu qitocttmjiir. ok (Fig. 3, p. 
pnuclo f absiimlnc uraon f'o, i/a ut dilfereniia arvmmi i 
qucuf. 

SOLUl’JO 

Dijctis ex pndotis 7-, /’, ^ applicatis kJC, f'F, (fO 
AK--=ky AF^f, ylQr^ff, qiianiiu illao dantur, luic 
eruntquo arcus 

ak^^n.U, (if==n.f, a(j~U.(}. 
Ponatur porro breviUiUa gratia sociimUnn § 49 

aay(iP — («( -f- \)aakk + mk') K, 
aaV((P — (m + l)aa/’/'-f- mf')= h\ 
aa V(a* — (>» -f- G 

ac sfcaiualur inter Icrnas ab.scissaa ista rolatio 


.,.1 /' hK-JcG , , ry 

(t^-nikhf'f a*'- mlck(jg ^ 


(p]0 facto habebitur 

IJ. If — If. f — ri.k = Arc. fg — Arc. n/c = — ■ 
Puucto (j ergo ita aumto, iit sit 


fKi-kF 

AG = (j- 


dilfercniia arcunm afe et fg geomotrice poterit assignavi. 


Arc. ak — Arc. fa == • 

aa 


0 . F. I. 


COROLLAUIUM 1 


fiO. lOadnin soliitio locum hnliebifc, si proi>osito ;i.rcii ale deliir piiiictum 
:) rogroctimulo voi-sns a abscimli oporimt aveum (//', cuius ul) illo difleroi 
111, usso goouKiU-iciL; i, 11)11 euiu) abscissao k ot // onuifc clatue, o.v qtii 
■ i.oiiiiio /' roperiri potcriin 

COllOLLAlUUM 2 

Gl. Dalu cLiiuu arcii fiuorniupu; iu nllipsi /V/ u vortico a absciiuli pot. 
s ak, iiiL lit (lillotmiUa iirctiiini nk ol, /V/ Mat grnmotrica. Ita cuius 
4 (H roctilical.io pciidohit. ii rccLiiicsitionc arcus ciiiusclum nk iu ver 
sis a Unniinato. 


COROIJAIUL'M ;i 

(12. Robitio iulcr ti'nuis abscissas k, f\ fi otiaiii ita fixliibori potest, ut 

-/'/■) 


!l fK-lcF ,,K^-ka '■ gF+fCr 

iiihuH cum praocondmililius comparafcis eliciUir 


A',,., ^aaV{aa-H)ian-mI<k), 


J /I (f 




voi'o otiiim luibebitiir 

DiiHi! - /'/■) A' - /. 7 /{/yr/ - kk) F - kk) G = 0. 


OOllOLIiAlUUM 4 

Gii. Si diiroiu’iitiii inter arcus ak ot (]} oinuiuo debeat evanescove, p 
Old non jiussc, nisi sit vcl /**^0 vcl / == 0 vcl y = 0. Primo casu 
s ak ideoque ob arcus fg ovaiiescit, biiiis reliquis casibus auteni alter 
liiius arcus fg in puncUiin a incuUt litquo arcus fg arcui o.k non so 
lalis, Hed otiam sinillis. 


(i4. Quo ist^l abscisHariiin rolalio I'uciliuf^ ad pnixiu 1 
iuviibit, in goiiore, si ad piinctuni 71/ diicutur iiorinalis 
jiprjjendioiilnm deinithibiiv AV, quod paralUduni o.xW 
ponatuv A P = a-, tore 

PM r= ), K(«« — :r;7;), VN =•■ -nnx, AN mx, M 

^ = 7 ]/) 

]/(<#« — hi . 1 : 0 ;) y (0 a — m xx) 

jUY’- ^ Ar-= ct 

]/(««— ri:a‘) ’ y{(iu — xx) 


COItOLLARiaM (; 

Gf). VosiU) ergo // pro x isti valoves pro puncto 


a-l: y {a a — ff ){aa — w ff) 4 « « /’ [/ {a u ~ Jc k) 
M-'mkkff 


y/an n.,\ - (Afy^aU 

1 {(ia-yH)- - 'u^^mkkfT 


yfnn W///A - 


atquc 


y{aa -> (j(j) {aa — m(}(j) 


kfi'h/i «« -H)) — 1H« ‘ q- >« kji ff )) +• u ^( 0 * ■^’tnhkff) Y Q « 


unde porro oUcitur 


««/(«« — inf/ff) -\- '>nl'fy{aa — ry/y) «/(«« — 

aa V{aa — fjg) -\- = a /(aa - 


CASUS 1 

GG. Pwjmilo eUifiScos urctt ak (Fig. 4, p. 177) in 
ah altero veriicc Ji uhscindere avcwtn Bf, ita id arcuu)> 
tjtmeirka. 


n\n ergo iul liuiic cnmuni f.ransfertuv, si punctuni 7 in vorhice B 
ini iliii <}^a, ot qimeri oportet, punctum [am abscisfijim AI'=f. 
fl =■ n liviti 0 = 0 idoo((iio iial)ebitur 


/•_ 1 / aa--kk 

- mankk “ * aa- ~mkk 

Lil ]miicLiiin Ic iionnali kN rapj debct 

A « • Kh 


AF = f = 




])nncto il,a sumtn ovit avciiiim diUcrentia 


a 



Arc. ak ~ Arc. Bf^- /h/. ]/ "" 

a f aa — mick 


AN-Kk 

Nk" 


OOROUiAUllJM 

ori igitiir pol.osl, ut puncta k oi f in uiio puncto e cocaut sicquo 
e li in dusLH partes dissecotur, qmivuin dillbroutia sit gcomctrica. 
tiiutiir k /*«“ A Fj e oritcjuo 

6 ' = rt|/ sou u' — 2aace -\- mc^ ^ 0, 

y aa — mec ' ^ 


cc 


aa±ati.y{i ~in) rtrt(Ij;w) 


m 


M 


- nn. llinc urgo Grit 




1/(1 iH) 


i o.sso (Inbot e. < «, orit 


ViiA-n) 


AK^ 


AB^ 


et 


\/{AB^A-AB-Aa) ]/(! + «) 

AF: Fc = 1 :n /ii = ABVAB : Aa /Aa. 

u Grit 

Arc. «c — Arc. Be = r/(l — «) ^AB — Aa. 

iui.Kiii Ojjyift oiuJijn Iso CoiDiiioutaLiouos analj^Iicac 




CASUS 2 


()8. Proposito arcK ah (Kig. 5) in vcrticc a turminato ab eins 
ahsciiidere aixuni btj^ Ua ul arcuum ah et k<i dlffcroi/ia sU rcrtil 

Hoc ergo casii punctuin f in h 
binequo otiam F=K; undo rope 









A K 

1 II 


Kig. f> 


. ^ ^hK 2aa I: / (a a — hh) 

AG=^il^ , 

• (d-~wd 


a ‘ — nh 


Sinnta ergo abscissa AG liuiiis valoris 


\rc uk \rc /* / — 

a' — 7)1 Id 


a a 


COROLL AKIUM 1 

Gf). Vicissim ergo areas quicunqno «// in vcrtico a ierminc 
duas paries secari potent, at partinni dilforontia ak —hp (ij 
Ob cognitain oniai abscissam yl6'*=// abscissa (piaosita yl. 
aequatione clcfinii'i debot 

— wldf ‘\(i'hk{aa — kk){aa — mhh), 
quao abit in banc octavi gradas 

nunpgjd — 4mP/P~2}>ui'tiiffd 4(»i -f- IJaU* — 4rtVt7r c 

COROLLA UIUM 2 

70. At si bnius aequatioius faclores ponautur 

(m(jF — Akk L (d(j)()nfjld ~ Hhk -p a'f/) = 0, 

A A- -G = et AB = 4(m + l)a'' — 47na'p(j, 

if 

A — B = )/(«* — {m -f l)aa(f(j + mf), 

y 

— 2aa|/(aa — .i^g)(fl(f — »</?//') 

y 


reporitur 

unde 

ita ut sit 
of; 


k' = " ~ ■ ■ mgg) — (I'gtj 

»>9g 

\/(aa - 9g)(ff(f~ntf/g)±a^y(2jui-(mMi)gfj.j.-2l/(a^^ 

C0110J.LAH1U\1 3 

.oniao orgo radices ipHins I'l: simt 

^ -I- <iu \/{aa~.^;,,/)((ia^- mgn) -\- n^y{ua- -i/g) f j/f«« ~ 

»f{/{/ 

«*///? ’ 

(d —rui /(«« — £/,i'/) ((U(.^}H£f/)-h — ////) —«' - Mfjij) 

W(jg ' 

o' —It n y{oa — tjn){o(( — mtjg) — o^ y{oa—-tjy) -f- a^y{aa — m<iii) 

nujg 

anihigiuLato hoc modo coniunctim vopraOHontaii possnut 
nigy 

COllOLfARIUM 4 

auLoni valort's ipsiuH U oruut hiuc 

lino nmnonj oclo, (juatcmi aflinnativi totideinquG ncgativi 
; niaiiifostum autom osfc affTrinativos tautniu hie locum liabero 
, qui pi’aobont 1: < Hie anthem est corto 

+ <i/», 

ya-.jVm ^ y«±9V’>‘. _ y'«:-xK'" < 


28 * 


73. Si ponafcur 


COilOLLAHIUM 5 


a 

■ = C08. 7f 
a ‘ 


et 

a 


cos.O, 


ob i/^<l evil 0> ti eti formula nostra pro radicibiu 
banc abibit formam 

± cos.O •> -t ■'') I 0 ± 

sftu ob 


habebituv 


cos. 0 = cos. I 0-— sin. I 6- 


1 1 

cos. -/ 7] ± Bin. ,i 

1; = :t a J 

‘^^8- .y ^ ± sin. 0 

Yel octoni valores oriiub 


h esR -\- a • 

cos. 1 

f 

■14 

44’ 


4 . rt , 

si/i. 


cos. 1 

[46«-- 



COB. 

-rl 

II 

cos.| 

^4.1® — 

14 



sin. 

sin. 1 

^ 1 G®- 

44’ 

li=> 

:h « • 

.sin. 


COKOLLARIUM 6 
74. Ex his valoribus secundus 

I'd) sin.(46«-i-^ 

semper satisfacit; fit enim, uti mauifestnm est, non sc 
k<<j seu ^:<aco3. 7/. Ex priino quidoin valors 

sin. ( 45 ®+ UA 
= 

3in. (4 6® 4 - “0^ 



uu // <. (j; vernm nt sjt /*<//, oportofc cs.se 
^ < Kos. (/ ■"Sin.(90"-;;) = 2sin. (4.0"- ;;) .sin. (45“ 4- 

1 < 2 sin. (4,>5“ - I ,/) sin. ( 4 .')" + -‘-o) 

I < SOS. I (fl + , 1 ) ~ CO.S. (flO" + ' (0 - v)) 


1 < cos. ' {0 + 11 ) + sin. ' (f) - I,). 


PHOBLBMA 2 

e.llipiic.o!i arr.n <inocunqnc fa (Fig. (J) a daio puncto p abscimkre 
pq, Ha ui horum arcmon diffemitia fy — pq fiat geomelrica. 



I'iff 0- 


SOLUTIO 

appliciitis fl<\ {}0, p]\ qQ smt abscissae AF=^f, AG=g, 
AQ=-q, turn a vcrtice a capiatuv arcus ak, qui datum arcum 
Lo geomotrica suporet; positaqno abscissa AK^-k nc brevitafcis 

]( aa V{aa — kk)(aa — mkk), 

■- aa V{aa, ~ ff){aa - mff), G --- aaV{aa - gg){aa - mgg), 
la /(aa —ppXaa ~ wpp) efc (? = aa /(aa — gq)(aa — mqg) 

_ g F - fG ^ a*(^g - ff) . 

‘ ~ a' - mffijg gF ^fG 


Arc. «/<• — Arc. fg 


m hf<} 
na 

Turn vert) abscissa (j p(?r prohleina praec. dot.crnii 


/) K -i- k P « ' ( pp — kk) 

a'~-mkk 2 ip pK — kP ' 

eiitquo 

■ , . mkpn 

Ai'c. (ik — Arc. pfj == ~ 

' a a 

a qua aeqnationo ilia subtraliabiii’; rHliiKjUotur 


Q. E. I. 


Arc. f(j — Arc. pq 


mh 

aa 


{PO - /.' 


COROLriAIUlIiM 1 

7G. Cum k ab abscissis }) oL q pari mode poiido 

(P -mppqii (iP-\pQ 

ideoqiie abscissa- q cx datis f, g ot qt por banc ai'ciui; 

_ ^ < i P — p Q 
(P — mffgg (P-tnppqq 

vol Gtiam ex hac 

J'J-ff _ ?'? -j«/’ . 

gF^fO qP^'pQ' 

atquo hinc clicitur 

Q = E.^PiPP"ioo) -v^^fpivp -fn - 'Pfvii 
k?(f>P - 00) + (^0{PP - ff) '-^p({/0 


OOROTJ.A.RIUM 2 

77. Abscissae f) ob q etiam ita n.h abscissa k pe 


aa 

V{aa • - 

mqq) + 

■mkq) Y(aa 

— (('{)- 

•* a V{aa — 

an 

V(aa — 

) -h 

kp Via a 

--inqq) = 

= a V(a(( 

aa 

\^{aa~ 

m i^p) ~ 

iiikq Via a 

— PP) = 

- a V{aa — 

aa 

V{aa~- 

PP) — 

kqViaa 

— mp2'>) = 

^ a 'V{aa — 

a a 

K(««- 

mkk) — 

mqyq V{aa 

— kk)^ 

- ft |/(ftft — 

aa 

Y{aa — 

A:*) — 

pq V{aa 

— mkk) 

- ft V{aa ~ 


COIIOLLARIUM a 


arciinui f() ot I'iq dinbreiitiu dclxMit nviinoricero, nooof^so est, u(, sit 
ol pq = {)}. At. si 0, ol) 

/. _ 'I'it/n -- /■/') _ a;'(vv 

■ qP-\'PQ 

''f) qiuun p}q ovancsc.it. Hiu autein ait 2^q = ({)> 

'{aa ■■■■ mkk) — • mpq — l:k) == a \'^(aa — mppj^aa — >itqg), 

'(aa — wkl\) — mf(f \^{aa - kk) a V(aa -- mff){(ia — 

(aa — mpp){aa --- Mgq) (aa — mff)(aa — w<ff)) 

a V(aa — kk) — pq [^(cta -• mkk) = a i^(aa — pp)((ii^ — qq), 
a\^(aa — k k) — f (j V (« a — m k k) ■■ a l^(aa — (i — qff) 

(aa — pq>) (aa -- qq) (aa — ff){aa — fjf/), 

osHO vcl J = // ot 7 ) — /‘ vol q ■•■■■ f ot ;>* • //; ui.roquo autom casi 
f non Holuni aoqnalifl, sod ct.iam siinilis ai’cui ftj. 

OOUOrJiAIUUM 4 

fieri posRoi'i, iit arous pq ovanoscorct. manoni .0 aixu fq finito, hi 
rooUficabilie. Al; ovaiio,soo?il.o area pg oh oribiir k = 0 iciooqia 

/; undo quoquo urens /// ovanoscib. 

COUOlJ.AltITJjM 5 

jircuH pq in altero v(}rtico J7 (lol>cal. osso berminai/ua, \it. sit 5 •■= « 
hanc aeciuabionoir 

a^y(\ — m) =■■ V(aa ■™ i)ikk)(aa — mpp) 

— aakk — aapp -j- mkkpj) 0 et. kk = ■ 

gubsfcit.ubus in hac aoquafcione 

aaV(aa~ kk) — f(fV(aa — mkk)=-- aV(aa — ff)(aa ij(j) 


praebet, 

+ + ffpp 4- 0!JPP) ~ ^nffi 

uncle oritur 

_ ( 1 — m) ± « Vf fl a — /’/■) (_« a — (j<D (a a — m 

a* — niaaff— maarjf) + mffgg 

cpii casus ad casum problemalis priini redit, si mod' 
se pennutonliu* efc loco abscissariun applicatae introd 


COROLLARIUM 0 

81, Notari cjuoqne morebur casus, quo pnnctiun 
mibur, ita ut arcus pq arcui fg Hat coniiguus silquo 

Krc.f<j-kvo.ij<j-^”'^f{q-f 

ob;) = f/. Cum igitur sit quoque T=G, erit 

0F-\-fG ^ qG +jQ^ 
9<J-ff qq-99 ’ 

undo abscissa q dotorminatur. Vol sumta 


a^-mfffg' gI''-\‘fG 

orit 

^ H* — m fckgg ’ gK~kG 

Hinc autom rcporitur 


0 * (gg - ffY . z 9^ 

t f '^FGfg-^a\a^[ff-\^gg)-^{m-\-r, 

voi 

_ - wg*) -ftY((a ^ -V mg'? - 2 {m + Daagg 

a* ((a* — m g^j ^ — 4 m f fg g {a a — gg) {a a - 
vel 


2 — a*f{in g‘^ — 2 aagg + a^){mg^ 

— mg^f - -iH! a^ffgg (aa ~ gg) {aa 


PU015LEMA 3 


tsifo eilq)sis arcii quocnnquc frj a ffaCn piiucio 2^ ((Osthtdrye aycuni 
)lo illius arcus f(j diffaral quantiUdc ifcomclykc assitjnahili 

SOLUTIO 

oriim f ol (} abscissis AG = ff cav\nn(|UO i|iiaiititat.ibiis 

G ciua.era1.ur i)riinuiTi abscissa 

A /r_ /• _ _ n\{}g-ff) 

''' oF-\-f(} ’ 

. j I /• mkfg 
Arc. ah — Arc. in ^ - • 

' aa 

icti p absciasain AP~p (]uaora.t.ur abscbsssi A(J=^q, ni. ait 
^ a^ — mhlcpp 2)K—kP 

liUoris maiusoulis K et. P sompor ciusiriodi fmiGtionf^a miiuis- 
■p, ut, si )uiiiuscula I'uorit valor maiusciilao rosponclontis 

X •*= aay{aa — (cti){((a — mxx); 

Arc. ah — Arc. == 

ua 

IS 

Arc. fu -- Arc. p<i = {pq - fi/). 

si punctum <f iiunc tnuqiuiin datum apccletur cx ooque quae- 
i r, ut sib oiiis abscissa 

a'^ — mhkqq qlC—kQ ’ 

Arc. fg — Arc. qr = {qr — fg). 


HI Opora omnia Iso Co)ajno«laUo«c.'» annlylicac 


2 -} 


sicquo a dato puncto p abscidimus arcu?n -jn-, qui a di 
quantitato algebmica. Q. E. 1. 


OOKOl.LARfUiM i 


83. Cum sifc 
simirKluc modo 




(d. 


/,• = 

nP-^pQ 


,^u'{rr--qq) 

rQ'^qll* 


habebiinus has aequationea 


(j t' -VfG ^ qV-\-2iQ ^ rQ‘[-qR 
oy-ff q(i-pp ^'>'~(iq' 


unde ex datis abscissis f, </ et p roliqiiae dnao al)sciH 


COROLLAKIUM 2 

84. Si arcus ftj in ipso vevbice a incipiat, ub sit 


n ~P 9 ) et / = 

a^-mqgpp j)Q — qP aP—mouo 


pO-gP 


mgijq 


Ac si praetcrea pimctmn p iu altoro vortice A d( 
P=0, oi'it 

6 ' f{y(aa — /’;<;)(aa — wp 
aa — mgg 


hiuc 


(P—magg 


aa — gq = " 


et. 


{aa-mggy 


aa 


^ (P(l —m)(ua — man) (l — »j)«‘ i 

aa ~ mqq « — y_- , undo 


{aa-rngoY 


aa - mgg 


quia applicata in partem inferiovcm cadero debet, eril 


— ^aug g + W 2 f/’) 
-- 'iimaagg mg* 



COROLLAmUM 3 


oc ergo casu s^iuilo r (!‘’ig. 7) in siipeno 7 ‘i? 
nt positii abscissa AG = (f sii. 


Alt 


a (a* — ‘J a atjg -f wiy*) 
— ‘J manfjy -j- mg' 


? R ~ a - r 


2(l 

a' — 2 maagg -j- ?«//' ’ 



(:.((// - Arc. Hr = Qiiaui.. algohr. =- -1- rg) = 'b >') 


2 Arc. (U! Arc. Br =-- 

■ ti* • -2iii(Hi(fg mg' 


OOROIJ.AlUim A 

punci:a // ot r in niuitn tloboanl, roulftscerR, nt sit >■-■■■.(■/, vain: 
onininnis AO — Ali^g ox hue aoqnationo (jiiinti grndus dol)o 

mrf' -• mug' — -j- Srt V/*/ + -= 0. 

wi = 2 ot liabobibnr 

_ 2// -I- A gg A- 2g — 2^0. 

= 3-)-y2’ pi'oclirct foveiquo 

2 Arc. afj — Arc. Bg ■ 

•' r s-j-ya 


PIiOT5LEMA 4 

■ 02 )osito arcu elH^yseos qiwcunqne fg (Fig, (i, p. 181) invenira aremn pqr 
else diiplu maior. 

SOLU3’IO 

itione ergo praecedentis problomatis efficieudum osfc, iit sit 

/>I7 -h !?>■ — 2/V? = 0, 

24 * 


praoter seiniaxcs AB = tt et Aa==a V{i ~ m) daiitur absci 
AG^-fj cum valoribus derivaUs F ei (r, undo quaoratur 


i,_<^\09zLn. 

jF VfG ' 

simulque erib eius valor dorivatus 

, , _ «■'(/*/■ -I- 0(1 - l:k) - m hkffgy 

(per covoll. 3. pvob). 1). Simili auteni inodo abscisHan eb 
ut sib 

, . aHpp Fgg- kk) - mkkppqq 

m ’ 

itemqiie ox aliscissis q ot r orib 

tt*(qq-\- rr — kk) — mkkqqrr 

2qr 

At OX aeqnatioiio + osb q = ^ undo obtinc 

aoquabiones 

X = <^*iPP -^mp + i'Y 4 - '^Affoo - 4 
■if9P{P + 'f-) 

"4/''7>*’(j) - h 0 ' ’ 

ex qiiibus ambae abscissae p ob r aruiuii qnaesitum pr dobor 
poteruut. Ilinc ergo primum oiicinuis cliininando K ac poi* 

a'pr{p -f ;■)“ -f- a'kl^{p + r)^ -- ia^ffog — Amffgfjickp 

Delude addondo illas aeqiiatioues habobimua 

2J{ = + + ■Ut^ffgg{p^[-r )-imff ogki 

if9P>ip-\-r) 

rtV« -4- 


Ex ilia autem est 


ill liac subsfcitutus pvaobot 


~ pr \-kk + '<« /7i/'y — 4 

= 2u^pr — 2mk^pr; 


2 )r ■\- k h 
2 K 2 )r(py -\- kk) 


itiir 


fo 


*P{f'f-\-fff/ — kk) — mfffffjkk 

(p + ,■)- = ‘'^f (yr-i- 

’ u' 

«a 


r-p--^ 


y' 2 {n^(fJH — ///- - -I- iw(Pff. 0 <jk' - 7J(7>1 /'■(/*/.*) 

ft «!,/(«■'{/'/' H- f/// — / A) — inff(jt/lck) 




nil Bib 


tfft y{(iHff-\ ffy — kh) - m(!'f}ffkh) 

— -h /‘6') ol. — mf /'(}!} ^ ^ , 

24- -,/7' ’C? 

(iil (Id ' 

baciasa p et r hiDutoscib. Q. 10. ]. 


Cum sib 


COUOLLAinUM 1 

(P~mffgg 


X — + »»/■/■'/'/} — >»««(/'/’+ <7fif) — (W -I- 1)(«^ + inffoo)) 

(cP~inffggf 


orit 


r — == 


r -u a = 2 I w«V/’r/.fy(/'/' + r/y/) -[- (w + OwY/^/, 

«« ' «* — )nfftj(j 

'l(gF-fG)y FO 


aa 


(tt‘ mf‘f(/g){FG -{- {m - 1 - l ) u^fg) - 2 m a Y< 


COROLLMOUM 2 

81). Si arcus daUia /y in vcvtice a terniinctur, ut sit f=0 (> 
y-' + ^ 0 Gt r )} = 2fj, undo p = — g et > =(/; arcus ergo < 

circa a acqualiter extonditiir utrmiiquG stMiiissum arcui /Vy s 
luibcus et acfjualcm. Tcloni cvoiiit, si arcus iu altoro V( 

uetur, ut sit // = « et 6r = 0; turn euiin fit r — yj U et r -f- 
r=p-^/: 

GOROLLARIUM 3 

30. Quemadinodmu bis casibus, ubi arcus propositus /V/ i: 
teniiinatur, oiu.s arctis duijJus per so est nmnifostiis, ita, .si ai 
in iieutro vortico teruunutuv, assignatio anais diipli ijiaxiiii' 
quippe qui arcus goouietrico ne bisccari (luitlGiu poi.ost. 


COROLLARIDM 4 

33. Mine otiam patet, .si dettir vicissiiu aicus pr, invoniri 
qui eius exacte futuvus sit souiissis; sccl hoc non nisi inolus 
praestan poterit. At si o-rcus -duplus pgr quadranti olliptico 

^ = 0 et r = a, non diC/icultor arcus assignabitur oius semissi i 
eniui orit 

et 

’ m 

sicque iiiuotescit tain k qnam 


Porro est 
At est 




2r!l = ak et fr + ijff = ^ ■ 

a A a a 

2 (ittkk ~~ ct^ . . o ?• 7. I o „ „ 

m = — --- _ ideoque ff-\-yy = 


4 


// -\-f=\ + 3fl« -I- -iak) 

(f - - f ^ \''(ikk \- iitttf — Auk) 

f= ‘ \/(;6aa-\-4ak-'rnk)-- ] _ 4fl/.- + 2/;A-), 

(, I _|_ 4 „/,. _j_ 2 fck) -h ‘ - 4 rtA- 4 - 2 kk). 


OOROLIiAUIL’M 5 

pt)!iiitiii’ rLlUji* scuniiLX'iH Aa^-^h cxisionte alloro AB~a, ut ait 
oi'il. pi'o ciiHii ff quo vulon* siibstitnto babobituv 


. j /■ ” I //»« . , I / a \ 


"_ « i/r) » -i- ‘W j — li(th \-Mbh) 

a |/5«-l-;i/* |-|/0)«« + Ma/y + 96i*) 
2 y 2(rt-i-/>) 


^sfto ))i'() iiir()(jii(3 Uirtnino arcus f(j ropcHmitiir, qni osl semissis 
(juuclrautis. 


COllOMiAUlUM G 

c ergo ciiHU crii. 


ff + ny 


a a (G a -{- ‘.i b) , aa (« — h) 

“T* /rTT\ 


i{a + b) 


•l(a-l- h) 






jratiii sit a = 25 ot 6 = 119, repcriotur 



SCnOLION 


U4. nine org'U yolutioiiom iificii suiniis istiiiH non inelegaiiLis 

Pnqmilo eUipsis quadrante BAa (Fig. 8) (jeumefrice in eo ahs( 
f(j, qui pravcise uc.qiuflis Sit semissi lotlus arcus quadranUs afpB. 

Positis ftiiim semiaxibus AB = a et 
piinciis quaesiiiis /’ ofc // crimt iib.s(;issa (3 

Ah'— “ I 1) 

2 » ‘ V{a -\-h) 

A C — V{'‘^ua + Wnh -\- Di 

2 » 2(«-|-//) 

unde pro iiacicni pimctis eUcimitui* applicatae 

Xi'f= ^ ^ tyO AVi'-^aa h \-iah -{• Qhh) 

2 I '2{ir+b) 

Q ij/'^a ■\ tyh— \/(^aa A A- ^bh) 

^ ^ ' '2(n4-&) 



PROBLEMA 5 

9.). .Datiivi ellipsoos (trcmiij))- (Fig. G, p. 181) in duas paries seen 
tia ut differeniia hariuu parlkm pq — qr sit (jeometricc assUjnahilis. 


SOLUTIO 

Positis ut in pioblenmto praecedento AB = p, AQ = q j 
stontibiis semiuxibus A B =. a et Aa=.a\/(l -n) qimeraUu- a vei 
(iky ut posita eiiis abscissa AI\=^k sit 


oritque 


id~iHtmq qBAvQ 
Arc. ak~krc. pq = ’“M. 


k ~ * gg) . 

a^-iuqqrr^ rQ-\-qIi ’ 


Turn vero sit otiam 


Arc. ak — Arc. gr = 

aa 

Arc. pq — Atc. gr = (r — ^j). 

dciitur abscissao ct r curn suis dcrivai-is P et ./?, abscissa 
iti q ox hac arqualiouu dulhiin dobobit 

(I P:\~pQ ^ yQi- ifJl 
M~PP rr-fjq 

(Pi) — ii'OiPi —2n>) = Q{V 4- r)(qg --pr), 

0 quadrata ac turn por {gg--pp){rr — qq) diviaa dat 

2qq) — 2(ni + \)aapyqg -\- ■tinjtj(qg(p rf — 2pprr) = 2qqP'Ii : fd 

^ 2 9 -)' vipprr + (m -J- 1 )« opr -J- fd) — iP {p -|- ry 

aUoiio valor abscissae g dofinivi potorit. Q. E. I. 


COROLIiAlUUiM 1 

otns {luadraiis in duas partos, (inaruin dillbrcntia sit gooinoLricti, 
I, poni dobot 0 ut r^a; undo I!!. P=(i' ot ./i «= 0 iudoquo 

ol, = ot s = 

m ^ ^ m r tn 

uni dotorniinatio, (juani supra laiu in coroU. casus 1 probl. 1 


COKOLLAIUUM 2 

abscissarum p et r altera sit ncgatlva altoriquo aoqualis sou 
abebitur sbatiin vol (/ =» 0 vol 

- iiqq -|- lipp = 0 sou (jg = ^ '•■I'^oquo P d- li = 0. 

Lutein est, si utraque applicata J^p ot lir fiiorit arfirinativa, foro 
) turn locum habere <7 = 0. 

i.uur Opera omnia l‘Jo (JomniontatioiiCB analyticno 


PROBLiaiA G 


98. Si ellqisis ADIiFA (Fig. 9) (liamcfyum quaiiic 
hisectOy semicircumfereutium JiHF i/a srca^'c in pio/c/o M, 
FM diffcrentm sit gcomelrice assUfnahilis. 

80LUT10 

Etsi hoc problcma in pi'iiccccloDio coiitmohir, tiuiion ■ 
uoLpiitj propturca quod tom -r r = 0 iimini \- A' (); | 

solntio clcbot iiivosUgari. 
axibus CA == a, (U) = h = 
alLoro Lonniiio Fj arcns 
C'P = p; ui'ih applicala V 
quao coordinatao nogativo 
tonnimiiii F porl,in(;biu\t; ( 
ot || Y{aa — rr), ut, 
— rr) =» •— P(«a. — pp). 
(pimlani nova absciMHa /r 
OQ = q sit ox coroll. 2 prr 

rt« V{aa — Jd) — pqV{(ia — mlSi) a Y(aa — P2i)((i 

aa K(«fl — kk) — qrV^aa — uikk) aV{(ta — q([)(a 

liacc ultima aequatio ob 

)• = —;) et ]/(«« — rr) = -- Y(aa — pp 

abit iu liauc 

aaV(c(.a — kk) -[■ pq Y(a(i — mkk) = — a /(«« — pp)\ 
qnao ad primain addito dat 

2aaV((ia — kk) = 0 idooque k = a; 
qui valor in altera snbstitutus dat 

~pqV[\ — w) = y(aa —pp)(aa — qq) 

_ -q y{aa-pp) 


j) 



ideoque 


y{aa — 

igativuiii iiuUciit. </ in parto al)scisaaniin uogaiiva capi opovtero. 
' nonualin in curvaiii J<1N\ orit 


r ]•) _ y(«ft — p p) 

I'j N V{aa~ m p}}) 

‘ Sit povro Gif (lianifttor conlugaCa, cui uovinalis EN in V 


PE (IV _i)Q 
6'iV " Cf 


afl cionfnii'siini cum applicata QiM' in I. Quare ob CQ 
r-^ C'yl. Uridn hacc Hoqiiitiir conatviictio laciliy: Diamotor con- 
tra G in I continuotur; ut (lat 07 = C^i; ox / in axom yIE 
rpomliculum KJ, ijuod ollipHiii in pnncto ipiaosiio .M sccabit. 
ji’it 


M - Arc. EM - 


2 mp(j 

a 


2 mp' E 
EN 


20 N.CV ^ 
ON 


(i. I'l. 1 . 


COUOVJiAltlUM; I 

iistlcin acquationibiih binis oHimnando /<- pvoblnnia praoccdcus 
vatur, yoquons obtinobitur ueqnatio 

i;) — j; y{aa—rr)y— 2 aaqq{a(i-\-Vi 2 )y)(a(t~ 2 >*'~' y^i^^^^—P 2 ^){^^^^~~i''^')) 

- 1 - (c\y{aa — pp) — y {aa — rr)^ = 0 , 

lutioiicm adipiJiCiiuur 

la — pr— y(,aa-~pp){(ui — rr))(aa p y^aa — »ipp)(ft« — j« 9 *j-)) 

}ji (?■ Yiaa — pp) — 2 ) )/ (a a — rr))^ 

i((t— __ |/{a~>-)(«-l-iOU|/('i-f-i>yj«)(«+£A‘) , i/(«_n.?^ Tb^Kl— 

2 _ * ^ 2 _ 1 «_ _ ^”L 

3 ' y{au — pp) —p Yiiui — rr) 

'2b* 


V -I / IIA ' I i I JA It M I Itl 


100. (}nHii(|iitMn Iiium: KuliO.io ri' ii Holiilioiin |»i’() 
ilisnvnpjil, Ununn solul.ittmun jivnt'HitnMH 

r f> itl, \\(ui yr) ^{(h 




H(t 1 l 


(M’inui 


(U)i'iill. )ininf\ li'iDiHil. ill Idniuii 

np) 

(j<l 

lilt mpp 


COltOiihMMilM :( 

. Si (>x (limliii.M jiriMiiH iii'(|iiiiluiiiil>iis I'liiniii 


a(t(\^iuii pp) ]''{tii( yy))\^{u 


(r ;»/») pl^lan / /•)) 


(!(. 



undo (il. 

n) 

r 

/i) k 

pp) 


kl,)(\''{a(( pp) yr))' 

i ((‘■'(fia 

Hivn 

nti(na )nk}i)[r\^{(ia 

pr) P »'"( 

m 

k*{r pf 

pr K{u 

undo lil. 

««(«« pr K((it( 

pp){(t(i 


kk pp){(iu- •ry))[nii mpr )/ 

m(r • pf 

hiiu;(|uo colligiUa* 


^ j/(rt - I- r)(H — p) _ y{tt r) (ii -| ■ )))j ^ j/^„ - 1 r Ym) (» p [/i 


r p 


1C erifc 


C0110LLA.UIUM 4 


aa{aa— p r — \/{aa — pp){aa — rr)) (]/ (a a — ni p})) —\/{aa — m r r)) 
m{r —p){r Y (a a — pp) — p ]/(ao -- rr)) 

•cuum pg ot gr did'oroiiUa aii, Ijabobimus goucraliter 

rc ;■ ~ ~ P ~~ ~ ~ nirr)) 

r ]/(« a — pp) — pY{an — rr) 


iciiUm (j ox coroU. 1 dofiniatur. Ent orgo 


- Arc. gr ^ 


{Y{ti(i --pp) — Y{aa — >*r))(|/(rta — inpp) — )/(«n— fnrr)) 


r-hp 


C« -l-iO __ |/((( - rj/m) _ |/ {h — jj — rym)j 


PROBLEM A 7 

■oposito ellipsis arcu guocunque f(j (Fig. 0, p. tBl) a dato pimcio p 
')im pqrs, gui (d) illius arcKS [<} iriplo (Ufjerat quanUiaie gcometrice 

SOIiU'l'iO 

hucl.oiuiH punctoi'um cliitorinn /; // ot. ;> abscisfiao AF--f, AG 
[|naoi'al;Ui’ priiiio arcus ulc, cuius abscissa sit 

, /. flF-fO _n\<fg^fn 

^ '■ ci^ — mffgg gF~\-fG 

Arc. a Ic — Arc. fg = - 

Cv (Jo 


tur punctuin g, ut sit 


iiidequo 


^ ‘2kp J(j){))))—]:h) 


cntquo 


kpipp — kk) 


mh 


Arc. ft} ~~ krc iiq =■-• ipq — fd)- 


a a 


Siinili iDodo porro quacratur punctuni r, ut sit 


ofc 


AJf^ rkQ ^<P{qq-l(h) 

<ni~mkkqq qK — lQ 


_ 'H(r/ — qq) — kk(a‘ — )H(fqrr) iir(ry — qq)K —kr(ry- ■ kh) Q 
2kij kq{qq — kk) 

ot cum sit 


ink 


Arc. f<j~ Arc. qr = (qr ~ f<j), 


erit 


m k 


2 Arc. />/ — kvc.li<ir = (pq -(- qr ^ ■ 2ff}). 


Hiiic pari modo dohuianius puiictmn s, nt sib abscissa 


cb 


rK-Ykli a^{rr — kk) 

~ ' ■ ■ a' - mkkfr “ rK- kli 


S t. rr) — /rA-(o* - mrrss) rsitui - r>-)K - /.■.«(«« — kk)R 

2lcr kr(rr kk) 

ct quia orit 


mk 


Arc./;(7- Arc.rs«"‘"'frs -/’//), 


habobitnr 


aa 


wk 


d Arc. fq — Arc.pqis ^■= (pq -f qr -f- rs -- tiff}). 


Q. E. 1. 


CmOliLABIUM \ 

104. Siinili mode progrodiendo manifostum csi< definiri a date 
posse arciim q)t, qiii a qiiadvuplo arcus dabi fq deliciab qnaDtitato i 
atquo hoc modo operationem contiuiiavi posso, quousqiio lubuorit. 


COROLLAIIIUM 2 

105. Si arcus datus ft} toti quadranti acquetuv, ut sit 
ideoque F~^. et erit A-=- « efc K= 0. lliuc roperitur 


0--^ , 

a{(ia — iHpj}) t oa — mpp 

)>{pp~aa) ap(ii(i,— mpp){att- pp)~' p ’ 

aa — nipp' *' aa — mpp 

■ — _ 

<i{an — mqq) 


R -= - aa \^(aa -— pj)){(i<i — nipp) === — R. 


'i — ni pp) 


K aa- 



a a — 


-pp 

))ipp 


O.l S=^ — Q 


— 0= (1" 

an — mpp 


3 Al'C. fn - Arc. -pqrfi 


m 


I / aa — pp 
pq - nip 1 / ^ 

* ' > rta — m 


mpp 


COUOLhM^IlJjM H 

inotum p quoqud ita (lolinin i>oi.oi*il, nt fuit 
_pq-l-f/r -1- rS"-3/V/, 

5 UH oxacl.o nO((unbilur {.r!]))c) iircnn Oati //;. Atqiio iia porro 
:'i poloi-ii., qni ad arcuni datum /// alismi quamviH ratioucrii multi- 
,t. 

SCI 10], ION 

nnia luiec i)i'o])lomaia, quao Inc pro olli]).si traolavi, simili inoclo 
la rcsolvi potorunt; ila (iiiain da(;o (piocuiKjuo hyporboliio arcii a 
>vis oin.sdoni Iiyporholao piuicto arcus absciiuli potoiifc, qui discropot 
pso arcu v( 3 l ub oius duplo vol lri])lo vol ab alio quovia miiltiplo 
coniokico aSHigiiabili. Duindi* ciiain lioc pniictuin ifca assumoi’C 
iflbrontia. plane in nihilum abcafc, quo casu dato quocunque hyper- 
alius arcus assignari potcrit, qui vol oius duplo vol tnplo vel 
nultiplo exacto sit ^oqu^l^^s. Unde pcrspicuunn osfc, si ])roposito 
i.s sib alius arcus, qui ad ilium tcueat rationem ad 1 , siiniliquo 


moclo fiHns quaeratur arcus, qui ad cimdom teneai rai.ior 
j)acto dtios liiibeii arcus bypcrboJioos, qui iutf*]’ se tenoai: 
sicquo iufinitia moolis bini arcus exhiberi potcrunt, qui i 
cuiiqiio niinuiri acl nimierum. Ncqiio voro buiusmodi proi 
iiyperbolu i-osolvi potcvimt, scd oniniiio pro aliis cnrvia 
ita Sint comparafca, nt arcus abscissae voi alii cuiciinqiio 
bili rcsponticns conbiiicatur in bac formula 


/ 


'dx(^[ -f SQxx -f- 

V{A + ’ 


quae otiam per regulas iuitio datas ita latius extendi 
forniam rcvocetur 

t -I- + etc ) , 


sod m piaeseiitia ncqno hyperbolae neqiio aliis huius go: 
iuimorandimi esso arbitror. 


DliMONSTRA'rjO TJJEORJiMATlS 
ET SOLUTIO PllOBLEMAl'JS 
IN AGTIS I'lRUD. lAPSlENSIBUS EROPOSITORUjM 


flnitimoiilallo 20)4 indicia Ksestkokmiani 

Novi rnnimfltiliirii acndniniao Hi*ioiil.iarum IMtropolitaiuio 7 (l7.')P/:i), 17G1, p, 128 IGI 

Rumtnunutii ihidoin p. 10 — 11 


SUMARllJM 

Cum in Ariia Lips, thcovomii hoc iic problcnia sino nomine sint proposila, Cel. A 
Ktaliin 80 florum cnso iuvoulorcni prolitclur. Uiriimqno cximiom ollipacos proprie 
nplwsLilur. Iti Iheonunalo onim docotur, quomodo dhnidia ellipsis diametro quaci 
ininala ita in ihms partoH fiocanda Kii, ul pavtiuni (UH'orentia goometrico iissignari ( 
i(! ij)8a divifiio oniu j)aiiium din’oronlia In co oxpomtuiv nt ageomotris domonstratio in 
•ol.iir. Prodiii qnidom mipor^) in Adis Sociorum Aciulemiao Parisinao Imius tl 
tis dcmotifitratio, quae (itsi verllaieni eiiunciatatn rito ostendat, non tainea ox go? 
ncqdis liqinsta vidotnr. Unde rntiiitnmdjiliH alia (sinadoin generis in cllipsi nliisquo 
viH invenirc licol, Iduinqiio ox cu vel nmxintc apparot, quod Aiietor Imius dcinonstra 
ntionem proldcmiiiiis aggrodi non sit uiisufi, cum tamcii cx iisdem principiis nostri 
is oxpediri cpuial. In oo autoin quaoritur modus in quadrautn ollipticn partem gcom 
iguandi, (piao oxacLo semisfli quiidriiiiUs acquotur. Colcborrimus igitur EumiRUS ii 
iplo non solum huo moro thcoremn moinoraluni demonstrafc, sed oliam problomn 

1) Vide p. .56. A. K. 

2) On. Dohsut, J)(fmnusty(i(ioH (run flu'oremc de gtkimfftrie dmticd dans ks adcs de L<. 
ide ]7r)d, M6m. pros, par div, sav, Paris. 'J'. 3, 1760, p. JiM. A. K. 

LKo.siiAitDi i'lui.Kni Opoia oiania I 20 Coinmoatationca annlylicao 


20 


resoivir luquu Ujli- Iinjiuwm UJIUS •■•■■I I / 

cuiiiB hina nova in lioc volnminc 8pt?:cimiivA eiliiUi, f\'inv\un ocva 
fusing csf. cxposifuin, quae liic rcpetero siipoifluimi forei. Aiiiinij 
minus uotatii iligiia, veluti id, quod circa linoin attiut, quo in c 
sit totius jifiiiinctri ellipt-icnc pars tciiia. 


I'lieorouia istiid ot pvoblcnisi VLM’sant-ur circa arcufi 
oUipaeofl quaeque it.a seeatvAv, \\t pswtium cUdcvcntla sit. 
hoc voi’o construcfcio geonietrica arcus postAilatur, qui 
eiliptici. Tam demoustrafcio thoorematis quani soluLio 
ex iia, quao iani aliquoties*) do comparatioiic linoaruii 
quouiam raethodus, qim hoc avgiimcntum poiiracUivi, 
etiam pluvlmum vecoudita, videbat.ur, l\iis proposition 
stifcuoram, at alii qnoqiic vires siias in iis ovolvem 
metbodia, quibus forte eo portingoreiit, finos Analyse 
autom nomo ndlnic sit invontiis, qui boo negotium c 
otiainei vix dubiUivo Uccat, quin plurcs id fnistra t( 
quldem iude coucludere vicloor praetor iiicthoduin, q 
ullam aliam viam ad huinsmodi specnhitionos patoro. 
dus perquam indirocte et quasi per ambages ])rocec 
cam cuiquam, (jui huiusmodi problomafca sit aggressui 
venire, niirum nou est has quaestiones al) aliis inta 
igitur iam aliquot spcciuiina luiius melhodi singularis 
protium Tore arbitror, si cius explicationom magis illi 
datioueoi [)roblemati6 • ac tbeoreinatis ))ropositi acci 
ut ea saepius tractando magis trita ot i'amiliavis roc 
ope ad maxime absconditas proi)riotatcs ellipsis alia 
inopinato sim dcdiictus, nullum cst dubiiim, quin iu 
dissimao iudaginis coutineantur, quae non nisi post fre 
iude cruere liccat. 


1) L. Euixri OommenbilionoR 252, 2G3, 261 (incliois 
108, 163. 


l.EMMA 1 

hinae vai idhilcs :/• c( y Ha a sc. hwkam imidrani, ui sil 
0 n -]- -|- ytj) + 2yxy + ^xxyy, 

uniia sivc dijferotUa hnrum formulanm inlcyralhnn 

<hf , . _ _ -I /* - - 

uii -i^(rr- dd)!/y - y(~(£ii-i-(yr-aS — [i(i)x\r~~{}dx^) 
anlifaii consfant'i. 


('iiirn sii. 

0 - r. 


DEMONSTRATIO 

(i{a:x -1- »/?/) H- ^yxy H- Sxxyy, 


ihramqiio rjulic.cni oxtrahoudo 


• j'.r ;L l/(— + (j'y 

' * {i-\-i)xx 

, _ ■ yy 1 - 1/( -- «/* -h (y?' -«A - (i(i)!f!f - (idy) 
{h\-ihjy 

iiiUr foro 


\j -)- p's; -1- (hixy - i; K(— «/? (;'/ — — /il 3 )xo) — , 

i: -]. yy _|- ^^■xyy . n -|_ [/( - (((j (yy — — fitly') . 


•0 iiocjniiiio ]n'0}ioHii;}i (lilVoroiil-ioUiv, orictur 
0 =- fixdx -\~ fiydy -|- yydx yxdy -f- dayydx + t^xxydy 


0 dxQix -f- yy -[- d^^yy) + -h y^f' -i- dxxy), 
in hanc 

+ *■' =0. 

/?a: + y//H-()a;//// fiy + rx-i'dx.ry 

tor loco (IcnoininiLi.oruiii rorniulao iliac irrai.ionales, ui. prodoanfc duo 
idoJ’OJitialia, in qitibns variabilcs x ot y sint a se iuvicora separafcae, 
lis intogralibua obt.incbiUu* 

. . _l_ f Const. 

-(yy — ad ~fifi)yy — )/(— ccfi (yy — ad — — ftSx*} 

26 * 


UUllUJjLiAitl UiVl i 


2. Siimma bjivum fonnulariiin iutcgralinm orii constans, ni in 
radicis ext.racfciono signis radicalibus parhi ti-ibuaiitur signa; sin auU 
stabuantur disparia, turn differonbia formulariiin intcgraliiini or'ib coii^ 


COROLLAfllCIM 2 

3. Si poiiaraus 

— «/? = Ak^ yy — «d‘ — (ip = Bli, — [:)()' = (7/f, 

inde fiet 

_~Ak ^_-Ok y{Aakh-\-Bkft(i^^^) 

, 0 ~ ^ - et y-- - ■ 


Quare si rolatio inter x ofc y hac aecjiuitiono expriniatui* 

o^~Ak + + y<i] + V{ACM + + ^') - Ckx, 


Grit 


r _dj f dx 

J y{A Byy H- Ci/) •J y{A + Bxx -f Car*) 


Const. 


COROLLA1UU]\1 3 

4. Substitutifl autem loco a, fJ, y his vaioribns orit 

- X y{A Ckk + Jfkfift -!■ ± (i yk{A -h Bxx -{- Cx^) 

“ ■' ' 

r tJ^yy -i- 

&^-dkyy~ 

qui ergo sunt valorcs ilU aequationi hitegrali convenientos, ot (|U 
fovmuUs inost constans arbitravia , oao integrale comploUmi oxbil 
censendae. 

COllOLLARIUM 4 

5. Ad has formiilas commodiores reddondas, quia posii.o .-i 
2/ = + ponatur --- = f ol prodibifc 

_ xYAiA + BfrA CD ±fyA[A + Bxx + Cx^) 
~A~Gffxx 

_ yyA{A 4- Bff^-GD±fyA{A 4- Bijy + Cf) 

-—A^Gffyy - - 


iiuiuo 


Aff + yl(xx + yy) - 2-x.y VA{A H- cp) ~ Offxxyy. 


COaOLLARTUM 5 

0 I’olatio int.oi* x ot y liac aoqnafciouc oxpi’iiiiat.ur 
Aff A- A{xx- + yy) -\: 2xy VA{A -\- Bff-{- CP) - Cffxxyy, 


f \ f — r f 

^ V(A Byy + CY) ■ - J V(A -h -h 6V) “ ' 


dy 


dx 


\/{A + liyy + Gif) /(/( + Uxx + Ox^) 


= 0. 


COaOTJ.AUlUM C 

in (?rgo f\ habuatnr luicc aeqiiatio didorontisilis 

’‘’J — .1. _o 

\/{A + Jhiy + Vy>) i/{A + llxx + Gx') 
oL y ifca so habobil, iit sit 

-xYA {A -I- Jiff -I- OP) ‘VfVAJYpr Bxx 
^ A~Cffxx 

_-yVA {A -h Bff'V OP) -f- fVA{A Byy -|-_6'/) 
A-Cffyy 


COROLbAiUUM 7 

proposifca Juic aoqnuLiono dinbroiitiali 

_ _d|/ ^ dx 

Y{A -P liyy -I- Cf) ylT-\-lTx^\-Cx*) ^ 

ralis completa (3rit 


a; yA{A + CP) -H f yA{A~\-Jixx^[- Cx^ ) 

A — Off XX 

y yA (A :l\m±(Y')-fyA(A±7^,i^^ 

A-Gffyy 




9. Ketiiiebo detonninaiioiies huius postrcmi casus, qnibus efticitu 
roliil-io iiitcr binas variabiles x at y fuerifc 

0---- A(xx-\-yy) — 2xy\/A{A + CP)— Cffxxy 

sivc 

_ xVA^A + Jiffi- CP) + /y_A{A ±Bxxj-(Jx') 

^ A~Cffxx 

et 

_ y lA-1 ( 2{ + Bff-v cn - - f l/^I u_-i- Crf) 

A-Cff,jy 


tuiii banc ae(|uaLioiicm ctiffercntialom locum habeve 


ihj 


dx 




V{A + liyy + Cy) y{A -h Bxx -V Cx^) 
sou sumliis iulegralibus fore 

/ _ / = Const 

'j YiA + Byy + Cy') A -h Bxx -J- Cx^) 

Pro hoc ergo cusu oril 


K(.i + + o.‘) = 


et 


sicquo ficb 


V{A + Byy + Cy') = ^^r.9m±^A±Jl[L±9n 


ff^vyA , fdx YA 

iyA{A^Jiff-VOh)'~ 'AA -Cffyy) ^ xyA{A -\- ./if/'+ C/'*) -?/(/- Cffx 


LEMMA 2 

10. Eadr.m manentc rdalio)iC inler hims iHiriahilis x ct y, ut sit 

0 — xlff-V A{xx H- y]}) - 2xyyA{A + Cp) — Offxxi 

seu 

_ ^VA (4 tW+ GP) A-J'yA{A -I- Bxx + 6V) 
tt 

_ yyA(A -\-Bf f + C p)-fyA {A + Byy -j- Cy') 
A-Cffyy 


harum formtiluriun infqjmluini 


r ih/Oii __ r 

YiA + liyy - <'Y} lA^'* -hiixx-i- 6'a:‘) 

DKMONH'rU/vno 

istoudondum poiuiuuia haiic diirorontuiiii = K. ufc sit 

(///{VI -|- 9^;'/.v) _ -I- ^ y 

Y{A \ lh}ii -1- C'y'j Y{A -i- lixx -1- Cx*) 

(Ilf dx 

YiA 4- liyij -f' CY) ' Y(A 4- Jixa: + Cx*)' 

-■ xx)i(x Sl\f{)fii--xx)dxYA 

^ \/{A -i- lixx -I- (l:A) ' " !i{A - (Iff.rx) ■ .t VA{A -h Jiff-]- C'/'*) 

;i;y/ u, ul all // -• “ oi> 

- /I// -!- /I.tii; -I- - 2u VA{A -i- llir-\- CD - Cffuu, 

XX 

1(1 din’ovoid.iilUL (it 

-I- -AuVA(A + Jj/r-l- CD- Offiuhr, 

U X X 

■■ ij por (0 irmltiiidicandu oritur 

dx (In 

y{A--(Jffxx)-xYMA -H firf-\-Or) ■' A{yy~xxy 

cata por f [!)}) — xx)V A pvacbct 

cl y _ y _ . 

Ya Va 

,1 pro ronuuliivuiu iutogi'idium dillovonUii Irabobiinua 
dvi'^K -h iOi///) _ _ _ f dxQH -1- 

/{A A Byy -|- 6'j/‘) A |/(yi 4- Bxx -p 6V) //i * 

est guoinotrico ussigiiabilis. 


VJW 


11. Propositis ergo duabus tbnnulis iutegralibus 

J y{A +Uyif + Cl/) •' /(-^ -H 

oiusniodi relatio inter .v et y e.vhibori potest, ut ) 
reubia fiat geometrice assigiiabilis. 


COllOr.LALUUM 2 


12. Hunc scilicet in finom tabs relatio inter 
debet, ut sit 

Aff-y A(icx -h y/y) — 23-yl/yl(yl -j- Bff- 
cuius aeqnationis vesolutio cum sit amingua, capi d( 


et 


y^iA {A -I- B. 

A—Cffxx 

,J VA (yl_+ Uff-\- on -fyA{A + Bt 

A-Cffyy 


COltOLLAlllUM 3 

13. Qiicmadmodum liic y per x at f atque x 
etiam siniUi modo f per x ot y dofiuiri potest. Ev, 

V Va {A 4- Bxx -p c^) "5 yAiAAJi 

‘ A — Cxxyy 

unde patot, si sib a:==0, fore y^f\ ex quo casu 
ipsiua V iugrcdioDS definiri dobet. 


SCIIOLION 

14. Simili modo deiiioiistrari potest etiam barui 
differentiam 

rdy(^ + -P Sy + * iDy°) _ j‘dx{^[ 

J y{A + Byy + Cy) J y{A + h 


aRflionat)iiem. rosit.o enim xy = u erit, 
fdu n., 

iyy VJ -- 

^ y^ (^ "I" “|- •'*■‘4-7 ® (//* "i" X-V//// -f- 

0 ciuioiiicii, liabeiiius 

):'i: ^!- V!/ I ^-V’-') H- CY/'uit 

' "’ A ' 

Uh gratia, VA{A -g liffA- C'/'') — nt sit 
a-c -[- _(/.v (vl -I- y /<'m C'««j, 

y:(;.V)/ + n:' =- (:r;t; -I- yyy ~ HM 

«^- Vint) 

-I- Oitu)- 
io 

a3« -I- -I /'•«« -I- cv) - ®«» 

^yAAii + ^lAAiui -[■ I iA(J-\- ‘iFJ'W + CFu' -\- VCu^) 

■ionti institiito, c|uo olUpyin nobis ost proposila, fonnulao hi 
o Hiir(i(-innt. 

LEMMA 3 

ig. 1) sit cv.nirum cMipsaoH 
JA^-u, VH^h altjur. ad 
iir ((uitjcus AJ), in (jiia 
dcjii/ila AZ^z, el t\v Z 
ularis erinalnr ZM. V, erit 
X AZ = z rcspondois 

'z i/h^ — {bh — aa)BZ 

'/ V bh-ZB 
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DEMONSTRA'riO 


PoLiLitur ZM. = V et ipso arcus crit ex iiu-lura c 


1017 = tt — y -■= y \/{bh ~ zz) 


biucquo 


= « — ^‘'Vihh — zz) ot dv= 

h ^ ^ h\/(hh-zz) 


Quare cum sit -|- erit 


rfs = ,h \/{ 1 + , , - ) = - I- ''' ' iV' ” 

’ V hh{bb- zz)' h ' hb- zz 


et iiitegrando 


J h f ub--zz 


hitegrali ita acceptcj, ut ovaucscafc posito z = 0. 


UOHOLLAUIUM 1 


16. Ad ]iauc ronuulani contraiioiidiun poniuiuis liic ot 
perpel'.iio ut sit a = b\^(\ — n), oritquo arcus ai»> 

respoudons 

•’ f bh — zz 

Sou cum sit 


A M =- f 

*/ \/{h* — ~ -L . 


Vib* — (» -f l)hhzz -}- »u‘) ^ 


haec exi)i-e9sio ad uostram Ibrniam tractatam 


redacotur poneudo 


r (h{%^^zz) 

Y{A 4- Bzz -f- Cz^) 


?r = hb, ^ — «, A =b\ — (71 + l)bb, O 

ita ut bit 

y{A -|- Bzz + = V{bh — zz){bh — nzz). 


L/UIVUIiIjAIUUJVI 2 


. Ciiin ol) a -- h 1^(1 — n) sit. 


y{bb--£i!) ^ hb~zz 


j-^rr^ ■ I / {;?< - ?r . (U' irl/(l— JA 

mull AMZ sums -- , cosmiis -- =- - et 

” , — (Is \'{l>b--m:) 

^ = ' z" = Ki"- - ^.,,.^3 Ibriiiulas nrobo iiotasse iuvabit: 

,iv 


Minus Aj\lZ=\/!^-!^ , 

' hb--nzs 


COSIIIUS 


s AM/.^ "> , 


tiiiigims A MX - 


2 |/(l — rt) 


(;olu)i,!uV1ui:m s 

8. Dosiynalni poi’i'o iircntii AM, qui abs(;i.s.sno ciiique ^ vcspondet 

:pr(5ssi(iii() 17 : z, ut ail 

AM ir I’l \/hb — nzz 
AM=-ll-.z=:jilz \, 

n variao abscasHao [xmanliiv 

./)j, AJ‘~-i>. AQ- II, Ali^r. AD‘=CB = l, 
arena roaponduntos 

Ap’-'-lf-.p, /!//—//:(/, Ar=^Ti\r, AMB’^U'.h. 

COUOT.T.AUIUM 4 

b. Hoc iiiodo oi.i'.iin arcus, qui uon iu puncto A tovrainautur, coiuinod 
iii poloi’uiiL; sic oiiini oril 

arcus (p = 11 — 7l\ l\ arcus pq^-^n.q — TI\x^, 
arcus (jr=^=Il:r — arcus -pr^n'.!' n'.p, 

arcus Jl}) 11'. h — // : Pt arcus Bq ^^n'.h — ll'.q. 

al oniin U'.h aremu Lotius qiiadranlis AMB idooque 4/7: i total 
s pori})beriain. 


PROBLEMA 1 


20. rropmiii in' (iUipsi ami j‘l/’(Fig. 1, p. 209) in 
ulh) qitoi'is puncto p arcum abscinchre pq, qm ah iUo urcti 
yeometrice' assupiahiU- 

soimio 


PositiH aliacissis, quae punct-is /', p (^t q veaitond 
Qt AQ=-q ox f ei p coJiveiiienhBi dotonniiuiri 

pro lenmiai;e socundo sit 

10 = — H,- A^=b\ i^ = — (»-rl)i 


capiatur q it-a, ut sib 


bhp WyShh -PP)( 

^ - -- - 


(ivitquo per lominatis conclusionem 

_ jdp]/’‘i--y’^’ = (Jonst, 

y hh-un J ^ t bb-pp 


At est 


fi-' 


undo 


-H) 


bh — p 


77:5 — //; 2) “Const. 


ubi tauLum supovflst, ub constant debite definiatiiv. 'V 
tit q f, !ul quern casuin aequatione translata liot 11 
iutvoducto iiabcbiious 




sive 

A rc. p q = Arc. Af— - ^ • 


COROLLA RTUM 1 

21. Quia voro eidoiu. abscissae AQ = q bina in ell 
atl hoc punctuin perfocte deteiminaudum etiam appli 
finiri debet. Est vero 


Qq --= a — 


t 

V{bh — qq] - 


y{bb — qq) - = [b - - V{bb — qqj] Kfl - ;;) 

b"y{bb_ bfp y{bb - nff){bh - npii) 

b^-nffpp' 


’um etiam iioUiri nion'tnr 


y[bh — nqq) 


nff){j>b - npii) — nhfpy{hh — ff ][bh — pp\ 


i igil;ur valor ipsiiis {'{hh - ■ qq) fil. iiegativus, piincUini q in su])orion e 
:uadraiiio capi dohoL 


OOJtOM.AUlUiM 2 

22. I lie igitiir jiriino rclaiio notari doboi., (piae inter tria piinct 
it (j inlovcc<Ut, ()n;u‘. via convpuralu, \it ox hinia dalis tevUunv invenivi 
I. Si /' (d. }) .sinli data., nrit 


hhp ]/(/Wj — ff){bh — nff) -y hbf y{hh ~ pp){hh~-npp) 

• ■ . . — "fA'' — — - . — j 


V{hh - qq) 


l/^-nffpp 

/)■' y(hb — ff){bb — pp) — hf p y {bb-^nff){hb — upp) 
IP - uffpp 


V(hh — na(A ■ ■- ” ^fp V{b}iyf){bh~pp) _ 

b*~-n/l’pp 

II. Si f ot q Hint data, orit 

_ h h q y{li b — //) (b h — n f f) — h hf yibh — qq) {h b -n q q) 
iP-uffqq ‘ ’ 

Vfhh ~ff){bh - qq) + hf q 

V[0t}--pp)-^- iP--~nffqq 

^ y{bh - nff){hh - nqq) -|- nhfq y{bb-ff)ihb- qq) _ 
y{ 0 {)—npp) - W-nffqq 

III. Si p oi. q Hint data, orit 

„ bhq y{bh — pp)(J}b — Hpp)~hl^yOPb—qq)y)b^^qq) ^ 

' b*—nppqq 

A/n rn '^^^b -pii){bh - qg) + hpq y{hb - npp){bh - ngg) 

y[0h 11)— (p^jippqtf 

A/n ff\ b^ibb ~ npp)ibb ~ nqq) + nhpqVihb -pp){bb - 

V{bb — ntJ)^-- h*-nppqq 


H(ifl autom formulae oiniics cx hue nasciiiitur 


0 — h'ff h*pp H- — ff){l)h — nff) — 

quao adeo ad hanc raiionaltuii, in qua f, p ei q a(Miualil.er in 

0 = }/(r + P' -1- q') H- d(H + VPffppqq ■ - "ih^ffpp p ffqq 
— 2nVffppqq{ff -k-pp -V qq) + vnTp'q^ 

COROf.LARIUM 8 

23. Harum formnhinini igitiir opc, si U'iiini pum’i.oiiiin 
Hiut hina quauminquo, t.<jrljnin inveniri polevit, ul, arcuuin Af i 
gooiuotnCG iiat aasignal)ilis. Kril (’iiiiii 

A i c. Af - Arc. pq ^ Arc. A p — Arc. f q • 


COKOId.AiUUA! 4 

24. Donotal autom b sciniaxmu ellipsis CB el posii.o 

fcciinua undo, si n =^‘0, ellipsis abit in circuluui (4; f 

toniin (lilTeroniia evanescit. KUipsis autom abibil in parabola 
panimolor c, si bb = ac cto = cs5. Hoc orgn casu liul 

c — a (( , n I 

M = . . 01/ V , — 

e c oh cc 

ideoque 

« = ot y(w -//) = *, i/(ii -«/■/■) 
undo formulae superiores ad paral)olam transferri poteninl/. 

CORObLARIIJM f) 

25. Si oasdoin Ibvmulas ad h3q)erbolam accommodaro voli 
b ita iuiaginarium statui oportet, iit eiiis quadralum bb fiat 
tiva. Sou, quod codom redit, in nostris formulis ubiqun Ic 
— hb ct semiaxis a capiatur negative; turn vero n (U’it n 
niaior. 


I’ROBLEMA 2 

In qumhunle clliplko Ali a'’ig. 2) ,hto puncto quomnpw. f owmirc aliu 
<!, ut araiitm Af el Hq (VtHheutia sit ucometrkc ussitiinihilis. 


SOLU'1'10 

praor(Hl(,,ito pn.hlorn„i„ hoc Ikcilo rosolvitiir; posit, is oniin soniiaxibi, 

punciiiin t/ m priioccdojitn [)rol)toina{.(? hi J 
mioviM’i opoffot., iiUha (/ = h; Uim sint 
atilior (aiij.-tiiit(; A /) vul !i\(i CJt ftuniUtc 
of. // i-o.spondoiil.oft A Jf' ^ (j^. ^ 

it'iL lit., (jnofl ;u)f;o oivit, nunc 
.(juo ox dat.o jmnclo / (l('l.orini)ia.tio 
por (ovinulaH § 22 ila ko biilMiIiil, (,b 
q h 

- ff){l>h - »/■/■) _ . 1/ hh - /■/■ 
h'^ -nhhff I hh — H/'f* 

[^{hh - (jq) =-■- ~ iif V[ I - n) 

U^-nbhlf ~ \/ihh--nffy 

\\hti - «,/,/) .. "imi’i- - M) ^ M 1/(1 - ^ 

h^-nhhff y{bb-nff)' 



tignli, (jiioH ji.pplical.iio b'f vl (Iq cum cnrvii liicinni., in conipnl.ni 
orit 

!) - = h sin. y(/',A’ ot 0 sin. Affd. 

0 soijuiUiv isiiL consl.nici.io pro piincto // iiivoiiioufln; Ad pimcUuii 
angons /'T, (lonot; iixi (JA jirodiicto occiutuI. in T, turn in o;i, ; 

producU CM, pin, I, nr .7' I' -- 07? c(. por y agiituv rocba tya’iu 

lola oril.qun puiici.uin // (piiioHit-um, itu uL iircmiin /!/' at flq dilU 
gcoinotrico assiginibilis. Yonun ox probloniato priiccotlonhe 0 
l~b oril, Inioc (lifroronCisi 


Are. Af- Arc, Bn ”{'■> „ „/• 1 / , 

b ' y hb- nrr 


construondani nototur osso 


ot cx nafciuu ellipsis 


f.\/hh--nff 

hh-ff 


Tf= 

' sin. AfF 


GT--^ 


ah 


bhVil-n' 


V{hi-ff) V{hh-fn 


nine si ex eentro ellipsis G in tangontein Tf demittaiur porpon 
ob ang. C^/VS = aiig. eiusquo aiiiiim cosinum 

or it 


TO - CTcos. CTS=- 


hhf{\~n) 


bincqno 




Sf= '//-TO- 


bhf~ uG~hbf-\- iihhf 


nf(hh-ff) 


V{!>U-ff){hh- nff) \/{hh -ff){bh - nff) 


= nf 


Portio igitnr tangontis fS inter pcrpendirAiliim CS ot punctuin 
contenta pracbobit clin'erentiam arcuum Af ot Bfj, ita at sit 


Arc. Af — Arc. Bfj Arc. A(j — Arc. Bf =* Sf 


COROLLAHIUM ] 

27. Maoc difl'oreutia arciuiui facilius ii)V(niivi potest, si in f a 
clucatur noi’nnilis /'<5; iirni oniin cx iiatiira ellipsis statira consta' 


ce=f-llf=nf. 

Quare cum GS ipsi ©/ sit parallola et auguliis BCS= CTS=^ 
ergo siuus = 

8f-= Ce sin. BCS = nf \/.]^-Grl( 

^ hb — nff 


COROLLARIUM 2 

28. Siniili mode ex pimcto (j definietur punctnm /’; si euim 
taiigens usque ad axom CA atquo ab intersectioue eins cum axo ii 
portio alberi semiaxi CB aeqiialis, haec pviicciac in rocta B'f 
ideoquo punctuui f nionstrabit. 


COHOliLAIUL’M 3 

29. Constnictio ovgo // ox rlalo pinido f ifa se Ijahohit: 

incUini /' (luciiiiir tiingoiis iixi VA prodiicto occuncns in T in oaqiio 
ficindiii.ur poiiio TV scininxi OH iioqualis, ol, vorta frW axi ('A i)aiT 
r ptiMclaidi V acAn i?t ollipsi puiicttiiii quaesituin // dodniot. ^i'um enii 
conlro o.llii)His (J in illjini taiigonUnn poq»en(liciiliini CS doniiitatnr, 

Ace;. A/ — Arc. 7?// Koo.I.ao Sf 

iicquo oiiain 

Arc. A/'— Jtecta /VS' --- Arc. fiij. 


COUOlilAIUUM 4 

30. CjiHiifl quo hitiji pinicl-a f c(, <} in iininn colliquosi 

ni arc.iis (inadnuttin Afli (Kig. 3) in piincto f ita secari iuhoafcur 
rbiuin Af (>1. Bf fliUfM-cMil.ia (iiil. gonincl.rico aa.signabiHs. Hiinc in fi 
natiir in Holnl.iono n f, unde fiO 


I 'T -«/•/' 


icqno 


'"Bih/'f- h* 


hh 


01. I -I- 1/(1 


, n ■\- h 
j-' 


are pro pimcl.o hoc f oa])i dolict abscissa 


{uu oh 


t parl.inin diUdriMiLin. 


{/ '''A :// /■ 

' bh,— nff h 


Af 


rr ”/V‘ 

- /,/■=- j ... 


uhb 
rt + ft’ 



JIG, cum nil aliil. in Af — Bf'=h — a, ita nt, aequalis ov 

rorontiiio snmiaxiiini. Undo pimcLo /'hoc mode dofinito, ni sit A = M/- 
t ctiam 

AC-]- Af= BC~h Bf 


i ducio radio df am!>o triliiiea AOf ot i/C'/’jiari perinietro includui 

l/KONiiAHoi Kui.inu Ui)oia omnia lao CommaiiUiUonos niialyticnc 28 


COHULliAlUUaM :) 


31. Quia supra babuiTuus 


erit pro pvacscnLi casu 


CT = 


ah 

ViJ'i'-fn 


CT=> V(aa -b iih) oh ff =■-= 


a'Vh ’ 


undo seqiions coiicinna piincti f con.striictio deducitur: Hisoctn 
in 0 intorvallo OC-j- 6' definiatnv in CA prodncta imi 

intevvallo Tf-=BC puiictmii /' in cllipsi designotur onbjuo f \ 
situin ofc recta Tf cius laiigons. 


PROBLEM A 3 


32. ProposUa scmicUipsi A7^a (Fig. d) in cvqnr. simln quocA 
dc.finin punr.twn q iftt, nl arcus pBq diffcrut a qnadranle elliptici 
Udc (jcmeh'icc (issignubiH. 


a 



SOLUTIO 

Positis ut liacteniiH soiniaxibus i 
ot ad abbroviaudum 
blcniabis priini promovoatnr i)nn 
usque erilque vi oins arciuini Ai 
rcnUa goomotrice assiguabiUn, 
Domissis ergo ad tangentoiu yl 
pcrpGudiculis pP ot qQ sinb AP^ 
abque ob f =h liabobinuis ox § 22 


hy{^hb — pp){bb - npp) 
bh - -npp 



hh — PP 
hb~ up p 


V{bh — qq) = 

bb— npp 


-bpVi ' - 
y{hh — npp) 


cuius quantitatis signum — indicat ulterioreni intersccbionoin P' 
pro pimcto q n.cciin oportoro, secus atque in problcinate prai 
igitur y Gxprimat siniim anguli, quem applicata Pp ci 


it q^ hHm.ApP. K<\ Qfi, si opus csl, prorluclam ox centro 0 diri 


ci:i OK soiniaxi Cli ~ --h noqualis, ut sit CK^b, orilque --'1^. 

.... 1 (JJ^' 


Sin. 


ncquc sin. Kx qno ptet ' roctan. 

rallclani hrv tangnnf.i in ihhicAq p. Q^uv iuncta Cp oaquo ut son 
L'U-o spoctiitii. orit CL oius soiiiidianw.Un- coiiiugatii , in qu;i, proindc 
ci.il, si Ciipiatur aK==C]i, porpomliciilinn KQ ad C'T? (to)))i.s.«mn in r 
finiol punctum 7. Quo invciito ol) 


il, arcuuni dinbronlia 


f=b ot q = h\/ 


hb- 


PV 


bh 


■npp 


Arc., yi li -- Arc. pq • 


«/>>7 

bb 


np 


hh — pp 

npp 


ybb- 
y bb- 


pp sin. Apr. 


ica.Iiir ad ollip.sin in p Monna-li.s p'')l: orit C^)l =- up at prodiicta 7)9? 
g. f;9;A''=;uig. ApL-, (putro c.iim liunc pN riitiira sit novmalis in dianio 
[liugalam Cfj, orit CN up Ap undo dcmisso ox ;) in CL 
luliciilo intorvalluni C'^V <io(pi:iI)itur diflbroatiao illorum arcuuni, ita 11 


Arc. /( It - Arc.;n/ » » (JN. 


COKOld.MtlUM 1 

ilM. (Jiini igitiir punci.iim p |»r() Iidiitu asHiiini possit, iiiHuiti arcu 
liilMU’i ])OHHUJit, <pii a qiiadnuiU! yl7/ dilVonmt quantitate gconietrice asa 
i. Qimi'O otiani hi iircuH inlor .so din’oroiit rpnintitatc gooniotrico assign 


C()IU)ld,AlUUM 2 

,‘M. I‘]x dato orgo pimcto p punctum 7 ita, dolinitiir: Ad ductain 
igal.iir Homiiliiiniolor coniugatsi CL in K producondii, ut fiat CK aeq 
niaxi CIt, si.d quoin ox K porpcndiculum doinittatnv KQ ollipsin sc 
7; orit 7 piinctuin ipiaosiUnn. Atquo dcmi.sso ox p in CL perpend 
^ orit A n~ pq^- CN. 


COJIOLLAKIUM 3 

35. Qiiotios porpondicnluin ^;yV 5, p. 220) intiu C et K cadit, { 
orit minor qimdranto yl77, contra autoin, si ad altoram paitom c 

28 * 


r JM i« 


(•oiiiii|;iil;i ('!■, ijnn |innliic(:i in /v', ill- :;il- f'h ('H, cl. i‘\ A ;i'l ('I 

|icr|ii'iiirM'iil<) h sci'Hiilc cllipMiii ill 7. iini;i liif )>cr]iciiiiu iiluiii ;i 

ii'l iilliMiiiii jiiiriciii ciHlil , I'l’ii iiri'io /'/ iircii A I! (’r 

'niKOliKMA DKMiiNSTlI.ANiMlM 

:tli. Si rllifi-A.-i .l/ih/i fi) iliifiin/iii iimii/iiniiir p \ fiifiil 

niiiKiii'' iliiiiihti liitDwhi umiut/tifil ///. iiiins :■( 

III (iiil (‘l\ fill) I i .‘iiuiiiij pihttifiii/i Cli aiijUtili^i, m! i/m in t< l\ 
pi I fii iiiliinlnin l\ (J illifnAni y.iniiis in if. him /////»•;/•- i inn f< 1 p . 

I.milnliii ni if. nf pnthinii .H '7 rf p Ihf lii jjii ni! m ml iiiximlmi n 

hiiihs iiinii II p 'f t rnl iftannhum niniiiipihim /,/ it>'i iiiiil/l>n> fi .\ if 
riilliuii (Vi- i'll i{/(/'rn nhiir iln iinfinihilui . iif ml 

twwntnf Kvi'.plhj ,\ r. 

IIKMUNS'l’KATIi) 

iliiiii ('ll c:il Mi'iiiiiliaiiM'tcr convi'iiicii'i iiciMiihinnc1 1 

11111*11 nicl iciic, i|n]i iniMcliiiii 7 <*.*‘i ilclinil mn . |):ili‘l [ht .‘U hue 

Aiv. .1 II \\r.p,f r, 

hcilitli', I|iiiii f 7. I* il I|iini|iic M'li 

ronii^'iilii cniivchicii-i '•cnii<lMMii*l 
5^ .'jri pulcl I'MMC 

A re. 17 .A rr. AH < ' 
Aihiiiiil ur hue liiiitc ;ii'i|Uiii iiiih' > 

• 4 

I'irf. fi. IhIjiI. 

An':. ;f7 hvr.pif (A\ \ Cr .Vr. 

COUdlJ.AlUDM 

• 17 . I'criiMh' ivhI,, nfii Hoiiiiitxi jivinripiili Hi'iniilinincliT Cl. 
tiiuKVc [iiiriio uciiualiH iluiiinnidd c.\ ciiis Icnninn ad 



I 


porpondiciilmu (lomiltarnr. ita lu (J L potiussct ahsciudi porti 
iK\ ininori Ca acquali.s; recta eniin (\k(j per k ad Ca novmalitiM’ 
idoiii punctuiii q prodidisHoi. 


SCHOLION 

38. Ell ergo doinoiiHtratirmrni complelaiii Mioorcinatis in Adis 
. propoHiti, (jiiac ita. ohI. compai'atji, iit millo nioilo ox vnlgaribns o 
•iol.ai.ibu?i dorivari pol.nisHot, nuqias oLiam Analysis iiilinitonnn in 
ii aUulorit, nisi hoc ipso luodo, quo hie sum usns, iu suhsidiuni vc 
irol’midis qnidoni spoculationilnis [11. Ooinil-i.s Kaonani liaiic qiuKp 
traUoiicni doducoro lic«'>rol; voniin indo vix via ])atoret ad pro 
111 propnsil.nin rosolvondam, in cniii.s ergo grai,iiini acqiicntia sunt 
iiida. 


EROHliEMA 4 

39. Amm dHpUv.um qticmAuuiui' Aq (h’ig. h) ad allcriim axeut princ 
tcrininalum Ha secure in /', lU parlhm Af el {'(} diffemdia sit (jeoi 
lahilis. 

SObETIO 

l\>.sil.is Hoiniaxibiis (!A ='* ft, CH = 
hrovil-aU.s gratia i'l vorticis j 

gonto y\.l) snmaul.nr abscissae ac ponaLi 
scissa l.oti arcui At) dale rospondons Al 
(piaosila a.n(.oni, qnao puiiel.o f rosponde; 
AP'-’^f. Cnni igitnr dillbrontia arcuum 
Df dolioat osao gooninlvico aasignabilia, qu 
uolur in probl. 1 auinondo ibi }) = f al poiioiido luido obi.inc 

formulas 

20biy(J>h-ff)[_bh~nff) 

f, <-'«/■« 

Vn I -/■/) - *’/■/■(''* - 

V[0h — iJ!/)= h<-nf‘ “■ i‘-HP 

V(hh n,u,) - (W -«/•/■) -»W(H-//) .... b(h>-‘2Hhhff+„n 


1// 


h. 




a II r Q n 
Pip. 0, 




\jt I Kill 


hijicquo 


y{ljh 


»/ y / v ) 


n ^{bh — (/(f) 




«f' /(y* 6 — ».(/(/)— li ^{bb — (!(j)~{l —n)h 

A' \^{hh — n(((/)~}i]/ibb-~f/ff)''{^ — h)^' 


quao SWmula reiluciiiiv ail 

(Ylbb — «(///) - n y(hh — c/f/) — (1 — n)by 

h* '2hb~{l +n)f}tj — 2 /(M; --p{/){lib — ntji/) 

undo liidico (juadiuta cxbiacOi fib 

nff y(bb - nijf/) ■ - » V(bh—yif} — (l --n)b _ {b - [/(/Wj - ////))(/' - 
bb ^{bh — wi/i/) -• V(bb — gg) (/!/ 


nx (^ua poiTo ('liciiniiH 


bb — i}ff il — VQfh — gg)) _{b— V{bh-~(i(i')){Y{bb—n(/i 
hb Y{hb — n(j(f)- V{hb-(j(j) (/(/ 

^ (1 ~'n){b — y{hh~n(j(i)) _ {b— \\bh — n (i(i'j){y\bb ■■ n 

bh ]\hb - nffff) — Vibh - (jg) iju 


i’uncUiin igU-iir qunositimi f ita (lelorniiuubiiur, lit Hit 

f = - y(i>b — (j.'j)) ('' — — «.v/y)) , 

V(lh - fl) = {h - V{t,b - {[/{bb - mi] -1- V{i 

V(bh~nfr)=='’^ V{b~y{bb-!iy))iyii‘i'-!w) + 


icto f ita dotonninato ob p ^ f ot (j «« (/ pai 



COROIJAUIUM 1 


40. CaHiiin iiniius problonjsitia him solvinuis § 30, quo nrruiH secau 
toli (iiuulninii AJi fiysuniil.nr aoqiuilis. Si enim ponanius repp 

ui ibi 

\/^ -V(^- ») _ - a) bYh 

' ji ’ hh ■ - aa y(a -t- /') 

niH'imu clillbioiil.ui prodil. h ~ hY(\. — u) -= h a. 

OOJtOLLAIUUA! 2 

‘11. Si iirunH ilnl.i A/) ali.or i.oriiiimis in supcriori qiiadranto existat e 
(Mil iibH(‘iyniL A (I =--^ ff oaodem han fonmilao valent, nisi r 

)]■ nuliciilis imgntivo c:i|)i ileboat radicali \\ljh — ntjg} 

Into. 

CUU 01 .LAUiUM :i 

‘\± lln Hi pi-opoiiiitur totn Homiporipliona, (nit ry 0 ot l^{bh — (jg) = 
lo pro Iiod ciiHO obtinobitiir 

\ Vn(h-V{hh n !)!)))--=}). 

!/ 

licot iirciiH Af iibibit in t|UiulranU>n) ollipsiB. Sin anteni Integra 
[■iphoriii prnpommibiir, turn oshoI ol- (y = 0 ct — fy.g) = + /» Hicque ■ 
linn /' pvotlirot ovanostionB, at> pvo V(0h — (f) cupi duberot h. 


PROBliEMA 5 

43. l*n>imilo in cUipsi arcu Ag altcro tcrmlm A in tiae - 

lo assifiHdrc. araim v<J, scHi/ssfS ftrcMS daii Afj. 

SOl.Ul'IO 

Abuionl.ilnm supcrioribus donommiiUonibns sinfc abscissae pimctis > 
m.ondonlos AJ>^p «t AJ^ = '/ ^tUiuo ox pimcto p, quasi ossefe d 
laoratur v, ut diiVoi'onUa arcuum A/' ol pg iiat geometvico assiguabilis 
lim (pioquo diirorontia arcuum fy el py goouiotnce ass.guan poteii 


qiiidom socunilwii! problenm praoccMlens arcus datns At 
itii soctus est ill /*, ut pn.rtiuin Af of. f)i dilJbmifia sit 
llunc ergo in tlnem ossc debet 


_ biipy\ljh—ff){}i() — Hff) -j-hhfYihh —pp){ 

T'-nfhv 


sen 


t) -- — ff) - '2hbpg \\hh - ff)(bb — h 

farifo crit 


ideoquo 


Arc. Af~ Arc. jjy = 


2 kir,.Af — 2 krc.pq = 


Al, cx in’obleiiisitc praecedcnto haboinus 


Arc. yl/'- Arc. f<j 


qua acquatione ab ilia subtmcia reliiiquituv 


Arc. Ay - 2 Arc. pq ™ -[‘’'t - ’‘[j' 


Qnao dilfoventia cum in uilnlinn abiro doboat, luibobii 

2'nfp(j = 7iff(i ot 2pq^r..-~ f(j. 
t’i'o ptj substituaUir iste vnior [<} ot obtinehinius 

-f q(j) = bUT-V hhj)) \\bb - ff)[bb — nf 

existoiitc 


_nbfV{hh~ff){b±~nff) 
■ b'-nP 


vol potius pro f introclucutur valor ante iiivontiis 


uncle fit 




V{bh- -naHV^ -mm)) y _ yn 

f/ffVn ^ ^ 


) iunlKio abscissae p et 7 ex Imn aeqnatiimo diiplicata dofiiiiri 


isLa irriiti()iiiilii.al(! ob 

hh/H \/(hh nfC) ‘ r///(A' -- Ilf') 


l/(/'7'/' !- /'V7-I- 

2 1 «/'’//// 

v-Vu= ■ ■ 

bb 

Vib'ff- />7/V-!- 


‘r-p- 

hh 


iH' alisr.issii p cl. 7 soorsim lacLli* asHifrnal.ni*. 

(JOROlibAUKJM I 

(|iun)iil;il(Mn sulisidiariam /' pc.nil.uH c.liniim'miis, porv'cniiMiiiis a.d 
)niiii)as 

PV -\- <{U - 

ith -| ■ d/; \\hh ■■ ■ tfij) -|- d/j \^[hh — Jti/tj) -1- ■ - (Jifilih — , 

'• 2 pi/ - - y (li — — (jfi)) {h — \\hh - ■ H!i!i)). 

yn 

{XMtOLI-AIUUM 2 

arcus |)ro|)osif-us Afj si(, soini|MM‘ipIu!riao at*(|iialiB ideuqao 

= 0 (!t ^{hh — - ct V{iih — jiijf/') = h - , 

c casu 

2)p ~\- (jf/ - ■ hh el, 2p7 /if/ = 0 

= 0 oi/ (j^b. Arcus scilicet /;7 a!)iljil in quiuli'iiuLcin AB, ul 
postiulai. 


I'lut.Kiii O(ioi'a (jHiiiiii I'ju (Jniuniuiiliaioiit'K iinnlyiicno 


PROBLEMA SOLVENDUM 


4G. J/i quadraute ell/plico A li (Fig. 7) anum assiffnayc jxj, 
snnissis ((rat'} quadraulis AJi. 


SOLUTK) 


PoiiantiiL* ellipsis semiaxes CA=(i, Cli^b siiqiio l)r( 
Turn aO A dneatnr tangons in canique ex punc 
et q dcmissii (a»ncipiaiitnr porpoi 
qQ voceiituvqiio A1‘ = p ot / 
inanifostum ost hoc problenni ghh 
cedeiitis, quo piincluni q in Jl i 
ut hoc sit (f = h. Quo valon^ iin' 
§ 44 praobcbiniL 





et. 


At ob 



bb'—aa . , 

11 “ 

“ ,, esi. 1 

undo Hot 



PI} + qq 

liincfpio 



q-\-p=^ 


(n/.A -h 1 

2p,j ^ bhY ^ “ 

esi. ni h)= " ct, 

^ ' 0 n h 

et 2pfi 




|/(a -h h) 


n~v= ^ 

j i 2 K ■■ aJ^h 
ideoque ipsae ab.scissae crunl 


4i^=r ^ 7/]/ + •! 2')^ 1 , I / T)!/ -p .‘J« — ■! pii 

4^ « + 6 -1^1 a-\-b 

I i/ -\-hi 1 j i/ - -i Vh I 

a + 6 4 ^ a 0 

'■■'letricc per circinum el. regulam consti’ui 
0 adaeqiiata problematis in Actis Friid. 


(’OIlOiiLAUlUM I 


47. Si (listanliac* hinoniiri punctoniin p ct. q a ccntro ellipsis deyi 
luitol.nr posilii AV = i) fore Op = \/(fia '\r njip) atquo liinc colligitu 

I- Uhh -|-(rt — //) '\- l idh -[- ^hb)) 

'2 |/‘J 

^ 'JiliiJ-rtH-: (h -d)l/(i)ad -rl-lic/j-l 

^ 2 |/2 


OOliOIJ.ARIUM 2 


48. Ainbiio alisci-ssiK^ p <4. q ef.iani hoc luodo iid coiiaLniciioiioin lb 
us oxpriiui possunL, ut .sili 


-I- M 

2 |/ 2 (((-|-&) 
lll/t-p |/(9oa -M-l 

^ 2|/2(rt-i-/b 


OOUOMjAUIUjM 3 

49. Si ad piiiic.l.a p (4- q iaiigcntos ducantiir ad oeciirsuiu axit^ 
jiiitiuh) lianim tuiigonMum conuiiodo oxprimii.ur. .Ucptaaeliir oiihu 

jpr= ^ . 

))UU(:l,o auLoin q (M'it cadoui tjuigcns 

|/(l^rtrt -I 1-1 ah \- :J (t + b 

^ 1 

a)U01.r.AHlUM 4 

7)0. (joiicipiaUir t.aiigoiis Tp (l*’ig. 8, p, 228) ad altuniin usque nxoi 
Uiuiata ol; conciii'HiiH liUoni (•) iiotari eritquo peiaiiiitiitis litoris a (4 

/(Dart -I- \J ah -\- \ih b) -p a ~\-Jb 




(■)p ■- 

)quo Op — Tp a -(- h. 


4 



COKOLTiARlUM 5 


■j 1. Soliitio igltur Imius prublcniatis ad lianc 
iricatn rcducitur: 

hi ijuadrante elfiplico J I! Hj (Ian ciusnindi 
nl (id cu thiclis UnujcuUhns TpO, tqd, (juikuI ii.rihus 

idroiiiir. 

(h> - 

r.t 

hi - 

sc/i ut dijlvrv 
(fcnlis acijuii 
principidudn. 

Hoc })rc 
p eL <1 siimil i 
’mUu-co])l.us 
AB rationoi 

SCHOUON 

rj2. Demonstnito jhjhc thoorcnial.o soUil.o(]iio ) 
Erud. Lips. oxUmt proposita, aniucjiuun liiiic iiiv 
pi'ol)lonia adbue innlto diflicilius poHmciabo, quo 
iuboUir, qui totius pcvimotrl tdlipsous sit ti-ioas. 
arcus assignatur, qui totius perimetri sit somissis 
l)lniuatis pmeccdentift ctiam octans, lauid paruiii n 
quo trions postiilatur, cuius soUitio, etlauisi ob su 
do soinissi eb (puidranto Gxpeditur, ]ioa adtnoduii 
ad invesfcigatioucs pcrqiuun prulixas et oporosas dcdiu 



PROBLEMA 7 

r)3. Datum cUiprsis urcnm Alt (Fig. 6, p. 221) i 
in A femmatum ifa secure in diiohiis pn'^clis f ei 
cl (jh binae quaeris (pumlHatc (}mndrke usmjiudnli ( 


SOI.UTIO 


pmici-is f, fi, h !h 1 m^tani Al), qiuio ('llipsin in A domiHft 

icnlis V()routiu- abscissiin AF^f, A(f=-. (f oi. AIf=/i, qiuLi-um luu 
(lal iir, illiis vovo diuis /' (jI. // dof-orminari opoiiok (!inn aiilcni iircuu 
)j diUcia'iititi g(U)m(‘iri(;n dobcai-, nW. vs pnu'codinii.ibus 


'2hhf\\hb- ffHhh-vfn 
F Hp 




ffffif 

hh 


(|iii!i arcuiiin A/' (jL (jh diObroiiiia <b‘lK'i ossa {:,^i’()ni(^Lrica, oril- par fn 
iip(‘ri()n's 

__ hhh \/{hh- ff]{Uh - „ff) - hhfX'ibh ~h},)[hh- nhi,) 

F nffhh 


Af-uh- 


nfijlt 

hh 


il.iir ({ 110 ( 1(10 l.ocl.ia di/lbitutUa cril. 


fn — !f^> 



n- 


iani aiubo bi valoci's ipsius // iiilnr so luMjnoiilnr, obl:imd)iLur JU'qunt 
ol. li, ])or qiiani proptorea aliscissa f doloriiiinabibiir, (pia. iiwoii 
bscififla u iniioloHifit. 


(JOIiOliLAIt-lUiM I 

AoipiaUs iiul.oni diiobiis vsdoribuH ipsiiis // oniotur 

(/p/; - nrh — U'fA- 2j//‘-V/A) \Hhh — ff){hh - ■ nff) 

= - uf-') \\bh - - hh){hh — }ihh), 

urd.is iiL}’i?i({no /{iiadnilis ad diiodooiimnn gradun) asrondif.. 

COIKlIA-ARlUiVl 2 

Si sit h = b soil arcus Ah in B toriniiiotur, habcliit.iir ista aoquiU 
ula 

-- uhp — 2 A7‘H- 2nhbr = 0 sen h/** — 2nbr A' 2Ff— - 0. 


PROBLEMA 8 


TjG. In diqm arcnm pq (Fig. 9) ussi/fuare, (lui sH Icrdti pars 
mctri ellipsis. 


SOLUTIO 

Positis f^emi.'ixiljufi ('J=a, i'B = h ot brovibitis nrgo « = 
rliiUii’ piiiuo tolii po.riphcria ellipsis ita in pnnoUs f oi //, ut part 



fuq, f/jiyl fliflovonhao suit goon 
signahiles. St?i1-uiintiu- his puiK 
ahacissHO responclcntes yl7''=/‘et. 
quatomis liacc in plagam oppoa 
Probloina igit.iir priLOccdons lul h 
uccominodabiUir, si olt punctin 
incidens [) 0 ]iat.ui- 7 m— 0 cL ^(bh — 
quo facto liabobiinus 

3/./vyC6^-/7;)(7^^^^ et 


sicqiio orit -I (? = /•’«=/’ ob turnac partes ellipsis ita rlilforent, nl 

ct AJJf-Ali!l = 0. 

Gum auLom sit crib 


%l>fV{bh - ff)(hh - uff) = {h' - nr)f, 

undo (piadratis sumtis elidtm- 


nur-^nh^P + 4(h = 0. 

Ad hanc accpiationeni rcsolveiulaiu fingantiir oius fact.oros 

(«r -p pff+ Q){nr - irry r) = o 

osseqiie oportet 

- 6 nh^ = n{Q-^n)^ FV, 4 {n + 1) 7/ = l>{li ~ Q ) , - 37;" = 


ox qiiibus fib 


» ’ 


‘\{n -I- l)b^ 

p---: 


) ipsfinnn (J (!i J{ m pOHLrcmsi aoquav.ioiio siibst.il.nr.a pv!icl)cnt 
]>''—nnb' P' + 4S;nj6"/*- = UurnUi -|- 1)'//% 

0 ovp?)il, life 5in))li-N.ho7Klo uhniif/iio cnbii.s roliiKjuat.ur, cuitrs 

-Xu (ioL 


hfh' ■■= 2 // — uf i'l P= hb (/(-h/ 4 - h}inn Ilf). 

Huhsl.itni.o ropoi’iolnr 

/,' I- 2 M(m- h)“) 

0 - '■^b' l/( \ }}» - ■'2)1 —->2')- -i- n' I i — ))')'} 

~ n 


ipHu. rPHoliilio snp))p.tlitul‘. 

,.,._^-r±\/{Pr -uiQ) , .... -\-p±f{PP 

'' 2n ‘‘ 2j? 

utis vu.l()ril)UH invnuiiH obUnnbil.ur 



'f \/(A,i — K(Ku — --- ")“) 

-h 'I V0\un ‘—'2)1 nf -\- -- w)'), 

^ r= -I- )/ (4 j/ -1- 2 l^2>(n{1 ■— nf) -l^ — 2 (1 — 

— 4 Vi^lnn — 2« 1^2j/»( 1 — ;/y + 1^4«''(1 — nf}\ 

in qiiulornis valorihus alii locum liaborc ncqnouni., nisi qiu /*/’ 
DHiliiviim ol ininufl qiiain hh. 

I iutn valovo idoiioo ino /’ pro piinctis quuositXs 2> (/ ponaniuv 

/> = j; ol; jlQ = (j ac slatiiaUii' 

O^pp -f q(J - //') — 2hbpq f{hh — /7’){/Wj — h//') — vffppqq 


Af-Pq-- 


nf-pq 

'bb 


^Af— ^pq == 


3 nf pq 
bb 


1 habel)amus 


,, np 


Af-r tuArOA — ^P^l — ' hh 
ut uvcus pq pawcise sit tricns totius pcriplici-iso, 
•iptj = — /■/■ SOU pq = — /'/'- 


iionoBse ost 


»m<k‘ fit 


PP + VI = /'/ - ^{1 


J/ /■*■’ 
0 />' 


Inncquc porro 


^/7 


-\- p}i = fl + .J // 


-/•/')(/-/' -»//M 




I'’iet ergo 


fj ]‘\itAA + h/'‘ - (i/W^ \-{bh - - «/■/)), 

,/_!_»= ^ - \\ 3 /v' -I- nr 0/>/^ ■ ff) - » ffi) ■ 

Q,uia vedangulumi)7--{/7‘est nogativuin, piiUil.binarum ilI.hci 
ot q altfivam essu pusitivaiii, jilloram iiogaLivani. tbiin luikin sir 
HcisHis biiui cm'vao puDCt-a rcspondoaut, iiU’iini convoiiiiLi., ox 
y{hh-pp) Ob V(l>l>-qq), sive sint jmsibivi sivo iiogaLivi, dignoHcibm 
iiiitein signa ita cotupamla cshc opoHoi-, ut HaUsliat luiio foniinlao 


1 //,, N h^Y(bh-ff)0>b-pP)- hfpy[hh^nff'){hh »PP) 

Y(bb-.qq) = - - b^^nflpp 


Oj\H\}H n - I 

hi. Pi’ao cotoi'is liic casus h = -I, scu hh = ''Mia ust iiotalu dig 
hoc solo radicalo cubiciini ratioualo ovadit. lirit scilicet 


unde 

idooqiie 


y^nn[\~nf= * ct ■-=^- hbY'd] 

[{ + Q = 0 efc n~ Q - W /3 
= ct. = 


/■/■„, -^J<± K(/7>-2(i^) ol, /■/■= + 7'j. |/(/'7'.-, 2«), 
11 “ - K:! ± |/{;i + 2 l^:i: ,.i, = + |/;i ^ )/p „ 9 i/;!,. 


'(iKi qiiuLiior \'Mloriuii )tini post<!noix'j> sunt iniiiginarii, prinnnu voro i 
itiviiH l(jciiin li!Ll)ct, il.a ui sit 

/'/■= hi, t - )■'■-! -I- -I- 2 1 /;))) , 

L hiiic, l.linii \H)VV 0 pimctiiiii /'supni axeni clti|)Kls C 7 ? oxistat, 

|/(/,/j - /•/■) ^ _ fc [/(l I- 1/3 _ )/,;;! .|. 2 |/ni) 

(/(iA -- „//) |/(2 H- K-) !''(;! -f 2 Kffi), 

n 

__ ff](iih „/■/■) j/(s -j- 5 |/;i - (:i + 2 /a) l/{:i -h 2 Ka)) 
ff){hh - «/■/) - - ‘ 1,1, (|/(!i -I- fi 1/;!) - 2 - |/a). 

1 mine, sil. 

ff,.hh{VcA -i-2K;i)- i/.'i), 

2 /;f/- - j; /,/,(!/{;! -I- 21 ^;!)- Ka) 


W' -I- '/'/-= -I- >/(•!) + 11 Ka)), 

piihns ni, 

(7 -I- 7')” = 1 hh (-h :m l''a - 1/(3 -I- 2 1/3) - J |/(0 + G Ka)) , 
('/ • pT ’■■ ■• 1 hi, (-1- a - /a -I- |/(a -f 2 Ka) _ 1 \/(s -1- g Ka)) 

adicibus cxtracLis 

7 -I- P=lh ]/ (a + |/3)(G - 2 |/(a H- 2 /3)) , 
(j-P=l ?/|/(3 -- i/ajfo + 2 1/(3 + 2yai). 

•;oNiiAiiin Kur.Kiii Opom omnia 1 20 Commcntationcs flnnlyticuo HO 


IT 

{),m)\iVM)hh, 

/ 

\^{hh IT) 


\\hh lilf) 

^>P<i 

ojimrsihh. 

(7 1 /'I'"' 

i>}> 1 77 


i'l /')■' 

7 1 /' 


P 

p 7 

i.LMIir.YI'j/;, 

7 


<jii(is vnhin’M I'ni p I'l. 7 lij'iini |ini|irinniliiin ij'lrrl; 

Vihh pp) nl. \\itlt 77) 

involYrul(\ p inlVa ■.\\v\\\ fill. 

(Mini ciipi 


C(JN ST T) 1 •:R.A T 1 0 FORMULA RUAT 
QUARUM TATEOJ IIA^l’IO PER ARCUS 
SI'X 7 .WONUM CONIOAIlUiM ABSOLYl POTIiSI' 


(!oinmonlal.io 27‘J itidiois T)NKsi-non.MiANi 

Novi eomim'iiliiril nciulciniftn scioiitiamm Potropolilaiiaft « (17IT0/1), 1703, p. 129 Mi 

Smimmitnu ilmlein p. 21- 23 


SiniMAlUUiM 

(Jiumdo iutc^'i'uiioiios pcrlicoro non licet, valorcs iritcgi’aliiun per (ji 

H linoiinun onwanim vulgo cxIilboH solenl., dnm scilicet linen cnrvii iissigimtiir, 
outidcm viildnnn oxpvimiit vcl sallciu ciiisinodi qiumtitalein, ox qua is dfitoniiiiniri | 
r liuinsniodi (lUUiitituU’H, quae, dum limilcs AlgobiAO coiniiiunis cpiasi tnniscoi 
}isC(ndcHl(}s nppcllnntnv, fioqucnitiRsiino ocenrrnnt, quae a qimdnit\ira circtili o.t liypoi 
lent, quorsum onnios fonniilas inUgmlcs nnllam ivrntiouiililntcin involvcntes rcdiici 
itat, iiUpio liat! biniio i.ninRccndodimn species lam ita nsn in Analyaiu sunt rccapti 
)c.moduni instar algtiln-aioanun tracleiitur. (iuuo nijiiiruin a qnadratvira circuli ]ici 
mine quidoiu pci- calculinn angulonnn felicissimo expcdiunlnr, qiieniadmodum oao, 
nndral ni'a liyporiiolao pendent, logarilhinis comjn-oliondi snlent, quonun calculus 
intiT ('lenienln rofeiiiir. Qnodsi voro qundratiiris jnngis cojuplicntis opus est, ovi 
lo inainrihus difficullaUbus cst obnoxia. Etsi eiiim descriptio linoarum curvarum 
lur, tamon in pvaxi niinis cst inolestiiin aieas iis inclusas satis exacto dimetiri. ' 
lausain iam pn’doin gcornetrae in lioc claboraverunt, nfc loco qaadratiiraruni potius 
.ionoH curvarum in Iniiic usinn Iraduccreiit; quia, statim ac linea cnrvii accurabo 
ripta, longitiulincm cuiusquo arcus sino ullo aiiparatn opc lili dimetiri licet, ii 
)Uo olim Uhumannus') iinmortalcm gloriam est assecutus, dum problcina ab alii 

1) Tacj. IIkkmann, jS'obdm propria tluorum problomtwn f/eomclricoriim in Ac.tis I'/V»rfj7. 
'.V. Au//. a i'C Acta oriid. 1723, p. 171. A. K. 


80 * 
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CONOLUSIO 


moiistratis manifestiim est hanc forniulam 
(hi -h >i 3) 1/ + «St yy) _ 

J ]/(.iy-h293i/« + (i!^^+2% + ®) 

arcus soct-ioniiin coni<mvnm constnii posse. Cum igitur douo- 
oper ill duos factoros trinouiinlcs rcalos rosolvi possit, haec formula 
potest 

/(«'/'/ + 2/J(/ -i- y){dyy + 

cadom datur constructio. Porro augoudo vel diminuendo y quanbi- 
it.o foniiLila nostiu etiarn ita repmeseiitan potest 

r -I- A7/y) 

]/{Ai/ -1- Ctjij -1- 2 Dy + A') 

n fore omnos casus, quos quidoin per rccUncationoni sectionum coni- 
rraro licet, continovi vidontuv. Sod in medium ad'eranius adhuc 
ibiononi. 


PROHLKMA 4 

jure conditioncs, sub <juibus inlcyradonm hums formulae 


c 

J Yiflli/ q- 2 -p ^yy -P -p S) 


pliciorem 


:cai. 


/ 


dx{Y_-\- Qx-^lxx) 
]/(2Rt‘'-pCV+2yjj;) 

SOLUTIO 


Lur inter variabiles x et y talis rclatio 

I ~p 2xy{(^x -p yy) H~ <^xx q- eijy -p 2'Cxy -p 2^p^ + 20y + z = 0 
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ot. 


in ost, nfc in fonnuLT. propoRihi sit. 9(0 = 1:^3 rlt, iiO({iio ergo haoc 
JH cusuH suppoditat. At posito = zi' (oniiula Lranslbvinaba ubit 

_2 f 

J Y(2Tiz'^ '2 D)* 

0 saopo facilius anor.odit ([uani prnoccdons. 
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Al) l{,i'X]TII''l(;y\TI()NKM I'lLMl'SIS A(! in' 


inilii-is I'Intmi ikhimi \ni 

^^)vi roiiiitiiwifurii !:riiiiii iiirinn l'<'lri)|iii|iliitiiiit lU (I '/iIl), 1 ' 

Siiiiiiiuiriiiiu iliiilt'iii p. It 'J 


SUMMAWIllM 


(juu(! i|iiuiililiili'K iniini'iiN iia*(|ni' iiili'/cri.H im‘||Iii' ri'iii'li!i iii'ipic I’liiii 
I'xliilici'i pDsstiiil., lninKri‘n<l<'Ml«'N voa'iiii hdIimiI, i|iiiinMii ('tp,n vji 
prosinii' jii'r iiKiiit'iiiH cxiuiiiH-n* lirri. hioi uiiIhim liiiiiisniuili <(iiiiiilihi 
nliiuiiKi ritUn (i1) iii(iiiitit<liiii‘iii, I'lui f\«-ltiili‘ii' viilrlur, ii |ili'iiiii|iii' 

Kpiriivllir; i<l (pind rxi'illplo tlitliriHiiilo pi'iipIlrl'ilK' cil’l-llli, l-liillit iliiuili'l 
(tviilitiiicr (li'i'liiriiri pdlcKl. NmIImmi I'luni 4'.nI iluliiinii, i[iiin t|iiiuililii 
vulni'i‘]ii liiilii'iil. aiiiiiiiio ili-lrniiiimliiin, i{iir))i iidn) priiiiii iiiliiilii i-iiii.Mti 
d (‘(iiiliiicri. Vi'i'iiiii iiilm Iioh liniilrH niiiKlihii piii.siin 

dniiDiiiiiiiildniiii diKi*t’i'|iiiMlrH, rniiiiiiiiodi HiotplirinirH Hiiiil 


HI. 




ai, WU V„ n. :r,i. m, .u. 


cl. ^iMu'iidini ill Imc. Inniiu caimpri'lit'iHhiiilm ; iild rum liiiii p 

Diniu'K pliiiii; iMiincrtm HiiliNliliii lircul, iiiillii {miicii Iniiiifiiinidi Idriniil 
(|iiiiiililiilciii |)nic1iid, M‘<l (|uuiTinic{un iissiiiniiiui', Hcinpcr ii vcrilidn n- 
conliiiiKi minor i’(!ddi poHHil. Driiidc (piiiiililiUi'.H hiiidiiN inhodiM 

]ii(‘roniiii iiiliii limilcK a id. -I coidcMloniiii ullcriuH in inliiiilmn 
III) iifi, ipii ill ronmila I* I'lmlini'nl iir, dim ii'piiiit, ininic. Iiuncn cli 
jiciiliir, (pii 1 ‘iiriili pcriplirriani I'xiiiln iliinidiiiLtn'; ipiiimidircm ciiis (| 
IninHcciidciilc liivlicliir. Qnod iilriii iniillo iiiaj'-iH iln oiiiiiilMiH l•il■|•llli 
premium, ihi iil, <pni-tiit(|m< (•iipiidur KiiiUK in ciiciilo, um-uh ipni n'>i)i(iiidc 


sicqiK* solus clie.ulus inlinitfmi qimutitaliun lra!isf;on{ii!utiiiin niultiludinum 
li* vcro I’tiam logaiitlitiii ud clsisseiii uumcroruni Lniust-.i'inleiitium simt 

I al> illis, qni ex' litculo jiasciiutiir, jiroisns siuit ilivi'i’sj. luiii nemo non 
[Vacitionef? ct quaiititali’S traii 8 C«ni<l»'ni«s ox ciriailo I't logaritliinis oiiao irt 
r, linn inter liiiioK qnosvis nmnuros innlUtiuliiioni iiujiierorum moiHormu 
itiiensuiii iiiigeri; ex (|Uo inaxioio inirnni viilebilnr lu; lioe (inidein iinxlo 
Ds initneros Inlcg-ros Ua tiiuuoris iiKnliis exj>li'i-i, iit iis iinines jilam; qiiani.i- 

II ti’rminos coiitinitae expriini quoaiil. Qnin polios praol.erea ininiinora- 

tiim traiisccmloiitinm gentira, linn inter «(• quani ah illis ex (areiilo cl loga- 
inie (lisenqiaiitia, agiiosci ojiorlol; inter quae iioiissimoni onlaii iiieicnt.ur 
licatioiU! idlipsiiini eh liyperljolarorn orighieiii tiucuiil-, propLetaai ipioil han 
uin siini notissiinau ch ihcillinur ilcKerihontor. QuonioiloeioKpie aiitein tain 
lYpe.rhola aveos veseiiulauior, eovoiiv qvvaulilns uoo solino uulUs t’onuoUs 
'iiiii, seal etiaiii niillo iiiodo iiequo ml arcus circnlan's iiccjiic ad lognrilliioos 
quin otiam singuli arcus tam elliptici quaiii liyjicrlinliei |)cciiliares qiiaoU- 
js cxhilanil, quoniam no Iidor sc qnicleni nisi puiicissimls cnsilnis excoptis 
. Ad iiinniiierabilia idia anlem qiumlitatimi l•r»lnscoudcnl^lnn genera calenlus 
, diim onniiliiis formulis iiitegralihns, qnariim iiiiegTalio algchvaiee exju'' 
c quaiitiliiles transcciideales deKignunlnr, in (|unrujii imtura evolvoida iii- 
is nimlyHlaniiu nuixiinc. cornitur. Cimi igitur mine qindeiii sit cuinpertnni 
i'oriniilas iiiLegrales si V fuoril rnnelio rnlioniilis i[isius ic, Kcinper 

L nrcuH eiroulitivs cxpriiiii posse, nisi Idrtc algehraicnin inlogriiliniieiii ad- 
inhcgniudi pro iis eiisihus, quihns K est i’niudio irraUimadis ipsius x iidliuc 
iranluv, nlii quidein id inipriniis es.sel oplaiidinn , ut cue tunnnluo, quilins 
rralioiialis, arciiniHiis cvolvereiitor, qimrum inlegraUo jiei* arcus sivo ellip- 
nlicos expediri (pieal, Al.cpie in Imc luvestlguliono Auedor istiiis disscrla- 
sh uec.npntiis siinimuniqiio stiutiinn contuUt ml Imoc t'oriunlaio iiilegralcm 
plleatidani alf|ue adeo ad nretis sivc cllipl-icrus sive hyperliolicos icduceiuhLiu; 
iiilln (lil'lie.ilius nslj qaaiii initio videaUir. (hxuil iniiin qnaiH ilulinri coii- 
eli k aline. fueriiiL vcl positiviic vel negadivue, casus oriimtur lurhira siui 
diserepanles. I’limo enim ro.laiio inter has qnailuor qumititatcH ita potcsi. 
ut Idnnnla intcgralis arcuiii qnemhun sive cilipticiiia wive hyperliolicuni 
lai. Deinde lieri potest, ut iutegrale hiiiiu eoiistcl parlihuB, altera alge- 
nini sive elliptie.uni sive liyporbolicmn oxjmnieute. l*iaut<{reii vero (diauii 
casus, (piihns iiitegrale iinutro nioilo exlailaori potost, sett praeter partem 

arcus, nllcrmu clliplic.um, alteriim liypoi'holicuiu reqnirit. Jn trae.ladiojic 
dxV ob istaiii varietiitoiu Auctor coaclus est duodecim casus enn- 
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liluli'S lilh'lis j\ If, h, /. «lrsi|jiirnl iir, infi‘)',i iilr cninr- f-n r1ii|isiuiM rl 

iiciil i(ini‘ iissi(>iiui'<'. Stu‘|iriiiiiiif|n iiiih-iii |)i>lr!<l, nl IdmiuiIim' iiii>' 

iMiiMpliiMliU' suIvKlitiilioiHiin itlniii-nruni ii<l liilitu l(iiiiiiiin iM iilnci <[ 

oililljiiilK I'nsihilH ilili'j>riilin r\|ic(iil:i i'hI fi‘liNrlnlii; i s ()il'i Imn' iiurslij'u 
Imuil li'Vi’ itK'i'i'ini'iil'iiin iilliilissr <'n{- iicHiidiiiiMlii. 


fiiMiiiim mini , «|U5U‘ jiciil iHi.’inii ( umuhi'I l iic 

i)'A hK.Miii'.jn' ‘j ri'iliiriioiii^ ronniihii'iiiii :iil riM-lilii 

(!|, 1 1 v}H‘]'1i()l!i(' siini. ronunmlaii, <'inii in nun sdliini Ins 
SjU'cl.i^l.iir, si^d ('tiani liaml <'xi'*,iia spra iiiriilinsil. Ills ri’i'I.Iliciil it 
:u'(|iin ('(uninoilc 2 ni(iH<‘ ari'iis cii’i'uliiri's ni iii;',iii 

siituMK sniili. NiilUnn iMiini cal diilniiin. i|iiin liius- invcsii 
(l(■nllll‘l.^is lam ft'lisi aiiri-cMrai siisri'pla lalirisdnii' jialcal alijiir i 
a.Hi|iiaml(i sll. allalaira; i|uaiiivia (•iiiiu iam |iluriiiHiiii in Inn' t 
Hlilum, iiiinlnK' himon lol.inii iirp,iinii-nl inn <|iiiiMi i'\}ian:i[ inn 
\am |M>Mlj|ijain inn^o ilivniaa umh.-; nu (ii'j'vmii, nl Ian 

I lypi'i'linla. divcranM aims dnlinin* )iul imriin , (|nari]tn diHi'i i’ii 
aMsi^iian! HcimI, d(' (|iio tiiiidmu landnii viri diiliil assc vldmihi 
acri'Hsiu in (rai'lalionc (niiiiM iii'(nnn<'n{'i nximrlari ]iiil(n'i(. Ini| 
idnnciiH Mi^ninidi niiMliis <l(‘sidnrari vididiir, imiim n|ii' arm: 
rnminndn in caliulo (!\|n'inii t|iM*:ini-, sir iani Inj'iiril Inni cl. ar 
liiHi^nn Aiia]|si'(m inrn'iiMniliiiu pnr idonnii alpnii in ralmliini 
Talia. Nif'ini. iinvnni ([iiaiMlaiii ralmli spiTinm :iii|)|M‘<lilalinnl . 
[n’iniJi. (‘Icnmnla n.vpmirn* conslilaii. 

I}ii('niadiiindiiii) aulmii ninnns arms rirciilarcM ml cirmlii 
uidlul'i at'ijiDilis sl:ii-iMiiir. ri'lrrri Midnnl, lla cl iam pro nnn 
(•.nmV.is, ipias in i.alcnhiiii itMtipcrc v<dnmits, niciisiirain ipiand: 
('Xl)rimcndiun assnmi r-niivciiMd., (puic iul nmm's npiM-ics ai’ipic 
Hplruum aiil.iMii cs(. latnit nn'iuuirani ii\i l.niiisvcrsn (rilmi no 
in pai'alinla ncccssario iiiliiiii.ns, in liypcrlsdis aiiimn nc| 
(.(ms(’(|iiai,iir; acipm p;iriiiii jixia I'oniujial us ad line, insliiiilnin cm 
qnippn <(iii in paralmlit {|nij(|nc fij. infiniliiH cl, in I13 pn luili 

1) M,\(M,Ai:mN, A Trniii$i' tif fliuitnis. I'liiitilmr^'li 1 V L!, Vnl, p ( 

'2) iiiiiiiiii ( p. A. (\. 


jigiiiarium atlipi.scitii]’. llolinquit-ur igifciir i)anu))etDr, cni rjnojn 
tiio valor fixus Lril)ni quoai., nihil plane obstalj; ot. (juoniain pr 
vanielcr ahit in (liain(‘triun luiiusquo soniissia iiniiuto c^])rilni so 
inter in .seqiicnf-ibns pnraincl.riJin binai*io indicabo, ul cin.s .soniissi 
priniatur. 


HYPOTHESIS 1 

1. Pcrpeluo iffifur mthi uut/as sc.mhpununclrim scti soii/lafits rcdioi 
livae 

COUOLLAIHUM 1 

2. Si ergo a clenotct SL'iniaxoin trnnsversum, in (luo nb.scissiui x 
piimtur iiH(iuc applicatae y nonnaliter coiisbitnantur, luihcbitur i.sta 


COKOLLARIUM 2 

3. Qnanidiu a (luanliLatom posiUvam ilcnotat, aC(|naUo orit jn 
iiu) (phdeni, Hi « = 1, abit in circnluuj; at poniLo a ’=> co hahobltm* 
iloros aiiloni nogaiivi ipsins a ad hyporbolas pciiinont. 


COUOLLMilUM 3 

4. Ex hac aoipiafcioiny fit 

y(f{*2ux— xx) 

ncqufi arcus abscissao :c respondons 




tlxy^aa — 2«(1 —a)x -}- (i — 


ya{2ax — xx) 


sou 


'•2aa? — a;n; 


•0 ellipsi, si fiicrii a nnmerus positivus. 


COKOLLARIUM 4 

5. Posito a «= 1 fit pro circulo ai'cus abscissae x, quae ost ( 

u'.sua, respondons = /d-'r » uti constat, ac i) 03 ito « = cv) pre 

)lao arciiH abscissae x respondons = + l)- 

^ ^ na* 


ooKoiJiAUiii.M r. 


(1. Si v:ilnn‘ni lu'^silivuni, |•lll:l n i, (’lil, )i 

lioliri arcii.i ;i.lisrisH:n‘ x ri‘s|Knnlt;ns | .< ’ I)' 

lIYI’OrilKSlS 

7 . Ill sirliinir rnuini, niiiis snni}itinnurfi r I i( sniiiii.i is Intiisn 
(i/iliir (tlisrlssiir in nxi /nnisiurso tf rryfitr iii/iiiinliir, finiini filisi issm- 
1(111/1111 hill- //:» l«I iwlinilin. 

COKOM.AinilM I 

S. INihI. Mi|,niitiii ('I'j'd // sr.riln‘i.iir in :i\t‘ I 

('(]in|iiilii(!i, ('111 siiluiiiij^i'l lit' MMiiiiiNiM I nnixvi'i'Mii-t iiil r!i iiii(‘iiuil:i:i | 1 i 

CCHidM.AinilM 

!). Ilii(‘('. n'l^o i'\|ii'(iM:<i(i //.'|»| (lrMi|’ii:il. nii'iiiii i’lli|>i iciiiii, m m 
ril.'iH {josil ivi't, ol. (lirriihinMn n I. riiinN .'liMii;' vcimii.n 

mI II cv), (‘Xpriiiiil. rii iirc.iim nc lll•lli({lll' iii n nil t|u;ii 

^^iilivn, iin'.iiiii liyiM'iiHilicMiii. 


COUOl.i.AiilCM ;t 

H). I hilml liuiusiiMHli U.i \it\ ^'jilon'ni ili'liMiiiiiiiil.i 

11011 Hoiiiin KOi'iio roiiicii (l(‘litiil.iii'. mimI I'liiun oIum iii'(‘iiii ill:i cs 
iiuliciiliir. 

CdlfOM.AiflCM -I 

11. MntiiloHl.KMi null'll) i*sl , nl. iMl tiiH l'^|ll'('‘:^(il>lliM lini. I'l 

Hi'iHsiini X iioii Holuiii n-nlniii, mimI I'liimi jm.iil i\ iini I'Mno ' 

liniol.i'rcii, hI riioril; a (|U:inl-ii.Ms iHiMilivn, ih'ci'mmi' i'oI , iil. .1 

'2<( noil InuiN^n'diiitur. a auli'in iii'rosMiirid ii'iiloiu I'.-iMi 

ilOltOl.l.AlUMM r. 

12. Iliii'c. I'l'i^ro cxjiroHHio I/x\ii\ iiti5if(in:i)'iii oi'll,, .>.1 vol \‘ ' in 
liK'i'ii, innii^iiiiiriiin, vi'l 2'' x i|iianl-iliiM iiii;i^'in;iri;i , vd ."1'’ i|Uiiiilila:i 
Vol 4'’ posilivii i(uiili!ni, .soil niiiior (|iiiiiii 2u, ni ncilicd, it n'iI. ([uuiil il :o 


COROLLAUiLiM (I 


IH. Noi.ulm- ([iioquo hniu: lorinulaiu oiiiHiiuidi I’lmctioLH-'m 

qiiao cvcinoscat ovaiiosccni^ x, ita ut ait /7(i[«]=^^0. Sin au 
(luantUiiB iniiiiito pawn = o>, i?rit //wf^^) = K2fo noquo crjio ab a 


THEOUEMA 1 

I'i. Si hacc fonuuhi (lifl'cycntialis 
'(egraJc evanesced posito x — 0, erd 


a 
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1)1-;jMONS'I'RATIO 

(Jlnuiuo (mini cixprossio volcifcuv ad s(3Clion(Mn conicani, ciiina Sfi! 
lotor 1 ci somiaxis Lransversus afqiio air.um oiiis dcnotati a 

imliiin, qiil aliacinaan x vespondot abscissa in axe transverso hui 
iriliCJi’ a V(jrL}(:(} conqnitala. 


COROLTAKUJM 1 

If). Si pro a scribamus — «, babebitur 


10 easily si quantitus uncinulis inclusa sit nngativa, areas bypoi 
dicatur. 


GOROlA.AUlUiVl 2 

IG. Si sit a eva, quo casu prodit rectiiicaiio parabolae, erit 

lAaS + d “ 


liiis valor, uti constat, per logavithirios oxliibevi potest. 


COKOLLARIUM 3 


17. iVt si sit ut habcatui' 


l‘ (lx 

y{2x—xx) 


nxU], 


hac oxprcssioue arcus circuit, cuius r^Ldius = 1, exprimitur, cui 
= :c; uius orgo cosinus erit =1 — re et sinus = /(2:i; — ru;/;). 


COaOLLAllIUM 4 

18. Cum eidfiin a-bsrissao rc gciniiius arcirs, alter positivus, ; 
rcs|j()udeiit, oxpre.ssio //.r[rt] per so gcminnni oxliibobit valorci 
signa radicalia quadratica; erit ergo fiinctio bifurniis, tain valo: 
quam positivuin coiitiuens. 


SOJIOTilON 

19. Quolics autcin oxpressio rfx\a] ad ollipsin refcrtiir, 
duos, verurn adeo iufiuito.s v«lorc.s coinplectii.iir, poriiidc iiti iii 
daiitur arcus cidom sinni verso x convoniontos. Natnram orgi 
onis infinitltbrmis pro cllipsibus accuratius porpoiidamus. 


PROBLEMA 1 


20. Invenire omnes arcus clHpticos eukm abscissae x respo, 
finire omnes valores formulae nx[a] convcnicnfcs. 


SOLUTIO 

Sit z minimus arcus abscissae x respoudens in ollipsi, 
tvansversus est = a; ponatur semiperimoter enipsis A, ut sit 
= 2/1, atquo manifestuin est eidein abscissae x otiam ro£ 
2.^-1 — 2/1 -j- 4^1 — z, 4A-\~z, G/I — z, {\A-\^z etc., qui o 
iiegativis coutiuentur in formula J1x[a]y itii ut eius valor 
deiiotante n numcrum integrum quemeunque. 




. Cum y A sit quurta pav3 pomnut.ri cllipsiH eupu! ubsuisHa a = u co 
orlL -- /7(( [rt], scmiporimotro autcm yl fonvcnil iilisciSHii "la, um 
2a\a\, ergo ri2u\a\=-=2na\a\. 

COIIOM.AUITJM 2 

. Si capial-ur iil)Hci3Ha — 2« — x, c'fii. avrus ci vospondonH =:wl — 
□lligitur hacc aC(|iuLlita3 

II X [a] + //(2« - x) Ui 1 = 2/7h [a \ , 

iciila. ( ), cjuil)\is abscissa inRCribitur, ab nur.imilis [ ] soiniaxom Ivan 
coniinoiilibiiH probe disUngiii opork^t. 

COKOi,I.Ai{/(lAl 3 

. Ead(‘m jKMjuaUlua ox iuiograli potest colligi; posito cniin 2a — 
or it 

//C2». - -I- "“i) = - /y.;i:rt| + Const. 

IS voro ex qnodaiii casu deimt colligi. Scilicet si ponatur ;r ■« 0, 1 
^«7/2a[al; vol si pouaiur .T»=a, prodit 

Const. ritt («| = 2/7(1 [a], 

SCHOLION 

. Arens olliplici pniotorea. banc luiboiit propriotatoin, nt, si axis Iran 
2a minor fnorit jjarajnotro, quod scilicet cvoiiit, si axis minor pi 
rso capiatur, iidoni arcus smni possint in alia ollipsi, cuius axis s 
paramoiro. Nititnr hacc rodnetio similitiidino ellipsium, (|nanini som 
[lit a ot nianoTite parametro eadom = 2. 


PROBLEM A 2 


2 "). Arcum filiplicum nj-\a\, si fncril a<\, ml iiliam vi 
cuius smiuxis sif uniUtfe muior. 


Cum sit 


stiituatnr 


SOLUTIO 

V{2ax — a’x) => a — aap 


eritque 

2((j' ■- XX = ««(l -- 2(ty ■{- amfij) hincqiio u - j: (t lA'2(i 
undo lit 


Vi^ajj-aayij) 

Facta Imc suhstiluUone conscqiicnmr 


Reu 


V{‘2(nj — aayti) ' {J 

nx\a] - - «]/« 

’ J ^ f 2ay-aa\jii 


quae oxprcssio reducitur ad lumc Ibi-mam 


nx{n\ = -aVafd,i\/( *.■ -fl - «). 

Poiianins iu formula intofFiuli « = !> ut sit h ’ , ju; fiot oa 

Quare veatitiita litteiu a obtinebitur ob y = " ~ ~ 


U%\ii\ -■= Const. ~ a I'^a ■ // " 


Yi'^.ax — xx) 
a a 


1 

La . 



n X = 0 (lefinitnr coiistaus = a ]-'a • 77-- f ^ 1, ita ut sit 

« L n j 

^ u y,i ■ J-/ ' ‘ 1 , 


a L a . 


Lll J 


IS ollipsis, cuius semiaxis esi «, mluctus est ail arcus aiius ellipsis, 
ixis est =--• 


COROTJjAHIUM 1 


ponaiur o: = (t, (it 


— ■(/( 2 «,f — .t\r) 


= 0 ideoiino /la\u\ = aVa' 7 / ■ 

aa 1 J ' 

rijiictcr jjnoris (Olipsis, oiiiu.s .somitaxis ={(, rst ad poriiMoirum 

cuius somiaxis ^ , uti «/« ad 1 sou nt a'^ acl A- 

" J 


COHOLLAltWM 2 

im li.rciis abscissae rospoiidens posito .?;=■() Hat 

, liiuc aucto ic (locroscal, donee ovanoscai. posito lox con- 

xigit, Lit Huinto ;v > a istu arcus nogativmn oiiiiunnt valornni. 


COllOLLAUIUiM 3 

icto ergo :r ■= 2a orit 

(iot hoc casu x = 2 a 

;/2«[a] = 2//a r«l=2a [«]■ 

tiiscutit cum coroll. 1. 


SCHOLTON 

iibstitutioiie hie adhibita (/(2rt.'C — a:a;) = a — a«?y fovmulam into- 
aliani sui siinilom transiniitaviinus, cuius valor per aremn alius 
liiboj'i poterat. Si autom aliis siihstitutionilnis niamur, semper 
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acnpisciimir lonniuas inregraics, qnaruni jiiicgi.ii.iu pm iu 
oniim conicaniin expediri potest; quia voro u tam jiogativui 
valorem rccipere potest, substitiitiones caodem tain ad cll 
bolas extendi possuiit. 


PROBLEMA. 3 

30. Fornmhtni intcyralem 

t \^ax — xx a' 


par suhstiiutioufs khneus in alias formulas concinniorcs Iransfoi 
smper futurus sit = nx\a\. 


SOLUTIO 


Prima reductio fit ponendo x = (i — naz, quo facto 
induifc banc formam 


f 1 1 A/a - 1U4; rr /t \i 
t^ndz ]/ - • ^ 77«(l •— nz)U 

mnUiplicetur ca per «/, iit sit 

f- = n,na(i - ,i 

•' / i~nnzz '• 


quani oxpresslonem iain ad banc formam, concinnaiu ae 
reduccro licet 


' h-\-hzz 


fieri scilicet oportet 

nfn^arh = f, ~ a)h — nnh « 


unde ob nnh = — k et w erit 


mmaak f, — u)kJi — (ih 

fk 




bineque 


?« = ^ l/- / HOU 

loribus coucliulit.ur fore 


m — 


(h~oh ,/- f 
" 'fh y h ’ 


t = (j 



fk 

(k-ijh 




r 

-fh.-gh 


]• 


pgralo, nisi tbnna sib imaginaria, por rectificabionom ellipsis ab- 
fh 

lorib (pianlitas j)ns}Uva; sin autcni sib ncgabiva, j)il,egTatio 

)olicuin indicat. 


COROLLAUIDM 1 

‘igo haoc forniii ab iinaginariis sit lil)cra, m^ccssn esb, ub tain 
sit. quantiias posibiva. Si altC'nUra vcl ambac I’neriut ncgabivao, 
[ginuriis iniplicatur; niliilo voro minus eiiis valor crib rcalis, si 
itialc ipsuin sit roalo. 

COnObl.ABIUM 2 

autem formula cliffoi'cntiulis ponabnr rcalis, assumero licob tarn 
n k-\-l,'zz CSRO quanbilabes jmsiUvas: si oniin arnban ossant 
itabis sign Is ad posilivaa rodiici possont. Uti sbatuainus osso 

ob li -{■ Jcsjs > 0. 

COROl.LAUIUM 3 

intern formula uosbra iiivonta urcuin roaloin soctionis conicao ox- 
siif/icib e.sse y~j,^ el quantitates roalos, sod praofcemi ro- 

abscissa sit positiva; ubi duos casus porpoudi convonit, prout 
fuerit ellipsis vel hyperbola. 

COJtOLLAKlUM 4 

ergo pvimo soctio coiiica ellipsis sen p.[sgl^ quaiititas positiva 
0 e.st, ut sit 1 — sen unde tit 

tliesin est h-\-kzz>0. Quaro casu, quo ad reali- 

ir requivitur, ut h sit quantitas positiva. 


34 * 


COUOLLAIIIUM 5 


85. 1^0 liyperbolfi, son si fuorif. 

nostia ita (]i‘})efc repraesentari 




/-I 


ita ut n sit ciuautitas positiva. Ngcc.sso auteni 

A — / A* 




h-\-hZZ ^ r. 

sen — < 0, 


(]uarc ob k + kzz > U areas hyperholicii.s non crit rojil 
t.itiis negativa. 

COKOI.LARIUM G 

30. Pro ollipsi ergo, son si sit nostra ox 

nebit roalein, si fuorit 

I. A>0, 2. /.•<0 ac 3. /■>0. 

Pro hyperbola autem, sou si arcus ovit rciiUs 

1. //<0. 2. A->0 ot 3. /‘<0. 


SCHOIAON 1 


37. Opc formulae igituv inventae nonnisi aliquot casu 


HWS; 


ex])e(lirG jmssuiuiis. Kcm})e cum in gonero littcrao f, n 
sivo positivas sive uegativas significent, si iam ad cas 
tantiim pro positivis assumauius, .sec[nontc.s intcgrationes 


J > h — kzz fk 



fk + (jh 



J "" K k - kzz fi -Vk 11 7 fc--„;T 0 - 


fh~ (jh 


at hoc casu requiviUir, iifc sit fk>(jl 


(ill - fk -.//• .y fk i\r 

~ h -rk^z - ^ 'I" fl y ic IJ fji, - fi V y ‘ Jlfjh - fk J ’ 

lioc vei’O casu n'cjiiiviLui’, iit sit (jh > fk. 


,n lioc Uuiio casu indolus lllUimvuin f ft.k iain sit ch-'finita, pro <j 
ii.atuni iirgativain assiiiuoiv non liaait, ho.s Laniiini tros (aisus por 
hlonui expi'dii'O licet. Unliqai vero oinnes oxcluriuiituv, dmu ud 
nuios pcrdiicuuLiu'. Jntiinrn tamoii cum cerbo ha])Oant valovos 
uidiiiodiuii hi per alios arcim roaUs expriiui qu{?at\t, in se({ucnti- 
Lbiiniis. 


SCIJOLIO^Sr 2 

ctpiain auioni lioc opus snsckpiauins, e re orit oinnns casus pro 
ignorinu, qiiibiis liUorao /', //» h, I allectao esse possiint, eiumie- 
iaiii fieri potest, ut (piidam ob uliain condiliouoin in binoa snb- 
nt, qiieinadfiioduiii supra in sccuikIo ot tortio usit venit. ITac 
UectfL soquciibes 12 luibcbinnis cusua, ubi qnidcni litterao /, //, k, k 
,ivos valorcs luiboro accipiuntur. 

I. ( \ ruovit flOfjh. 

' fh "p kzz 

II. si Tuorit <fh>fk. 

J y k '1* kez ’ •' 

III. iiulhi liinitiilioiio mliinictii. 

J ' h — kaz 

IV. nulla liiuilationo acliimctn. 

J ' kze — h 

V. / (h [' i , ^ nnlla liinitationo afliinicta. 

,/ f !i -I- ksz 

VI. I ilz |/ I'ncrit fk > (jh, 

VII. / (h |/ ( - ■ , si lucrib fk < qh, 

VIII. j neccssavio ost fk>(/h. 

[X. f dz\/ nulla iimitatione acliunctu. 

,/ ' h-\-kzz 


X I (h'\' necossano ost / 


Atquo ex bis tlnodeciiii casibua huctonus tantnm tros, ; 
conficore licuit, quorum integralia per arcus siinplicct 
oxprinumtur. 


SCHOLION 3 


39. (^iianqiiam autem liis fcribiis casibus integrali: 
ticos aive hypevbolicos cxprcssiinus, taiucu quaedaiu < 
liltoraa /; /f, h ot l\ qiiibiis uo.stra exprrssio tantis incf 
vovus vulor iutogralis iudo erui ncqueat, etianisi per 
Ac priino quideiu in generc, si in formula 




fuevit fl;==<jh, valor iutogralis ita quantitatibus oviii 

involviUir, uh eiu.s vcra quaulitas imio pevspici noipuni 

.. 1 . 


SG sit plauissinia; posito euim orit 




ita ut revera sifc ob gh fk 




etsi ratio huius acqualitatis diffioultcr perspiciatur, cu 
avcvuu parabolicum vibscissac inliuitae vespoudeuioiu, i] 
evaiioscouteui sit inultiplicatus, inclicare videatur. Iiiti 
damns in parabola arcum, qui abscissae iuHnitae rcP 
rationeiu aequalitatis habero, erit 




reus per laciorein 


I/-/* 

/ /.- y k 

[)licatiis pra(5l)ct prodiictiiui (iniluin 



'alor ciuu veritat.o ogregio cougriiifc. lleJiquas dirflcultaies casus pa; 
;.s pcrcurrontos seorsim exainincmus. 


I^'I'iCOKATlO CASUS III 




/ki-ffh 


fk 



n- 

( lc \ tjh 



10. Si /', //, /a /.• (l(;uohont quanlibales nihilo maioros, arcus olUpbii 
utograli lacllu assigiialur; iioqiio turbut casus, quo // =» 0, quippo 
,rcum eircuUu'Ciu oxpoditur oritquo 


/*. 

Yih — kzz) 



1 — 



lo h (u'finosccro uoquit, (piin simul lunmila dilViu'Oiitialis ipsa (laL ii 
ia. At si f vcl k ovaiioscat, quonuu priori casu integralo ost algeb: 
posteriori v(;ro per logavitlunos dari poUjst, nostra fovimila refertur 
in (U’auesfuuit.em niliilquo iiulo concludoro licet; )iiox antoni pro cod 
aliam intogi-alis fonnain oxhibebiimis, undo vora intcgralis quauti 
IS oliei potcrit. 


IKTEOKATIO CASUS Y1 





/ 



SI FUERIT rUxjh 


41. llic itoruni nulla diflicnlUis occurrit, jpiicuuquo valores Utioris / 
k tribiiantur, diiininodo sit fk>(jh\ semper onim integrate per arc 
icinn exprimitur necpie ctiam iiegotium lacessit casus ry»«--0, quo 
arcus circularis denotatur. At si sit — 0, noque enim f et h in n 


luin fibiiP possunt, conditio ft' > jih non aniplius 9al’ 
iwillmu iucoinmodiuii locimi hubct, pi-act.ov id, nuo osi. 
iaiii ante in gnicre cxpcdivinins. 



/- f If 


INTEGRA'riO OASUS XII 


C'-f 


Ifh - fk 



yh-fki'^V 


SI FUlClUT (jh > fk 


42. Hoc casu intcgnilc arcii hjjierbolico dofinibiir, 
poto.sl Mori nogativuni. Si fiiorit / = 0, qno rasu int 
ii.xis hyperbolae evaue.9cit. iiocpic liinc valor integral 
/< = {), conditio nece.ssaria //// > /7>- everlitiir, difficultas e 
sulisi.stih, qiiao aiiLoni in aliis fonnnli:^ infi-a pro cod 
toiletin'. 


PKORLEMA 4 


43. Foriinthim iulcifiuleiii 


,) f h -I- tiXS 

per snhtUulkiucm in aUaui sui similem Iranfiformarc. 


SOLUTIO 


Tcntanti huiusmodi sub.^tilutionO)n z ^ '[/“T . 

» '/ 4- (J.TX 

»» V(/i -f- nndc Ht 


.r.(Lr 


ideoqiie 


-i/xx'-h , 

^ = r ./u I + = 

V/.(.'t'.r — /<) 




Hiiae locum habet, quotics k esfe quautitas positiva, quo 
fist qiiantitas positivn. Sin antein k fuerit qiiantitfiH iv 
jjositiva, transforinatio ita esb rfipracsontanda 



it 4" ksz 



/(jh — fk — t) 
h —XX 


C0R0LLA.1UUM L 


nparantos ronmilaiii 


• ' ' xx--h 


i iiiilio gcnoratiiu intogvata 


Mil’::. 


— J'i /’="=A — <1=^0, = — Ji, /•■=!, undo /■/,• — (j!i = f!x ut 


IM - fi ilji !'(- A + »*) // - . I ; WM • 


COROLLAIUUM 2 


jflfcitnto hoc valoro, cum sit x =--^ V{h ■{- hzz), erit 


= r -I- n ('- ' 0* _ I \f -- H 

/«-l-7c^^ “ /“/r V 1//, ’ ”' /7c 


_//.)" /■/: V [//, 7L /7c J 

li, sit. roulis, uccossc ost, nl. pvinio sil. fjli — f'lc>0, turn vovo 
Krili oi'go ad hypoibolain, si J'l> sit (juanl.itas positiva ot /j po- 
ilipsin osso iioquiL, nisi sit /• quautitncs nogativa, /’ voco positiva, 
su osso (lohot fk quaiititas nogativa. 


OOUOLLMUUM 3 


mill niodo altura (bnnu J Cfiiionica 
; companitii dat ^ a;, — /7c, /y /c =•■= A ol /.‘ = — 1; 

h = fk ot 


- fMyk (i - V])Y' nr. 


COROliLARlUM A 

bsLitiiio (u-go pro rr valorc V{h -f kez) crit ut auto 

/f ±p^± I _ J rr Ti — 

y{gii~fk)-^^ -A ^ y/i //cj’ 

iii.i;iii Opera omnia Iso Commculatioi»oB aimlyticao 86 


((iin<^ locum imnevfi iiociuit., nisi ijn — jh in, n 
ellipsi iM'it, si A" sit quiintitiis nugfitivii ct / ijositiv, 
hypoi'lKilfi. si /.- ct (j siiit posiiivac, qucniiulnioduni iani 
ut hos duos casus distinguorc non opus iiicrit. 


C01l0ivL;\U[I]M 5 

^t8. Oiiminis his intcgcalihus forniulao gouonLlis ^ 
colhitis babcbiiiius 


// ’V~^)\ /I 


{fk-nhy 


quae aequalitas posito ad abbroviandinn 

i..„ = . ot z\/- - 
ik — uh n * n 


abit in banc formam 




COUOJdARiUM G 

49. Arcu.s igitur cllipticus qiiicunquo rospoiich; 
semiaxG existentc »= mlucitur ad arcum alius ollipi 

ot abscissa «= 1 — K(l -- //), bunc aveum poi‘ 
ac(iuaUtatis ratio est siiuilitndo hariwu duavwm ollipsiu 
arcus hypovbolicus ad aliiun rodnei nequit, quia ob 
imaginarium. 

SOQOLION 

50. nine novas mtcgvationus nanciscimuv voalit 
suggorit § 45 arcimi bypcrboUcimi involvcntein, ubi 
runtur 

1. h>Q, 2. A->0, 3. f>0 ot 4. 

unde ob /i>0 erit quoquo f/>0; hisquo casus II § 3 
•■'tur. Ueinde arcus cllipticus ncgotiuni conficiet his > 

'.-<0, 2. h>Q, 3. yh — fk>0 ot 4. f- 


rt mine poj^itivu ot. negative capi potest 8i suniatur positive, 
111, sill negative, casus VI, qni quidein iain supra sunt soluti. 
enerc notanduiu omuos ai'cns cllipticos clupliri niodo oxpviini 
LragTapbuiii iiraecedontein. Jntegnilia ergo lionini triuin casmim 
lut. 


IN'rEGiJATJO CASUS II 


1- dZZ 

-I- hzc 




/■ 

Vivh-fl:) 


n 


i,h-fh 


,V{h-\-kzz) \ 


\ \/h > 

'L fk 'J 


SI PUIiiltlT //// > fk 


conditionem ()k > fk nequo // nequo h eviiiiescovc potest. Si f 
ypcrbola abit in pavabolain, cuiiis arcus abscissae iiirinitao re- 
indicatur, qui ergf) aJxscissai) acqaalis cst coiKseiulu.s; undo pro 
abebitiir iatud integralu 

•l/ - == 04- ( VX^^ ykzi:) _ ^\ 

' y h 4- kzz ' \ j/A j- ^ \ 

omnino oat conseufcaneum. 


SCIIOLION 

n* casus inuratn facoHaens cst, quo Ic^O ot by])erbula itoriiiu 
lobun. At ob A »= 0 orit 



hzz ^ 

2 /t* 


Lio per arcuin parabolicuni absolvctur hoc modo 

operationo consuota elicitur. Si inaupor e.ssot // = 0, ob 


30 * 


]KTIi:(.TilA.TlO CASUS HI 



/f-V(l2Z 

h-hzz 




/'A- 


SINE ULLA JUMITATIUNE 


53. Hiiic casus /i = 0 spontn nxcliiditiu-; uiult 
Liuuulur. Si primo sit /.- = (), ellipsis abit in panibol 


babetur ut ante 




/f +{1^1! ^ /-I 

' i, 




si (leiiide sit /*= 0, deimo paraliola ct arcus al'seif 
idfiuque aequalis censendus prodit. undo lit 


r ,/ fize ,, , Vl/h, [/(//-/iwiN 


si tertio ellipsis abit in circulinn (itqiio 




]/{!, 


sicciiie casus diflicilioves supra § 40 uiomnvatos hie ( 



JN'l’EG RATIO CASUS VI 


— /'•.L - ^ 

'7^ ‘ 


SI MODO FUERIT fkxjli 


5-1. Hoc casa aequo ac supra § 41 , ubi iden 
diniciiltas relinqiiitur, quia ob fkxjh noqiio {' lu 
neque vero ctiain h in nilulinn abiro potest, quin 
negativus. At si if — 0, nulla occurrit diCficultas, 
circularem rovocetiir. 


SCllOLION 


; ergo voductiono id siimus Incrati, iit iaiii j)ia.nter cjisoh 11 [, VI 
: (‘volut.os etiain ciisuni IT oxpediveniiuis. Uoliqui vein oeto 
luodo per avcuH siinplicos roales integniri possnul., sed pva('tcr(!;i, 
jraicaiu coutijKuit; ((uin otiatii noimulli pnicter Iuliic ]>ii.iT,oni alge- 
s arcuw, alLeruin elliiihicum. altcnmi liypcrbolicuni, coin))l(}cl.mit.iii-. 
'lu iiitegi'iilia iiivesLiganda necossu ost, ill; jilins f’onimlus iuLograles 
or variabilcin bitui vadlcnUa Vi /’-}- oL /(//-•- iiivol- 
Mtfjleimus ([iiac ;td foniinKi Ky_| mlfict-iltihis. 


PHOHLEMA 5 

.s formulas inlmjraks iivactcr z hhia radkalia 

cl Vih^Uzz) 

’xnirc, quarum hifcqralio ad /onnarn 




SOWTIO 

Hiibatitiitiioniliuft, quarum praocipuaa liic pcrcarnunns. 


— orif, 

Z 3 


f kxx q- Jc zz t /<• -p kzs 

J ZZ > /i + kzz J f kxx -p fc 


itm* % ^ Vif + " 

^ 9 




imde conlicjfcur 


quarc ciil 




r _ — . '.fci/. 

K^/ 4- -}- hzz') y ^ ^9 


U'X 

qh - f 


Vif + 9^2) 

.1 Si ponatiir x^V{h '{•kzz), orit simili niodo 

/ z a d 6 1 j(l'ij\/ 

' V(/ + “!■ K'zz) J — t 


■1. Sit erit ^ 

V(f-\-yzz) {j'-VtjzzS‘ 

ot + = + u,„,e fit 

£# XX 


ol 

* fc + (^//t - AOxx 

binequo 

' 1— /’x.r 


/' zzdz 

ot 

*'(/ + gzz)^ y{h + hzi) ” 


C^lVMA^^) __ 1 1 

(/■{•fjzz)^ 9 J 


~ y z z ilk 


{f'Vyzz) 

‘‘Vii 


5. Siniili mode si ponaUiv x = 


V{h + kzz) ’ 

/* zzih 1 /• . / 

•> (A + 1^4 K(7+7«) ” “ !‘ J 


(A+A^^)i)/(>Ty^;) 
{h q- l-zz)^ 


<7-f- 




G. Ponatnr . = ; erit 




f' It -V (fh - fjh)xx. (/• .|_ Z-^. , , ' 

(1(1- l/^' ^ V^C/t 4 - A-^ .?) 

r _ _ 1 Df-t-']/ 

(?+ ~ /’ ^ *"+ ' 

r(h y{h -\_-hzf) __ 1 /*i -t A H^(A — /y/O-i-'iK 
(/-I z/x--^)^ ~ i~gx.>: 


niodo poiKmdo x — 


-I- fez 2) 


roporitui' 


f -~ ^ /r/.rl/ 

^ i i/A + — fk)a:x 

tJ .p Zc^ 4 f)^ ' 1 — kxx 


>\\\ 


■ a;-= ; erifc dx= "/TV., tuuw 


- 

ze Yif -I- ifse) 

at.iMO yrA-l-/.-^^) undo 

X.V'—I/) ' .r.t:— « 


/(x.v—g) 

ch 


y. "j/^' "i" r^'’ ■" 

XX — g 


— ftuyiji -{-ksg) 
^^sV{f-\-ysz) 

— fd!$ 


j ']/ XX— (J 

(I'D y ten y 

hxx -!- fk — (jh ezYif -I- (fzz){h + lizs) 


' i\u. 

.•va; — <j 


*d ZZ ' f -\-!l HZ {•' ' 

f ‘I^--. - = fdx\/ -. 

'■' zzYif + yi!d){Ji-{- keg) ^ lixx-\- 

luodo poiionilo ^ reporioUir 

zz ' h-^kzz hd ' :cx — k 

''1 „ _ i /rfa]/— 

• ' zz'\/{f-\-gzz){h-\rkzz) ^ fxx — fh-^gh 


r _ _ 

J ijzz) gh~fh*^ 

11. Simili niotlo poneiulo .i:— vc]^orit\ 

f- - =- ' - - fdx]/ 

/■- - _-±-/rf.rl/ 

(f-VgzzYi/iliVliZz) fli-gh’’ 


GOROLLMUURl 1 


57. Rormulns lias in (mlinom rcducontes, quia 
ad formain canonicam roducitiir, baliobiinus piliiio 




T ■ 


existento 


1 . yoii-i'zs) 

a;c=*-. ot -■■■!■■ 


fs 


existonto 


Cdsi/h-^lee -y/hxx-yh 1 /•. 

J Vz V~fVtfzl “ -I fxx\g “ " 7 •r^'^ 

y(f 1- gsg) 


a; «= - et 1 ) 
s 


COUOLLARIUM 2 
58. Sccunda forma haoc onto 


— =1^]/. . = 1 

^ ViJ + kBz) gd " gh — fk-^-liXX 1: 

oxisteuto 

Bt y^y(h^] 


quao permutatis formulis y{f -{- gzz) et y{h~\-kzz) n 



AD HT‘,C'!'Il''I(JA'nONKM ELMl'Slfi AC HYl'F.UBOI.AK iiSl 

C01f,0LLA.IUlJM 3 
II foi-inji it.a constitii;itnr 

}:•' ' i—hxx A ' ' 1 — 

1 , xf 

X = / - Cl. V/ = - , - - , 

1 , if 

r, «* - • • • ofc //«« - --- 

]/{/'+ [/(/■-h//^'^) 


COKOLLAIUUM 4 
la forma hiioc- Hlaiuiitur 


(h -f- haz) 


;l/ f,U,\/ 

[•’ ' hxx-\' fk — fjh Jf' ' ' fiJi/ — fk-\- 


ffh 


a=,l^^L-h^") oi, 

Z Z 


COllOliLMlIUM r. 
.a forma orit gomiiuila 


U\h:\/ 

^ A -1- (/■/?— /7//)a'.r 


]/(/i + kzs) f 




a;=«- - — ot ?/«= (/ -- , 

Vif-Vgzz) * f-\-gaz 


1 8 1 

!/(/■+ ^^'2) k 




/ 1 — kxx 1 

/'-t-Q/k—fkjxx ffh~fk 


.9 r 

kyy-f 


^ =- et u 

y{h-\-hzz) 


■l// 

^ 7i + /tifif 


II Opora omnia lao Commenlatiouea analylicao 


80 


COROr,LAll.IUM G 


G2. Sexta dcniquo forma orit 

/' = ClV- ~~ * C) 

J if ^ijzzY ]/(/( + kzz) ^ * k + {(Jh - fk)xx ~ fk - <il, ' 


('xisfccntc 


1 I T / k -\- Jcsz 

X-= ■ ■ fit // = /• '- - , 

K(/‘+,w) ' 


r =._* Cd __ 1 /• 

•^h T~kzzYy(f -\-f/2z) f/h-fk'l^'^ 

y(]i-\-k2z) ■ ^ li-\-hzz 


(“xistcnte 


PROBLEMA 6 

G3. lui-cniyc casus, (juihus expressh fth acf/iudur qnanlit 

scclioiiis conirae. 


SOLU'I'IO 

Ponatur /’f/^ critqno dinbrontiaiK 

dZ= + —2{i)gh)z3 -f —«)///■-?*) 

(A + ]/{/*+ ' 

ubi numerator uequo per f-\-ffzz noque per li-yhzz rctidi 
bills, quin ainiul fiafc fk = (jh; rcclncetiir iiutom Z arl foniian 
§ G2 pojieuflo a = 1 erifcque 

Z={fk-gh) f 

TT. , *’ (hTkzzYYif'-i-nzz) 

Hmc habebunus vel 

fch]/^^/J = - A r.. ,/ 1 - hxx 


existentc 


X = 


]/{h q- kzz) 




-\- hzz 


h -}- Uzs 


y 




// = 



-j - /70* 
-|- I'ZZ 


COROLLA RIUM I 


loUoH urge) 
)i) uasiuini 
~ parlLu 


vol foniuilii vul linen f 

iuni tr.ae-tuiortiiu referri polosi., qiio{|iiu fonnnla 

qiiiintitati iilgubraicae paHini aixiii socfcionifl conicao 


COROLLARJtiM 2 

ini sit n;= ^ • , crit I — bxx.^kxxzz; orgo jiisi sit /e quan- 

V{h-\.Uz) ^ V . 

/a, Ibvitiula prior non ita, ut fociimis, ropi-acsuiitan potest. Hci- 

it (pianiilus iiogaUva, i(a scribi clohot 


fci/. 


COilOLliMMUM 3 

1 altera rornuila v I + 

[gh--fi:)zs^ sumitur all > fie. Qmivc si luerR f)li < fb, ca ita scribl 

il ii z z 

Prior scrijitio urgo loctuo habot, si fjh — A>0, 
cro, si fk — {jk>0. 


EXKMPLOM 1 


oducatur casnm III esaeque oportut 

3, ^>0 ot fk — (jh <0, undo /'<0, UabebiUirquo 


„ /i/ryh^" + /*--?* f,ix. i/- : , 

i —k-\-hzz ' k J y rj — iflc — gh)xx 


86 ' 


GssG debot fky <)h. lam per § 40 criti 


/ l XX ^ (J_ A' yy l//’^ T 

pei; § 58 


fk- 
• A- 


\lx\/ ■‘+/'^;" =6'+' //-''-(l- 


Viil-[fk~{lh)xx)\ 


/- 

-/'/I- - 


cst 




)/(- h 4- kee) 
pie coustniitur Ciisim XJ. 


el-, \/{^ - (fic - yhyxx) = ; 


JNTK(J1U'I’I0 CASUS XI 


j y -h-\-h 2 z 


i -hyhzz 


f 


M-i fk -9k 

Wk-yh)'^' fk 


|/|[7(— h + Iczz)' i- f/c 



h + lizz 


\/~ ^ y-y fk A _ Vlc{- f d- f/zz) \ r /■/■_ _ 
— h-Vhzz hYfk flc—gh^ yfj{—h-ykzz)‘''-fk — ph 


68. Hoc orgo intograle consfcat pavto algobraica et arcn cUiptico, o 
i6t essn fk>fjh, Hcvi noqnit 0; sin aiitorn sit h = 0, ellipsis a 
ailuni attjuo habebitur 


rdz W— f + (jze 
J "z I 'i 


C’H- 

Jc 




— f + QZZ 
k "" 




per iutegrabionom facile invenitur. 


Ro(Uiciit,iii- I'oi’m'ilfi ad casiini VI ei-itqiio li > 0, 

//;—//: >0 eL /»: > 0; cmii autein hoc casu tlcboafc osho fih — fk>fih, 

Xvw /‘negative caiii opuviet, ul sit, i)osito a; = ^ 

Y(h~\-I::c) 


P-'V 


-f-\ !/~£ 

h -i- kzz 


=-~ z 


/-/'+'/»- 
' lt-\rkzz 


+ 


<fh -f- fJe 
k 


PP„- 


1 — }l .1 X 

(fk-l-(j/i)xx 


5 41 luibotuv 


1 — JlXX 

(/ -- {fl; •]-fjli)xx 


=■• a~ 


n- 

U'k-i-f/h) 


. // 


fk V 



suH IX conlicil-nr. 


liSITEailATlO CASUS IX 


^ h-hkgz 


f,h |/ 


h {- kzz 


f 

YdH-f/k} 


// 


fk v 


y{fh-X!lh)\rfk±{jhl, 
Y(jlJi-^-kzz)-'^ fk -1 


Casufi ergo heies iiitegralo constat parte algebraica ot area elliptico, 
seinpov lulluic alio inodo exprinii posset; vernm praoforcncia cst ilia 
cuius axis )nivaiuolruni supevat., no cevtis casil)us evauescero qiioat. 
n liunc fiasiini ex prancedento XJ dorivaio potuissomus ponondo h 
in, at(pi6 si in forma posteriori faciomus gh > fk, liabcsbiinus alium 
onem casus XII. 


INTimUATIO CASUS XII 

^ ' -hpkzz 

* -hA-kzz kYfk fjlt — fk^Vf/{—fi'\-hzz) '^gh-fk 


En aliain intogrationein casus XII iaiu supra § 42 tractafci, quae 
arcuin hyperbolicum continet partoia algobraicain, cum prior solo 


])(‘riii‘ii(li iMi'rcl iir; i|ini«i cjim «-cMn'itiiiiii-i Ii;il , |inii;iiiiii . 
crilquc 


If • I ii 


ml III , t {III \ II] f I III . , 

, M // J i { 1,1 i iinU I. ' 


^ m i I /M I »» i// m 
II > iiiiH I ) 


1111(1(1 coiisliiiild (l('liil.i* ili'liiiilii «liv«*r- i iiii iin li y [ir'i Inilici mlrr 
|K)HHUiil. Sciliccl' sriiiiiiNt' i< r'lliiil iliiiiliiii \iiit 

(M’il. 


//»(/ Ijl "W //"{\ 


■ (l. I 1 )// «. 


{U j I iHl I > 


1)1 /| i iif 


lluiK IJ! «| //»(! 


((i I I )in< I. 


(it I I l| (I K I i 


1)1 "1 


KXKMI’l.liM ;i 


TJl. I’oniiiiuut /'(•!. /. iii'^alivii rl. jMirJiTKir I'spiivi'in diit 


•r/V'y 


II i.'iif 


(ixisliiiiUi iili • (Ii. iaiii cv II ^ .M liactiil** )ialii‘nni 


/i;v |A ' d \ ' /'• f I i 

!>■{ I:i/!/ IA»/A //.) * / 7 . V I V 


!inn i^ilur aii, 


„ i/ / I -1 I i I / /. 

'/ ■ K , , . ‘*ni. 1 (r/ i /. 7 V) ' 

1^ A'-?*? 1 (/» /.'ijji 


muld ciiHiiH X (ixjH'dilur. 


iNTICGUA'riO OASfJS X 


.'■"r.'ir 

■Vij::s /■ 

U-\<ss l/(r/ft-/'A) '' \'h \yy {lt~]cz2) 


L fk ~ . 


73. Iluius orgo casiin X intogn’ale constat pavto algf^bniica ct ii 
‘rhoUco. Sin aiitcin /.• snnmtur nogativc, oritur intugnile casus IX 
§70 oxliihituin, ux 4110 hie ipso casus ticrivai-i potuissel. 


EXI5Ml»LUi\l 4 

7'1. Capiantur /y ot /.• uogaUve, ut sit 1^1 erib^ue 




z 


i/f 

y h---hzz 



Jsi Ibrnia inodo ropraesontotiir, ob // ct h ucgaiiro .sun 

OSHO fk — //h> 6, turn aiitom non iu casn XII contiuotur, verum 
0 Illy 1 // '^*^^ ropraosontata exigit yli > fk, nuuo conditio casui VI, qi 
ossot roforoncla, advorsatur. 


SCilOLION 

75. Opo (U’go prucccdontis problomatia casus IX, X ot XI sumiis exe( 
anto iiini casus HI, Vf ot Xfl, turn vero otiaiu H por siinpliccs a: 
’divoriiiiufi. KestanL ergo quinque ca.sn.s nondinn roalitor ro.solnti, (pm 
iiullos ita traciarc polcvinuis, ut int(;gralc constot urea scctionis con 
[uantitute algobraica Ibrinae ’ 


PKOBLEMA 7 

7G. h/renire casus, qnihus iicquatny quantitali ahjehri 

utia cum arcu secliovis conicue. 


SOLUTIO 


fo-Vi-m-" 



Ponatur 


ubi notaiuUini esfc numeratorem per f -\- redcli non 
quin siimil a evancscat. At si ad qiuindani supovionnn lor 
veliimis, poni oportet «=|-, quo facto oritur 




(h 


k "(A -K7«)Si/(/r-i- /,■«)’ 
cuius intcgratio per § 61 constat. Habobinins ergo vol 

oxistente 


h-\- 


Vfil 




exist(*nte 


•\/k -\-l'ez 


y 


COROI.LARIUM 1 


77. Cum sit a; «= ‘ , orit 

!/(/■+//«-?) 


f'XX^ 


z z 

quarc si fuerit f qiuiutit-as positiva, formula recto hoc mod 

fdxV 

expriinitur; win autem sit f<0, ita debet repraesontari 


COROLLARIUM 2 

JlllU fill 1/ = GPlt 

I "I" 




‘orniulii integniliB iia oxliiboatAu* 

s8t si<. /7i: -— /y/i > 0; siu antem it«a (ixprinmtiir 


t (jh — fk > 0, 
lofoviiLur fovina 


I'^r- 


l^XEiMPLUM 1 

A l/ 1— /y.-cic 

' /* -i- CrA- — 


/* H- {/At _ 

ill, (3i, quia ofih /‘>0, snini (hihal y<0, // > 0 ut /.•<0, un 


, ]/[-»” = c-i- f -I- 7 p,r ]4 ',+■'''■"'1 

‘ h — kse k y f--(jx3 k *•' ' h‘~{(k--fjk)a:.r. 

:).x caaii III (§ dO) 

1-K(?.ra: -/'/! ,/ I (\ 

:.^'k~i}h)xa: fk--gh I /A--y//i-'^ /A-- ' V K h~ }\_' fj- 

sit fh > (fit, ileruin casus VI occiUTit. 

JNTEGRATIO CASUS VI 

fi-V'rZm 

, 0 -\/h-k33 /__ — 

k ^ f-033 //o V \/h{f -033)11 jh J 

5i ollipsin in aliaiu sui siinilom invoi'tamus, orit 


t <7 f A - 5'!^ rf A /i /A^ 


ifh^ yhif — o^^rHk — gky 
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cllipticoruiij relationcin. Sit autoiii soniiaxis 


erit 


fk . -i/k , lUi 

,=« ot z\/ , =■■■■ I HOU , 

[k — f/fi * !> k 

I //( — ksz (■/ ( J -■ //) 

f — gzz J f — (/* “■ ^ 


ob (jh = " ^ fk, undo fit 

//«(! ./y«(i - \/f%; -i- (« - Ij/]/ 


Sumtis ergo diiabns vuriabililuis / cl. u luibobilur 




- (« - 1 
-b (« - 1 


undo coiupaintiones nrcniiin oDipliconi))) ilmluju n me i)( 
colliguntuv. 

Si liio fjuniatm* // uogativo, orilur casuH Jli ol tiiiu I'oi 



1 — g.rx 


ad casiim V/ refbroiufa fuissot, quarc non opus ofit, ut hune 


KXEMPiajiM 2 

81. Haec foi-ma nisi invortatur, 


ad casum XII rcdiici uequit, iibi osso dobet f < 0; habobi 

M' t-"" .A-> 


veiuni nunc ad casuui XI vefortur indoqno acquirerenius 
supra iuvontiiun 


orum Ibvinulani 


EXEMPLUM 3 


filcV - 

’ ‘ f li -I' (fl- ~ 

1/ rc<lncn,ijins, quod (it sinuondo </ < 0 oxistouttt /‘> 0 ot. 




ir 


)//* f'.-. -v I + ///^ /*) .i/ 1 H-f/.T:/.' 

> h-\-kzz f — yzz ' A- * /t -j- (/‘A' -j- f/Zqi.c.r ’ 

!C reclucUo non yuccecUL, nisi k < 0, ita ufc sit 
' h—kzz k f I —{f^z h f A'; (i7A--/A).rj: 


' 1 w r fk /Y{h -Viffh — fk)x(c) 

h -I- (f/ h ■ fk) .la; Yfk tjh - fic v |//( 

V(h -I- Uih - /».r.r) = 

vij -9^^) 

i Vll colligitur. 



INTEOIIA'J’IO CASUS VJl 




fi-vizi". 

A-y/A tjh — (k^\fh{l'~9gz) )ujh-fk- 

EXISTENTE (jk>rk 


)onshab ergo boc iutograle parto algebi-uica ct arcu hyperboli< 
us ad iain expoditos do novo aocedit. 

:J 7 * 


SCHOLION 


H-l. Hactcnus ergo octo casus per valores roalcs integruvinius, < 
11, III, VI, VII, IX, X, XI et. XII, ct reliqiu (piaCnor ita sunt comp! 
per similes formas uullu modo integrari quciini Exigunt scilicet 
piirteiii Jilgobriiicam duos arcus, alterum cllipticuiu, altcruin liypovholi 
purs quidein ulgebraica vel hniua fornuio z vel hiuus z 

asstuui potest; unde duo adbuc probicnuita cvolvi convoiiiot. 


PROBLEM A 8 


85. liivcuirc Ciisus, qtabiis expressio acqualur gaanli/ 

braicac , «hu cum duoibits arcuhus scdmiiim conicanini. 


SOLUTIO 


Posito 


erlt cliflforontiaudo 




dz= * 1-(1 — 2K)(/h)2Z-\- (1 — k )///^') 

{h + hze)^ \/{f + (jzz) ’ 


quae in cluas partes formulis probl. 5. traditis contontas rosolvantur. 
1. Ponatur 

Z-pf +nf- 

J (h4-kez\] V(r.U/trA ~ a 


nzdz 


{h-\-kez)^ Vif-^lizz) J {h-\-lizg)^ ]/(/* ■\-ggz) 


Geriquo debet 

(1 - a)fh =p, /•& + (!- 2a)gh ^-q, (1 — a)!j]c = 0, 

undo ob « = 1 ovanesceret quoquo p contra hypothesis 
2. Ponatur 


r dz 


gzz) 
{k-\-]czz)^ 


a)fh —p-{-qfj 2a)«jh = qg et (1 — a)gk = 0 


« = 1, q 




p 


o' 


h + kez 


+ " /ftr + f<‘>i Cir 

y h-hk^z (J'^ ' y hgtj-f gfi p ' V i-hxx 


«-V{*M 


h 'V kgz 


et ai =-» 


Vih-hkzz) 


Jiabiir 


r// +/‘ 4i^')a V’f/'-l- ffjEfJEf'i i 


zzdz 


{k -\rl'zz)i'\f{f -\- gzz) ' ^ J \^{f + gzz){h -\-kzz) 

JCOSSO ost 

(1. — (i)f'li — //; -f (1 — 2ft)^/* = qh, (1 — a)gk = qh, 


citiu* 


« ., q , p . 


gh* 


labobimiis 


h-{-hzz 


:f" + ; ./* i/ r:?fs^s 


et «=!/(/■+, 

latui’ 

{h-^kzz)^y{f -{-gse) ' f-\-g3z 

Oi'tet 

ce)fh = 2 ^ q]ih, /"A -f (1 — 2a)gh=2qhk^ {I ^ ci)gh = qkk , 


iitur fk — gh^O, quod csfc absiu'dum. 


5. Poiiatur 




fict 


\izy{f ■\'(jzs)^ 
{h^-hzzy ’ 


{h-\-hzzyV{f-v<r^^) 
fl — «)/'A = (//; fk -{- {i — 2ci)ijh = p -\- qg ot (1 — a 
undu nihil ol) q = ^ concliiclcre licet. 

6. Ponatur 

'A = l)f -- 


(h + kz,fW-V<Jl!) •' ' /■ + ! 7 ^»” 


Jietf|iie 

(1 — a)fli = qhk, fk -j- (1 — 2a)g]t = q) ^qhk, (I -- «)( 
undo paritor nihil colligi potest 
7. Ponatur 

*J (/(4-/.r^V’ y{f <jr.z){h kzz) 


evitquo 

(1 -■ a]fh == pl\ f'k + (! — ^a){jh ^ pg + qh, (1 — c()g 
undo quoquo nihil coucluditur. 

8. Ponatur 

* {k-^kzzy ' f-^-gzz 

evitquo 

(1 - a)fh ^Jlf+ qhh , /•/,• + (1 - 2d)(lh - py + ^hk, (I - 
unde elicitur 


a=«t:Jk ^_[k::jh __ /■ 


Quare erit 

_ n,0k-~f]: 


•fit ’ 


h-\-kzz 


= + 'y ‘ -ms + i 1 fi, ]/' 


existento 


gh 


y{h 4- hzz) 

Plures combinationes idoneaa iuafcituere non licet. 


Jl I > 


i j 1 1' j ns‘1 r^L/iii I oio AU 


ri \ I'wu iH)]j/Vi'. 


V 


C01K)LJAIUUxU 1 

liix liyiioUinsi ultima nponto soquituv mtegratio casus I, quo ( 
ox Ciisu onim 11 ost 


V{f!i-fjh) ■ gh ^ Vf )l gh . 
casu VI ost (§ 41) 



-{fk-gh)gg 
i -A-yj/ 


— gh \ //' 

fk r k 





.olligitur 


IiYJ’I?!ORA'rj() (MSU 8 \ 


■Mils 


gh * /( {-I'zz Vifk'-gh) gh - Yf L gh 


fk-fjh rfn(i_ ^Vf‘\ \r/‘n. 
/■|//'A' //A V y'ih 


COllOLLAiaUM 2 


VjK liypdUiosi ??" 3 casms V dccluci posse videtur, undo fit 


kzz gh r h-\rkzz 




■f'-nv , fk + gh 




-V 


gh 


\fciccy 


f- 

fk-\-gh 


XX 


y 


■* * 




nliinni formula ox casn VI confici nequit ncqne efciam cx hy] 

► 

It 


COUOLLARIUM 3 

"oiiMiilercinns fonnairi Vlli, ubi (j ct k sunt ncgativa, fk > gh, ate 
transforniido habobijnns 


-gzz pc 1/ f--gzz__ 

\-hzz gh‘^' — h-\-'kzz 




fk—gh — !\ 


2% 

existcniiO 


KEOUCriONE L’OKML-LAKU\[ INTIlOUALUiM 


~ V Ih+llz 

nunc voro est ex cusu II 

p ff'-ffh /V(f-\-liyy) __ \ 

9 h \ Vf ) 


' ' W' + Ziyi/ ]/(/'ft-y/o"' oh 


existeute 

clcindo ex casu YI 


oh 


V{—h'\-hzz) 


unde soquituv 


fk-gh-kxx kyflJ^ „h\ ' y fk^gijlgu 


INTIiGlUTlO CASUS VIII 

' ~ /j 4* iff iff 

C.+ /'* j/ /•-.lyi.^ f_ /-//'<-. 

i/i -h-kku y(ik-,jh)'i ,j,, V 

-)- fJLz.i'‘ f (\ —FW- 

'i- yfk ' ,jh V )/(/■/; _ y;,) J J ■ 


SCHOLION 


IV cfv »t 

supeismt, qnos ope soqueiitis problomatis supciure licobit. 


PROBLEMA 9 


no 


rnmrin casu., „r,k,s exprcssio f .nantitati al, 
ma cm duohiis arcnbus sectioHum conkanm. 


SOLDTIO 




roiliiando 


dZ --= "f" -f^!l~- + ff {f/~ a/j)s'‘) 

if -I- (/z^)^ yOi -f kzz) 

oIiiUo in diia.s partfj.s kMiieas seqiicnti modo institnatur. 
oiiatuv 

f .. +a 

■! (f + gi^)i y(h + /.^«) ^ '' ■> (f + 


f(f — «*) = gh , 'ifOj — ah) =p-y tjh, gin — ah) = 0, 


I i git, nr 


ii'ca 


ft — 




q = 


/XA-ryA') 

hh 


i> = 


h 


S*-YA’" 


h - 1 - kez 


ff 0 i/h-\-fczz f . z*^'— + (a-' 7 /o»‘'*; 

h y h V t~m + r ■ i~ ' 


e 


•| /h -|* 1 

y stt 1/ -i.- ot a* =“ 

* f-\-gz 0 Vif + 9 ^^) 


onatur 


r /'.. . 

(f 4 - (izz)W(h - 1 - f(zz) Y(f •!' 


Z3(2s 


(f -\-(jz3)^Y{lt-\-!fzz) ' Y(f-\-{/zz)(h + l‘zz) 

/■(/'— ah) = 0, 2/’(i/ — ak) -^p-Yqf, (jiff — «4-) == qq 


a 


1. „ = et 




bobifcur 


kzz lb y f-j-gzz y fc — OT ^ < 7 /i ' i/Ji-fk + l 


p-VrtS 
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3. Ponutur 

^ /* 2Z(lZ 

^ if -\-g^zf‘\\h^lczs 

Hotqno 

f(f— «h] = qfh, al-)= p + qifj: -J- ,///), q{<i 

undo nihil concludcrc liccfc. 

4. Ponatiur 

Z-^pf u , I _ 

•’ {f+ nzzf Yih + kzi) ]/{f + gzs){h -I 

fietqno 

f(f— oA) = p, 2f((j — ak) = qf\ fj((j ~ ale) = 

unde nihil coiiclndore licofc. 



/). Po7iat/in' 


fietqne 


J (rj.no^\i ^ ■’ J \/(fA, 


f{f— ah) =ph, 2f0j ~ ak) = pk + qf, <j{q — c 
undo nihil ooUigero licot. 


G. Ponatnr 



fieri debot 

fif ah) = pk -f qfh^ 2f(<) — ak) =piU -f- (i{fk ~\- qh), 
unde colligitur 


ideoqne 


hk 


m~9h) 
Ilk ' 


« = P-—",:ir-' el, 




= C ^ Ctzj} ([ly 1 A + ifk - qh)yy 

hk r f 4-azz ' hk d J y 


^-yyy 


cxistente 


fj=: 


V{f-\-y^z) 




C01i0fJ.AKIUJI I 

Fliftr oirinc’.s (jufLiuor citfiiis difficilioros tlorivuri poHisimt. Priiiuis nenipo 
leducitur ox k" (j; iifuii ob //.' > (y/( erit ex cjisii 111 


1 


n rtOKx^ 
oVyi^^^ fk 



if 

^ V(f-[-yz2)' 

D ox CilHll li 

dz\/^' _ J_ y~. fk-f,l, i ]/(f'^f,ss) _ -t-r/Zn ') 

' m-zy/O ffh \ Vf \^h J 


(JTTEGRATIO CASUS I 


\-kgs Ilk nkVak fk^ Vif !l^^) ’fk- 

j- _ ^ // .„_ I ^ + //^'l 'J . 

i/(/7.- -///<) ' (fh \ \/f L Ilk J 


COJtOLUMUUM 2 

Hie moinbrum inocliuiu jnu* invevsioneni ellipsis i\bit in 


A__ - ffk 
^ IcYfh 



_ rr. 

]/(/' + j;«^)/L< 7 /J 


/y uegabivo capiatuv, pro casu V manifesto fit pro byperbobu Ah 
ncgafcivo crit nlfcimum membruni ex casu 3J/ 


_-_{fJ{ + (jh) ,/h gh (i __.-\/!l)\' 9^' 

y Y ” fk+gh V f) Ifkiffhi 

J li ^fk^yyk /j __ +z/j'i 

^ Vifk + (Jh) ^ gk ^ ~Vf ' 1- ” ~9h ' J ' 

ucitur 

llilio princ.,,5: 77 ^ ~ 0 ['“ 9^ "'I ' 
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INTEOHA'I'K) CASUS V 


= 1 /^- 1 -*:"^ -I- rk-^ni' j/ f^f 

* ' li-\-kzg Ilk ' f — iizz kVfIc (ili\\/{ 


f — kYfk tjli V|/( 


f M-j 

VQ’Jc-\r!fh)*^ nil \ Vf ) 


- !lh 


UOUOLLAUIUM 8 

J)B. l^or n" 2 conat.niiiur casii« IV, ({uo Ii negativo (‘a} 




oxistonte 

Nu?i« voi'o cst 




■•-\-fH!f _-(fl£-\'fll>) i/h 11 f/h /' ■./, 

fi’-'ifVlf /y* ' ' I 


oxistonto 


j !l rj f L — ~ 

]/(r/- + gh V yic Jl , 


ot 




’ ~fk~<jh-\rkxx kYfk'* ' <jh^ ' fk-Vgh 


unde colligitur 


INTEG RATIO UASUS IV 

■Mini’.. 


h V r.L 


+ 




fk-\-(jh 


1 — 




k f-\-gs£ (jh y yk{f-\ 

fk -Y gk y. fk / //■■(/•+ ffgg) __ A [■“ An 
* !//;{• V Yifk 4 - a)}, ) L' oh J ‘ 




ijh . 


GONGLUSIO 

f^iinuR orgo duodocim casus formulae onume- 

luHHO.s disUugui, quanna ({aao)i)>ot qmitiior casus coinpleciatur. 
edassis cos contiiiel)it casus, quorum ink'gvatio simplici aveui 
,0 absolviUir, socunda voro cos, (jui iusupor partem algebraicaiu 
tnrUu classjs praol.or parteon algobraicam duos arcus, alicnim 
M'liin Iiypcrbolicum, posiulaf. Cum igitur in cinmun’alioiKi 
ic ordiuom non rcspoxoriiuus, iam jta dispommdi videniur. 

Jiitegialia oxprimunLuv 

I arcu cUipUco 

J area hyporholico 

I paiic algoliraica ot. arcu olliptico 

I parte algebraica et area liypevboUco 

parte algobi’jiica et duobus arcubus, aJtoro olliptico, altero 
liyperbolico. 


: iusupor () suinatnus negative, prodit 

INTJOOU.A'riO {,’ASUS VIII 

/ f'—tfse 
— /i -J- kzz 

, f ..P^-OhiVU'Ic—jh) 

,jh \yHf-nzzy > 

-L ~ Oh / f fh / j r/'n 
IcYfk fih\ 

)innes plane 12 casus expedivimus. 



IXl'EGllATI 0 A E(iU7\ I'l 0 N 1 S 

dx_ ^ <hl 

v'(yi + Bx -I- cy + ny + ex') -i «</ -i- + 


Commonlatio IUi'j iiulicis Kxr.s'ntoKMiAsi 
Novi Coinmeuiani academiae acicntiamni I’cliopolilaaia' 152 (176()/7) 

Summaiiinn iliicluiii p. 6— G 


SUMMAIUUM 

Calculus iiilcgmlis, ad laiU-nm liodic siunmornm Or.oiiiclfiinuii 
cvenliis, iusiguibug inciumcnna ct subsidiis iiuiuiniun non tliliiluB luil., 
dillVviiutiak's solutu difliciliores, qimnnn iutiigniliii c.iisii (jiifisi vc.l ))in* 
itivcitiro ipsis Ikucrat, data opera incditatioiu siibicccnint nii’IInxloH 
caduiii, (le cpnlms aliunde iain constitit, integruliiv puiveiiieiidi. Auqii 
tcgralo idcpie algebrakum et complctum via luliriodiiin oblitpni, (uiin 
cculra vliiuiu fixa altracli motuin iiujiiiim't, 111. Eurj'iuo iiivonirn li 
occasiouc istani iiilegrationcm data opara csl nggrcssna ciunquc m 
ccusuit digiiioreiu, quo plma ct jnacclarioia AnalyKCos arLilicia diflicii 
plicari videlur, evolutio, cum iieutram jmrtom seorsiiu no ad nvcus 
logarilliinos revocare liceat, poilicori luerito videbaLnr. Kn igiliu' dir( 
(pie substitutioiiilms et subsidiis aiialylieis notaUi inaxiiuc (lignin luiK 
accpiatiouis integrale criiitur cum priori porfectc! congruous; qimo cni 
bus potioribus dubium non sit, quin excoli possii uburiuB ut ud bre 
nam roduci, ad prumovcndos Aunlyscos tines jiUiriminn monmnti coniine 


1. iVetbodo admodimi siugulari atquo obliqua porvono: 
gnitioiifiin huius Eie(|iiationis, cuius intcgrale idquc fidoo con 

1^ L. F/ULEiu Coramentatiouos 251 eL 2G1 (iudicis ENnSTiionMiAMi); v: 


utviusfjuo roininhLU scoi'Kim intcgrale nou fsolnin non jilycbrnico, h 
circuli qnideni hyporbolaovc qiiadraturani cxprinii potest. Tuni vt 
iiuis notatu dignum occurroba.t, fpiod nulla, mei.liodus dirocta p; 

intogiulo algehniioLiin cvnendi. Xnlla aiitoin occasio inagis i 
,iu’ Hnos Analysuos profcrondi, qnam si, quod iiic(.ho«lo obliqua qua 
ig(!S clicueviinus, idem inctlunlo dircctu iuvost.igai-o annitaimu'. 

V miper') cuwaH definivevim, qiias corpus ad duo contra viriiin 
cUiin porcundt, eaHf|uo ad Bimiloni uequationoni ))OvdnxerLm, ind(! vi 
s aequationis intcgratioiuMn pctore liccbit; quod quoniodo sit })raosta 
ixplica.vo constitui. 

2. Ac prinu) quicleni observe anqiiationoin pvoposilani sonipor in oiu 
am l.ransi’uiidi posse, in qua coolTicionLe.s li ot J) ovancscant, qiioi 
do altorutro cx oloinontis satis esl iiotuin. Ut aulmn ainbo si in 
Liin rodigi quoant, id ta.lis idnnno est proprium; posiio o.nini = 
forma, ciii quidom altera ost sinnlis, abit in hitnc 

{/Hh — iia)<h 

n£r'l-?0*-i' D(m -{■h}{nu' A'(-w,r 

iiius donoiniimtoro Lorminos bain ipsa quantitaio .? quain oiiis ci 
-os desbruero licebiU Prior conditio praobot hanc aeciimtionoiu 

iSJ'ina/ili -\-20m<ihb-^ 20naah~\~ii.'0maai> -{- JJna^~{- d/Ai/i 

jrior vero hanc 

' b -\- a 4- 3 JJ m v n h 2 ( n h « + 2 m w nb-\-'d 1) nm n (i -p J) /k b -i- 4 J>! h i’’ 

tani ratio a:b rpiani ratio m:n elici potest. 

l) EoMJiif Cojniuo/ilatio vlOl O'^bcis EN’o.sTKOKJHANr); J)c mofii corfior/s' ad dac 
< fixa allyarfi, Novi coinniuiil. iicnd. sc. I’eirop. 10(17Gi), 1760, p.207; Ljco.s'jjAnnr 
omnia, sorios IT, vol. 6; tJoninioiitalLo <128 (imlicU RNiiaTiionMiAsi): Dc moln corp 
nlra viriuni fixa ifUrarll, Novi coinnn;nt. iiuati sc. I’ctcop. 11 (1705), 1707, 
r.i/f/)/ Eri.Kiu Ojjci'u omnia, sovies II, vol. 5*, OomniunLatio 307 (inilicis Endsthch 
JHC. Un conpfi dtcini atlirc oi raison r^cii.roque (jumrec tics dislaitcrs v(ys <lcim poin 
irouver Ics cas oh la courhc de'erite yiar cc coriis sera altj^briqw- , Afeni. dc I'acad 
ulin 10 (1700), 1707, p. 228; Lt:o.\nAKisi Kvi-kki Opera omnia, sovies IJ, vol. 5. 


4.1 -r Bq + 'dBp -\- '2Cpq -j- 2Cpp -h ^ Dppq -|- J)p^ -1- 
4.4 + Jip + 37?(y -f 2Cpq -f ^Cqq + IWpqq -{- J)q^ -(- 


(liuiruin (litfcrenf.ia per p — q divisa pniob(‘t 


27? -h 2C(> + q) H' ^pp -h ‘h)q 4- qq) 4- f'^pqip -I 


Turn vero prior ))er q Inuiltiplicai.a] dcnii-a po.stci'ioro })or 
(livisione ))Ci‘ p — q facta 

— 4^ — B{p d- q) -h Bpq{p 'h q) 4- ‘^ f'^ppqq = 

statuainus imnc p q = r ct pq = s et ex aoqiiai.ionibuH 


2 n H- 26V + Drr + 2 Ds -h 4 /oVa = 0, 
— 4A — Jlr + Brs 4 ICs^^ = 0 


elidendo r 


^ {^i -- Kss) 1 • • . , , . , . 

^^dipisciiniir luinc aoqiiationoin cnhici 


4-7)’ 

-BDJO ’ 

-BBJ> 

-401)7'; 

s’ + 47?07i.’' 

4-44 CD 

+ 87?7!,'Ji’, 

-BADE] 

-8yll?7'; 


4- 

s —AAJi 
4 - %AA 


unde incognita s defiiutur, quod igitur trij)llci inodo fiori p 

4. Cmn igitur sine dctrimento scopi praofixi coonicioii 
aetiimles assnmore Uceat. quaestio nostra in intugrali liuiuE 
uioudo versatur 

dy 

V(yi + Cxx H- i)x^) ]/(/! + Oyy ’ 

quail) boc iiiodo repraesoutemus 


dy y A+ Ci/'ir+ 77 ?’ 

undo relationem inter variabiles x Qi y generatim elici 
sequent] niodo praesfcai'o couabor. 


dx = et (hf 

'^ypq ' '^qVm 

dx ^ n{vh> -\- ;>rf'/) 
q(^> ~ pt^fj 

,3111 ost 

A -1- Cxx ~ /).j:' _ (f(pA + uCpq -h nilPppiiq) 
A -}- Cf/i/ f- J)id Aqq -|- ndpti -|- nnDpi) ’ 

qtlp -(- pd'i _ i.Ol -(- udjU! -f- nnDppim 
qdp ~ pdq ' Aijt] -\- iiCjni r nil I) i>p' 

nuiuoru?! n ad cointnoduiu nostrum assiimi potest. 


b brovitatis gratia 

A -I- uCfKj -L nuDppqq _ P ■\- Q, 

Aqij H- nCpij -t- nnDpp ~~ P — Q* 

(I -[- -f- unDppd qq) ^ (A -i- qq) ^2nC})ij 

yl(l -- qq) ■ ■ nnDppy — '/v) (-'1 - »a Ppp)^ - UH) 

ob 

qdfi + //(/(/ ^ i//' 
ifdp - pdq y P -- Q 
IH 

II dll + (,0 + W - «) .^I' v VU‘i‘-Q Q) 

pdi, V(p + fj) - Y{P - Q) (j 

<idp “ Q 

ino iain moinentnin vorsatur in itlouca .substibutiono; atquo oqiiicloin 
nil observavi 

q = %i Yhiti — 1) unde fit ■■ 

l^qq = 2qii, I — q/y = ^2fjV(ni( — 

ICiir.i'Ki Uiiota oiiiiiia Uo Coiiiiiioutaliaiic!) anub'ticae 8(i 


P {A + -r ndp 

Q {nitDpp — A) — l) 

ilc nunc quidein pro u iinitatoni cominodisHiiuc asHiniii ovidc 
ergo sit 

P {A + J)})}))u + Cp 
Q {Dpp — 7 I )[/(«« — 1 ) 

erit 

y\PP~ QQ) _ yjAAPppun A2Cp(A 7Jpp)ic -[- 0(*j>p ■[- (/)/ 
Q (Jfpp — -.'1) \^inH 1) 

itu lit nostra aotpiutio intcgraiula sit 

jhIh (.'I I)pp)n -\- ('p — y[l A Dppun -\- 'iCpniA J)pp) -\- ('C pp 
lip Dpp — A 


8. Jstii formula irrationalia hoc niodo ropraoseiitotiir 

l/((■>J;«ryl 1 ) + ■■ ” ■■■ ~ ' 

^ ' 2 yAI)^ -^AJ) 

ac ponatuv 

'^pnViJ) - 1 - _ U>PP - A).<iyi-\AI) -■ (J(! 

^ ' 2]/yli) S/yl/J 

unde fit ipsa formula surda 


et 


bincque 


{Dpp -A)y{4:AT)- aayi ■\- ss) 

2yAi) 

C{A + 7)pp) {Dpp - A)s 1/(4 A I) - aC) 
lADp ■*' Ta'Dp 


(A -i- Dpp)n + Cp = ± J^PP){Jh>P ~ A)sy{ 

ita ut iam uostra aeqiiatio sit 


_ Z ^SPpP - A) -h {A + J)pp)s 1/(4 AD- CO) ]/{4 A 1) - 

<^P iADp ' y-, 


(ipinpp - J) Dpi})\/(.l AO - C(J) (IsiDpp - A) \/(.\An-C(. 

'iA/)pp -iADpp ^ 4A/Jp 

KmuJimus 


anpp- ■ A) s{A - 1 - Opp)y{^iA n~oc) ds{i)pp - a) \\.iAf) - cc 

iAOp ‘\:AJ><ip 

iibi coiinnoflissiino uaii vonit, UL ploriquo toi-mi 

l.olhiiii indoqiu'. Iiuoc aoqmiUo 


dtilOjip — ^0 /<'l A J) - CC) __ ~ y(.tA D OC){{ d- A'.'’) 
AAOtIp 'J\/AJ) 

fii.iir 

da - '2 dp |/yl O ^ '2 dp [ 0 \ 1 ) 

]/( I -)- ss) ~ A ~ J)pp ’ 


ifrnvlo in loj^avilhiiiw oat 


iHMDtUia 


/ (s -I- l''(l -I- ss)) = I 

s -I- |/(1 -1- s,s) = 


]/A - p yj) 


-h 


«)//l -i vp]/!) 

Ya-pYJ) 


<uc(\/A -1- -J'yjd. 

•i«(yl — bpp) 


;^uodsi hi)ic rogralijuinnq roporioinii.s 

— (J{A -i- Opp) C/yl — pyof — -f p YJ>y i//i A /) __ 

'4A/)p 8ix'Abp 


lii'i opoi'Uit rj = 11 y(u?t — 1 ). Sod quia hinc fit = ^ 
= :i'p et {/ -= iicquiitio iioatra intcgralis complota ost 


C(A - 1 - Dxa'ijij) (YA 
4 AI)xy ' 


xy y of — ««CK A + xy Y O) 
8«/I Oxy 


V \t 


- CC 


30 * 


_ -a;,/ |//i)'' ■ I XU 

« '' 

qnao cvolvitur in hiuu; 

AA]){xx -\- \ Uxxij]i) (I- u(i)A -‘^(1 \-Uii).nj\^M 

y[.\An-c(j) " 

cl poiienclo 

\/{\An- (!('■) 

^ ' niC. 

prodit 


(a -}- mm)CC~ AAl>)iA -\ Ih-xinj) 'M.(nnn \)(!(l \ -I 

ni(^ 


11, N0Citsu8» ul)i VAD iii- (iiiiiiillt.iiH UirlxM 

lioiUMu alia via, «(aao ipsa (Icjslrur.iioiu' tarniinonmi ^ A ol 
invusligavu. Sailicol, proposiUi jiaqual.ionc. 

dx I / A -|- ('-‘-f' -I- ‘ 

dtj^t A I ('■ijn ■{ I'ly 

fiat x = V})ij cl ul hinc obliucaliu' 

p(h QQ) 

(jdp 

Gxistento 

P ^(A -I- A>/))(l I 77) -I- ii^>7. 

Q U 77) 

Pouatiir nunc 1), ul hH 

1 + (jff/ = I - ' <P{ ^ ^75 «= — '>.<1 /(« 

orit 

dif dtt ■ ot ll{y\ '1- l'hn>) -I- <h 

7 |/(hh-1) ' Q (/.,>;> A)Y{uu~- 

iinclc rcauliat Imcc aoqiiatio IranBrornuitii 

^ “(4 + ^'^PP) A- y{AA.l<ppuH + 2Cpu(A H- ICpp) -I- a 

ICpp ~ A 


i lac 


ur<jn.wu(;n{; m (JCfiincin I'Otlucta vi ])0.silo Im'vifatis \ryi 
ro irvalioiuili =-- (ioi 

ndpiA 4 /'^Ji>)4 = 

CGi.<) jn’iiiuim lioc inoinbro irratioiiali ropcriiiir iutcgrale 

,, . Const.; 

hpp — yi * 

confitantis loco autein .sumatiir qiuintitas vai'iabilis s, iit sit 
■IJiim l- a=!s(Epp~A) et u = 
iiinc momln’iun riitionalo fit 


- - AY 

'IE 


niila irratioiialis 


( Epp _ A) |/ 


vl."},** -j- C'.'» 4 ^ 


nunc sit 


E 


, — ■ » 


<h 


':pp — A.) = ilp YE(Ass 4 Cs -1' E) 


YEiAas 4 G:i 4 A’) Epp -A^ ' 


iutoy;riilc ost 


Const. 


]. liacc aoquatio ergo rodit ad hanc lormaiii 


yls + I 0+ VJ {Ass H- Cs + Ji) = « -y'J - 2’. 


slicitur 


yl J? = TT — T(2A s -|- C) + CC 
tt+ \gc-ae _,,i,(pyf:+yAy + {iac- aj:){pVe - i4i)> 

^ ' ' T " ' a{Epp~- A) 


tuni nunc sit p = xy efc (/ = y, 


ox quo efficitur 


XX + llil 

u = 

2xy 


ot s = 


]‘Uxx -1- yy) -f- (' 


Exxijy — A 


cxisteuto 


)>yi7;(3:£_+;/?/) + Cii’i\^y4-yJ6'_ CC — A 
ICxxyy -A — . 4- , y, 


et 


a-.vKi?+ }4'1 Kxxyy -V A 2a;?/ lA 

I ~ a • ■; . (i . ' y ► 

A-y]/A — hxxijif - A 


ideoque 


I _ }_ ^xxyy 4- — 2.rv]/^l E 

T (( Exxui! — A 


'2Amx.-{. yy)+(;Exxyij + AC^ u{Exxyy + vt) + 

+ ^^.^(Exxyy + A)^^(^J'~^xy/ 


14. isc unquain hacc cxpvcssio iuvolvat iniaginurin, coi 
ita iuimutenuis, ut sit 


liincque 


« + 


CC-JAE 

4 « 


A' sou 4c(n = ‘laF— C'6' + 


2a=^F+/(FE-l-4AB-C'0) et A _F~-]/(FF^ 

00 - 

uiuie fit 


ct 


2a - .'^‘2-J AJ?. ^ 2 y(FE + 4J E ~ CC 




iA E[x,x + yy) - (>■_ C)(Exxyy + A) + 2xy l/AE{7''l'' - 
sit uuiic E- 0=20] erit 


AElxx + yy}^GiA + Exxyy) + 2xyVAE{AE + ( 
St aequatio integralis complota huiua cUtferontialis 

^ dj 

ViA + Cxx + Ex') Yi^A + Cyy +'£/) ’ 


G iUi accipi dcljof., iil irratioa/tlis 


I, iiaaginai’ia. 


\^AJC{A IC-\- CUA- OG) 


. Korina luicc iniogralis adhuc coiiimodior rcddi potest ponendo 
ff sirapio liol- aequatio iahogralis 

A {:i-x yy) -= ff (/I -j- R%-xyy) -f 2.r// V A{A -f Off + KT ) , 

ist constaiiH arhitraria. Ilinc aulem eliciUir 


^ A- \/A (A + Off -!- ± fVA(A + Cxx + E.A} 



le niodo 

± i- n^‘HA + cyy 4 - >;,/') 

A - f^fyy 


onmilao c.iini iis, quan oUm‘) dederam, pcrfecto cousciitiunt-. 


. Iningralo hie quidoin actiuntioihs diflovcntialis propositno metbodo 
sum consocnlus, voviimlanicn diftiteri non }30ssuin hoe per miiUas 
)S oss(j praestitiiin, ila. \it vix sit oxpcctanclnin cuiqnara has opevaliones 
itom veniro potuisKo. Ex quo hacc ipsa luelhodus, qua hie sum iisiis, 
iiin in I’Qcossu biibovo vidotuv neqiio ulluiu ost diihiuni, quiii earn dili- 
sci'utaudo aditus ad multa alia praoclara aporiatuv ac foitnsso alia 
lothodus idem pvaestaudi dotegatur, undo non coutcmnendii auhsidia ad 
in porficiondam bauriri queanfc. 

. Opevationos hie adliibitao aliqiiantum variari possunt, (innd probe 
disso iisu non carobit. ProposiUm seilicel aoqinitionem dilVorcuLialom 
jro 

xdy y 'Ax.v Oxxyy + Exxf f F - Q' 

P _ -,/{A + Exxyyyixx A */i/) 

'Q~ y ' ' ' {A - Exxy}j){yy - xx) 

L. EijLBai Coimnontatio 2 G 1 (iixiiois BnestrofmcakOj vide p. 163 . A K. 


turn otiarn 


ydx - xHxj y{V + Q) - 1/(P - Q) 


plx_--xdy^V-V{PP-QQ) 

ydx + xdy Q 


Facimints lumc hanr. siibstitiitionem 


crit 


deinde 

mule fit 


xy = pp, xx 4 - yy = ’^ppy, yy — 2 ;^^: =- 


lllquo 
unde lit 


dx 

dp __ 

dq 

el, ''J' 

_ dp 

X 

P 

2y'(,,- 1) 

y 

P 



dq 



ydx 
xdy ' 

P 

21/(77-1) 

. ydx ■ 
ut ‘ , 
yd.r • 

-- xdy 
f A-dy 



2 ]/(77 - 1) 




P 2{A ■\-2^l>*)PPQ d- 'iCy __ {A -I- l‘!p^)0 

Q “ 1) '0^- i'¥) y 


Q {A — Ep')y{t2q ~ i 


18. Hii pp^r oritque ob = 

f^_ydq , (4 -I- iiVr)5 + Cr- ]/(44EjT5f/ -I- 26'r{/(/l -t- 7? 
' dr A-JSn- ‘ 

sivo 

rdq(A~Er)) + qdr{A + jyrr) -]- C 
=~(bX{4AEn(jq + 2Crq{A + -Kn) + CCrr - 

Qiiautitas vinoulo raiUcali implicata ita exhibeatur 

■r-lJi + 8ACErq(A + Err) + 4A CCj 

“ 4L-; V + J'->-r)f + (4A K - I 


rq + a A -I- = s(A — AVr) V(AAJ‘J ~ CC) 

irda 

'2yAJi:' 


.s- 1/(4.'/ /i,’— CC) = 

A — Err 


^‘^AA FArdff 4- f}(h‘) - A A K Er^Oq -(- -l AKKrrqdr A 4 A GBrdr 

' {A- Krrf " - “ 


) + qdriA + Err) + C.r^r 


in lu-iua membnmi nostrao acquatiouiM^ cui acqualii^ ost 
(h-{A - l/(.i .1 'E~- Cr!)(l H- jis) 


■ rlry(l .(. ss) of, C- 

■I.J? \ ' V _ yj;,.,. 


rf.s' _ 

Vii E~sd) 


S -j- + 5s) *= « 


(/.-( -I- r ^E 

yA-ry/i'* 


1 •-« «« 


/Va. -t- rYEy 

\j/A~ryiV' 


2„..Ci±Z^. 

)/yl - ry/'J 


_4ylEy'qr -j- 0 (A -}- Err) 
(A - Err)y(4AE~CC) 


f = xy et 




X X -f 1J1J 

2 xy 


S ^ + lfj] + ^^4+ 

(/I — ICxxyif) y[4AE ~ CO) 

iva omnia Iso Comineiitfttionea amilyticao 


40 


IIJ. Idem expedire pussuuiu« .smii huijai.iLKi.ium: ii()v;i 
))eivouiinus iid bjinc acqiiatioiicni 

rdq{A — Jirr) -I- qdr(A -[- birr) Crdr 

__ -,/(4yl Erq -H aU 4- Err)f -|- ( I A bl - Cd) [A - 

.-(hy-- 

noteiur esae mombrum priiis 

_ (J - Enf -iA Krq -f- C{A -f- birr) 

"" AAE A -birr 


postering vero ila cxprimi posse 

iriA -EnhU^ .1 fc'- CC + ' 

2 VAJC * ^ ^ A - Err 


- n 


Yak 

unde posito brovitatis gratia 

iAJ‘lrq-\- C{A -I- Err) 

A- Err 

erit 

(/I — , dr(A — birr) . ,, , 

A'k^M'.-vv-v 

ideoquo 

dv 2(lrYAbl 

y(.\AE-CC-]-vv)^ A - birr ' 


20 . 

tioncni 


Alind speciincji hnius roductionis dalini'iis consid' 

jIjc iijf 

V{lSx + Cxx -i- I).x^) “ y{Jiq~+ Vyq -I- Elf) 


(piam ita vopracsento 


ut sit 


sou 


oritquo 


i/dx _ Cxxffti q- Ex^yy i /P -|- i 

xdy I Shr.xy Oxxyy -\- Exa'.if t p 

^ '^) ^Cxxyy + Dxxyy(x -[- y) 

Q Bxyiy — x) A- Exxyy{x — y) 

~ — t?.d" "fy) + 2 C'.ry 
*3 {B — J)xy){y — x) ’ 

pd^-j^dy ^P+ ViPB^QQ) 
ydx-pxdy Q' 


1. Stiiiuatur nunc 

ll H 


<lx dp, dn . d,i^dv_ 

■ * “ j. ^ y(.n, - 1) f' 


no 


yf/K- xdtj ^ 

ildx'\- icdtj (/])/(«« - 1 ) 


c oh 




]> {li Dpjhj^ 


no 


(„, n,,^u-, cp - 


i\i 


nionibrnm est 






- iil, «‘ '• + "" + + '" ''® - 

membrum ivvatioiiale erit 

,, ,iBVp« + G{Ji + DpP)^’). 

B -ppv y(iBD - CG+ (- B -Dpp > ' 


.[fiDpn -I- f^PP) 


B - Dpp 


-■■■ s 


erit 

unde fit 


(«- J>pp)\i. _ - f^ppyp |/^1 // 1, aa.i. , 

Mili ^2 van 


ot miegraudo 
ideoijLio 


d.t [/ 

\/(i iil}--(!(^ \ ss) ^*PP 


\/ !{ ■[ }> \/n 


fi-\- K('i/y/J ^ « 

\ ]/ 1! -})]//> ' yii p 


\/ii Pi'll 

Vll-:p\/l>y 


22. FnndanuMii.um cigo liannn rP(lii(d.ii)iiiini in hoc, (•.( 
poiiatiir :t: = pff ol y ^ , turn voro pi-o 7 ('iimmoili lunmi 

parios xx j-yy otc., (|uao in (brmiilii iiiHiiiil., (pii 

rcddantur. Volnti in caan § 17 Hiunsiniim 


7 




I 


sou qq = a -f- \^{uu -- 1), in ultimo v(h-i) <j -- ii ■ !) 

non erat, ut a; -I*?/ nitionalitcr oxpiinnitur, undo Hiinicinh! 
u ~\- \^(uu — {) trihni, liic voro necowso onit, ut x.-l- y nii.io 
valorem. 


2;V Doniqno casum ainipUciovom pmotorniittm'o non 
ponitur liacc acijuatio 

dx _ dy 
y{A-\-axx)~' V[A -I- dyy)' 

quain ita rofovo 

ydje ^ y'Ayy Cxxyy .,/P H- 
xdy ^ Axx -\-Cxx}nj V p..Q' 

posito ergo 


1) Q 


ylr/H- Cpp YiPP-QQ) _]/(2.'I6'm-j^6’C>‘ + .'I.n 

A\/{tiq-l) Q AY{qq~l) 

jij) =: r — xy uril 

rt/q Aq p Cl- - ypJACrq -{- CCrt p AJ) 

'■ ,(>■ ■ - - ■ -“I 

^l(i '(/7 |- tjdf) -h (Jrdr 

YplACrqP {'V.rr AA)~'' ' 

•:l1(5 chI 

YitACrq H- + A A) hgu y-7-‘+ iiCy-V = 2yICVtf H- AA\ 


r <■« ity/ til. q 
Lio intogmli.s osl 


u-x + //// 

2.fi/ 


/'7'’-l- 2CJ''xy - yf /I + ylC(:i;a: -1- y.v). 

1 coinpamtio inter x ot //, quao alias por logarithmos vel lU'Cim 
stoiidi soldi, hie algebvaico est evuta. 


EVOLUTTO G EX ERA LIOR EORMULAIIUM 
COR PARATIOXI GURVARUM IXSERV I ENTIU 


(Joimucntiilio 3-17 indicis Emkstuoi'miasi 
Novi comitioiitarii aca«l. sc. l‘ctr(ip. 12 (i7()t>/7), 17G8, p. ‘12—81) 
Siuoniarimn ibidotii p. 9 — 10 


SUMMARIUM 

Insignia simt et miro cum ingcnii ncumine cxcog'ihitn, qiiac ill. Comas Faonani 
mpnrationo urcuum cmvuo Iciuniscfituc clicuit {|uac(|Uc non minori sagacitato circa 
liplicos atqiifi otiam hvpcrliolicos inlcr sc coinparamlos est coininanlaius. Metlmdiim 
Donictraniin attuntioiu! dignissimata him pridcni in liisce Connncntai'iiH 111. MUElJUUf 
editatinuibuR non illuslvavit mode, sed longo c.tiam reddidit gcnaraliorom moLliodui 
jnendo plniiam n substitutionibus udmodum moleslis, quibns Faonanus nans ost ot qv 
tio invontionis proreus est obscura, liberum atquc gencralissimn onincs istoniiii ar 
miparationes in se complexam, cnins idea boneficio ipsi in gravisKinio lioo negoiio i 
iigins ))rngredi licuit. Ad duo vero polissimum capita ardnam sano hiinc (pmosti 
vocare licet, diiin scilicet demanstravit Cel. Kulkkus primo qnitimu omnium enrv 
iiinnn reelificutio liac integrali formula coiitiiicatur 

J]/[A -i-fV + Ei:*)' 

.Iqiic circularos inter sc eomparari posse, ila ut sninto in islis curvis 
alio quovis puncto arcus geometrice absciudi possit, qni ad ilium rati 
ationalem tcncat; deinde vero in curvis, quarum reclificatio ab ista fo: 

+J 32 *+ e£* + etc.) 


nitiut loiici sncccs.su cxpodjii, qunc mm |m<lein circa coinparalioiiem 
HI) |inicclani .su)iL ioveiit.t, ita i?fc in inodo incmorjitis ciirvis sunito nveu 
•lUuviH i.im. t,. mv.iiP nbsi-iiuli possil, ijni ah illo vel a qimvii dus mui- 
iVcnil vul preiuiu'tricc iiHsigiiiibiU vd a circuli hy]»er);(ila(;vfi qua.Inituia 

111. Ancior ]n*olinuliRKini)i(i Imic iavesliH-alioiii hicremejif.iini athilit tiieMio- 
jiUMjnii lonmilHH t^xlojuleiubi, qin cxprcssimiein siii-dani iiiagis complicahun 

i'XA I- 2 li.: -f- 'iDz^ + Ez^) 

lali^.‘iinn^s jipaiihii riinipus in aliis plurllms cnrviR similcss cDmiKinitinnes 
rpiiiiicnlmi) ciiin non ;ij| ciirvaruMj nnidn natuiani (irofuiitlitis si'iiitiusdum 
KMiii, Hcil hiip-issimnm rjUdquc g-ravissimarnm atl Analy.sln pciiideinljiin 
'll! sislal, in juiicsdnli iliKscriiilioiie pleiie cvolviliir; rui si adilantnr e:i, 
II dalculi fmi iiifqiiuds l-yjiia in Acinivniia nostra oxscvipti Vol. I Srct. li 
!is ioriimlis iiitcji'Tsiiiijiin ost cnminentiifns, gruvissimain tjnncstioiieiii lul 
icmmuiilnin in pluim linni |n>sitjun «bsc est, quod laetentur Gcomotnie. 


'.oniparalioiio arcuum circtilui-imn ox oloinentis simt cognita i*i 
(19 !'’aijnanus do siinili comjianitioin' arcuuui cnvvatj lomnis* 
ilaU) clicnit, ou, uti iam aliquobioa’) ostoiidi, itti goiioralius 
uL, 8 i cuiuspiatti liiioao ciimc arcus iiKle/itiite per lianc 
1(1111 exprijniitnr 

r Uz 

J ViA-hOz/^jh^/ 

fiumbo area qiiocun((uo ab alio qiiovis puiiclo arciuii guo- 
posfto illi arciii aoqiialeai. Atqiio bine otiam proposito ai'cu 
() {|uovis piiiicto arcii.s abscindi poterib, <jui illiiis aixus sil 
\H HOu (|ui in goiici'o ad omit lalioueiu qiiamcuucjiiG ratio- 
ndo oonsocjuitur oniiiiuin curvantni, quavum quidein rcr.tifi- 
i coiitiiicaUir, arcus povinde atque arcus circuUircs inter sc 


innmnlationos ‘Jrii, 2(51, SOI ('iuclicm Knk.stkoumiam); vide p. 5S, 158, 20J. 

A. K. 


lilUUU III. VUilH o 


mvoluu ei quau miiuu 
liyjieiliolicos summo aciimino praosLitit, e:i doinceps tain 
stiuvi, lit jiari succcssu ad omnes curvas, quanuu arcus 
forniuliiin iutegralom 

ph(^i -! -I- tic* -I- 'Dc'- -p 0^) 

J l/(yl + 6’cc-l-7A?'} 

oxpi’imatuv, extendi queaut. Siimtn .scilicet in tali curva 
alio (jiiovis puncto arcus abscindi potcrii, qiii ab illo arci 
gooiiiotricc assignabili. Tiun vero cliani abscindi potori 
qui ab arcus propositi duplo, triple vid quovis nmltijdo 
geonietrice assignabili. Quin etiain illud puiictuin, undo ari 
ita capi potcrit, ut haec dillbrentia piano in niliilum abci 


3. Qiuiocunque ergo circa arcus parabolicos iain olini si 
quoquo in omnibus ciirvis, quarum rcctiflcatio ad istain b 
est rcductibilis, pari successu oxpodiri poterunt. Cum aut 
ad has mirabilos comparutioncs per substitutionos adm 
quarum ratio inventionis uc quidom porsjjiciatur, porvoir 
planani aperiii, quae quasi spouto ad oasdcin coniparutionos 
ista nictliodus etiani multo uberius hoc negotium conficifc, 
onmes conqiarationes in so comploctitur; acquivalot onim ini 
quae simul constautem arbitia.viam ins'olvit, dum iliac si 
integrationes particularcs reforre sunt consendao, quain ob 
luiius inetliodi beneficio multo longlus progredi licuit, ii 
minibus, quae iam iledi, luculonlur upparot. 

4. Quemadmodum autoin in his formuUs, quas pertvo 
siirda V{A -}- Czz + 7vV') iiuplicatur, quae quidom iam ci 
uio.s cmuplectitur, ita eadem ad oxprossionom surdam mag 

K(yl -h 2 Bz + Czz + 27)/ -[- Ez') 

extendi posse observavi; qua multo amplior campus aperi 
tiones in pluribus iiliis liiieis curvis instituendi. Neque 
gatio tautuin in lineia curvis tarn eximium praestat usun 


nciilo gravis^ima iHCroJiieiita largiri ndettii; ad quae pluniiis 

nil \ iain stcM’iiaji), cvoliitioiios lul hcinc fomiuiam geuevaiiorcm perti- 
ligutiiiiiH L^xponam. Ifimc iu fiiiftm proposita sit se([iifiufi aiiipiatiu 
a inter biiuis vuiiabiloij a; ct ?/ exprimeiis. 

AKtJUATIO CAKONICA. EXPENDKNDA 

== « H- ij) y(xj- -p t^y'j 4. ^d'x?/ + 2£:z:^(.v- ~ ;/) -)- 'Cxx/fi/ 

iiiec acipiatio i)ra(;i.or liinas vaviabilcs a; ot // coiiLiiiet fiox quantitates 
■1, (juaf! u.utoin, cuni iantuni oarnm ratio specteiur, ad qiiinqne )(■- 
il.a 111. quiiiqiK! (letei'minatioiios all arbilirio iiostio peiitlLMitPs rcciporo 
icliun. otsi imoc acipiatio rationc vaviabilium ad ijuatuor di- 

i exsurgit, tanicii utraqiie soorsiin niisquam ultra dims asceucUt, ita 
quo valor por vosolutioiioin aoquationis (juaclvaticao Qxbiberi (|iieat, 
praoson.s in.stiiutiiin nocossario postidat. Doniqiio ambao variables 
. iiani; aoquationuni aequalitor ingrecUuntur, cfe etiaiusi pennutL'iitur, 
lutationpin inducunb, ut ut-rnquo por altcMam formula oinnino siniili 
IV. Atqno ob lias rationos membra el .'■//(a;a: + ////) 

ioros dinicnsionos oiniiti oportuil. 

iioclsi iam ox luic aoquatioue turn valorem i])sius quani ipsius ?/ 
ii.s, roporioiuiis 

- f]~- i)i/ - E)/1/ d: (« ~ ^ 

“ ' + + 

l/p/H- 6 .t H- — (« + -I- y -r-rjCj' + 2 e - p jx.i-)) 

y-^'l£:C^^XX 

brovitatis gratia 

b " (« + 

1: V{(p 4- (P.C 4 sxxf - {u + 2iix 4 4 '^ax 4 =- A' , 

nus 

__ _./3_ ,Ty .-eyji -f- 3' . ^ 

5 ' + 2 f 1 / '!■ S'/'/ ' + + 

r = 4 m + a;(y + 2ay 4 ‘~yv)> 

X = /i + 4 -I- Vlr + 2£:r + '^xx). 

: Eui-uni Opera oinniii tso CommentulioncB aiiftlyticac 


•II 


inbreniialis poi l)i]iavium divisa 


0 = -j- fill:!' -\- )'X((x d'ydx -\- 2exy(lx — i-ifijilx -}- '(^xijijdx 

ytjchf -\- -I- 2txifdif + txxdy -j- ‘^x-xyd/f, 

-lac ciun rcducatai’ ad hauc fonnairi 


0 = d- dxQi + d‘n + ci/y) + x(lx(y -f 2t// -h I'////) 

-I- d}j(p -|- "h t-i-0 + ydyiy -h 

loniaui coofficicnl.cs ipaoi’iim dx ct dy sunt uao i})sa(; iiUtUititaU's, (jiui 
0 tonnnlis ladicalihus A' oi. )' exbibniiiiiis, ista auciiiatio difVurciit.in. 

0 = Vdx H- Xdy sen -H v = 

A j 


qua cum variabiles ;c ot y sinl HOpaiatae, si (luiclnm pro X ot }' 
OH suvclos yubsi.ituanius, per iutegraiiommi indo luinc auqnai.ioiujm 
•Uiicbiinus 



= Const. 


8. Cum igitur hacc aequatio iiitcgralis cortam quandatu rolatioiuu] 
.riabiles x ct y exprimat, ca a relatione in ueqnatioiiG contonta div('r 
III potest sicque ipsa aequatio cauonica continebit istiim aeqimtionoii 
alcin. litsi ergo in aequationc diflerontiali = () ucutra pii 

legrabilis atqiie adoo neqiie per circuli quadraturam noquo logarithn 
diri ijotost, tamou integratio algobraicam rcdationoin iutor anibas v:ii 
ot y praebot, propteve.i quod baec aequatio integrata cum ipsa- muji 
nouica convenit. Quin etiam dico acquationem canonicani non Holutn 
rbicularoin iutcgralis prael)Cro, cuiusmodi casus saepo ncqiuitionil)UH n 
licatis satisfaciuiiL, sed cam adeo iutegrale complctmn secundum ( 
uonem oxhibere. 

Ad hoc ostendeudum, iu quo sine dubio summa vis liiiius integn 
i debet, notasse aiifficit in acquatione canoiuca una constant( 
ni quam in aeqiiatioue dilfcreutiali. Vidimus enim acquationem c 


1 IL I t-lO" 


> IIIVOIVCIU COnSLtUaU« }iruiuantl», UllUC ^AiUiuiiuiJitirk, ! 

nl.os neqn:Ltio (.linuroiiiiiiUs complocbatui*. Manil'estaim unteui osb 
udi habere foviiiain 

-I- .. - ''V = 0, 

2 lix - 1 - C.rx 1 - '2 fix^ + I'lx^) V(A + 2 /»// + ■\- -r 

loin oliarn qiiiuqiu; eonsbaut-eji //» 6', I), Fj iuoHSO videut-iir; 
jis esb !mju»»qua>i!(]iio per clivisionom l:ollj posse, iba nt re vora 
,mu inosso siiil. censeiidao. Quare, cum aequabie iuU'gvalis ipuuque 
Ilia arbibrio nosbro relinquitur, quod csb manilesbiiiu indicium 
niploti. 


ample aiibeui isbi qiiiiique coetficienles A, H, (', /> se liaboanl-, 

icientes aequationis cuiionicao iis coiiforinibor iba dehniri possunt, 
aeab iiKleberiiuiiabus. Divt<lamii.s citim aoqiiabionom dl)l‘eri)ui.ii).lem 
item indeliniiain p, quao iam sulilata est censiuida, ut i*o vora 


X = -i' Cp%x + -f- Fpx^). 


HUB cpiequo «ecuudum potostatos ip«i«s x valoroin 
li orit 



-1- 2(i,r 

-i- 2/5.1 
-1- d'i)' 

-|-2(Jn' 

— 2rt£ 


a;- -2(5? 

- 2fiy 

— 4fh 

-- 2;'f 


+ bO 

-y'C 


— rr 


pviiiiil.iviim 


t 


libLerac a, fJ, y, d', s, 'C iia clefinianlur, nt liaoc fonnii cum ])vion 
sddabur; sic enim iiaiebib unaiu clotenninabiouem adhuc arbibrio 
lui. 


isfiori igitui' oporbeb sequontibus (juhujue acquationibus 

]. (3IS — ay^ Ap 
IL — = Bp 

TIL d'iJ ~ a'C — ‘2/i« — yy = C}) 

IV. d'e-f:}^-rB = i:)p 
V. en — y'Q=^ Ep. 

.n* 


Pojiamus ad abbieviatuUim ()* — /=== A sou A ot incipiamns a 

II. fil~aB = lip et IV. c). ~ J)p, 
nude dcfinicimis ct, e, ita ut sit 




Da-yin 


P 


ct 


s 


'fn+ !)>■ 

n-i<i 


At I et V coniuQCtae daiifc 


unde eruitur 


/J J-- I V f. — 1)J)« 

/y/i, - at s -- Jpc, — Lpa = pp. 


(A;.-«C)(ylS-A’rO 

^ liin-nDa 


(pii valov in alttn'utva substitnlus pracbet 


- J'^«}[UD ]) - + ‘JliDUt- A DDEa 

j . {JSJil'. ■'{}_() uf 


12 . Supei'fist igitni' III aecjiiatio, quae ob d y -[- X tvansit in 


2 j/A -j- AA — af — 2 /ifc = (Jp. 
Cum nunc substitute valoro ipsins sit 


a (A? — P'<<t){Pu +_/U) 




SI isti Viitoroa pro y, jj, t ct siibslituaiitiir, tota iieqiml.io pci 
dividi poterit, quo facto rcperictiu* 


2 (^ 4 - liK)(ABn-BlUi) 

(Juoniiim igitiir mine oiimibus coiiditionibus esfc aatisfactiim, arbitrio 
ailhuc relnKpumtur duo eocffleinntcs « ct ? ecu potiuc oonim ratio 
qimni ergo pru lubitu dcfiuirc licet, lix quo niR„ife.,t,ira e.st in aei 

lutograh sen ipsa caiiouica incssc coustantem arbitrariam ub aoiinatio 
ientiali non pendentom. 


Ai/i/v iiiAicuAiiK.vl F(J[o1(,'LA1(U.m 

)iiiii iyl.oi’iini jipplicalio fim iJW(iiifc casihiis, qiiilm-s 

A JJD- Ji /)]': = 0, 

iliil.'uuu'in liuio incoiuniocln iiou obiioxiam tnulaui. Po.sif.o aiitem 
slaLuo potTO 

AA — = sen AA = /c-f-ftJ 
int(3 ox aiiquaUunibus II et IV habcbimiis 


li = '' (Du + in), a)i+ 1)).). 

quia. 1 oi V coniuDClao 

A‘c~Eu = {Tin'(-Dna)''^. 

0 niUmuim inter « ot sou (luouiam alterntriim pro lubifcu acct- 
ulnuriquo hue niodo, ut ait 


U » /( -H (jiiA - lilipXfiK- J)l)j)). 

•a, J ot V valoribus bactemis iuvowtis subslitntis praebebit, 


r 


'''' {'iJi Vk -I- (A D l) + nil E)fi) - ^ -If-- 

flfl ' rf‘ 


P.. 


uodsi iam hi valoros in aeqiiatioQO III siibstituaiitiii, ea ad loiuiam 
nioduiu proUxani roducitur; veriim negotium commodius absnivotnr, 
pro a ot "Q invonti in forniiila ultima praecodoutis rcsolutionis 
ur; turn onini prodibit 

X^>^L^nDp-\G,i. 

ratuiu omn suporiori ii:)3iu3 AA valore coaoquatuin pracbet 
Cpf -f 4(7? i) - A^ypp^i + 4(ylJ0J) - BCD + BBD)/ = 4pp; 


et 


dTI/ 

^ - A /'.■) -!- 4 (AJJJ) - /iCD-l-J 

atque iaiii . 1 / e«t coiisUins i\hi arbitravia hiingralo rcadous c 


15. ITnc. motlo oinncs coefficient, es a, fJ, y, etc. oodc 
aflVcti profiibiint, qui ergo, si ycr eiunlem nuiHipliceniur, set 
liab(5i)unt 

« = 1 (A M - i>* By, ;i = 2 n{AI - 0) -h 4 AD, A ]'. 

•; 4{KJ/'- DD), f = 2JJ{M ~ C) -f ABE, d' = MiV. - 

ac si illnin denomiiiat-ovcni brevibiiis gniiia stalaiiimus 

uM{J\! - ay A- AjV(BJ)-~ AE) A{A I) D - JiCDA- h 

acquatio nostra cattonica 

0 « ft q- 2/3{,'i; + ;/) -1- y{.KX -1- yij) -f ^dx}} -1- -h ij] 

vesoluta dabit 

ii -b Sx + £ 0 : 2 ; 4- ?/(r + 2£.r 4- Kxoi) - 4 - 2 VJ{A 4 - 2 Bx - 1 - Gx-, 
/i 4 - (hj 4 - sijij 4- x{y 4 - 2£?/ 4 - ^ify) = 4 " 2 Vj{A 4 - 2i?.v 4- Gy 

siiiuibiuo est iutegrale compleiuin buius acquationis difibroui 

0==- . ._L„ . . 

+ /U 4 Bx 4 Gxx 4 2 i)x^ 4 Bx^) ± y{A 4 2 By 4 ~ayy 

quill coiistaiiteni arbitvariarn ?[ involvLt, quae iu aequatiou 
uoii ingreclitiir. 

INVl'STIOATIO CASUUM QUITJUS FOUMULA FF 

10. Dc.sigiiat bic P fiuictioiioni ipsius x ct Q similem 
y, et quia haec formula iiitegriibilis esse debet, sit V t 


Vdx 

X 


{)({}/ 

Y 


dV 


sil. 


(/X 

X 



iflcoijue y 


,( (/ _ _ _ _ J/_r 

X ft + ().r-rf.i;.'C + j/fy + 2fa- + 

invi‘9Lig:ii-i ()))orlot, Cjuibus lijioc formula inlrgiatiooftm adiuittit. 


miiini NMM'o miKii. (‘st riitio, cur liic diOoreiitialft dx potiurf insit (piain 
varialfiloiM iult’odjicanuis, quae ad utramquo aet[iialitei' relbralitr, 
iimlil.iis \' iilranKjuo iicqualitcr involvorc debet. Statuamus ergo 
I- in iicqdaiioiio differuufciali (§ 7) pro cli/ scribaimis ds — dx sic- 

j 

0 d.v((^ -I- dii -f- ei/tf) -p xdxhf' -f 3t// 'u/f/) 

— -}- (hr. -b «/.r) — tf(h-(y -f 2ex + i-ox) 

-\- ds{^ -f- (^x 4- f/ds(y ~h 

f ds itii doiiniolnr, \il. sit 

, _ -I- Sx -r txx) + tjih(y -h ^ 

^ ^ *“ 6{x-'if)^£{xx — yy) — y{x-ti)^trv(x~v) 

, ds ft-\-dx-^(xz-{-tf(r-\-Jif.xf^xx) 
substituto fiot 

.y jP.-W/ 

^ (a: ~ 1/) (d — y + e (:! 4 //) + 

ii P ct Q siut similes finictiones iiisuruin ;i' ot f/, manifcslum ost 
x-~ y foTO divisibilG et fractioncm utramquo variabilcni 

iter ossc complexiuum. Quia vero posiiimus .r + .y - 5, ponanni-s 
= /, nt sit 

P~Q ds 

' S'-Y+es+U' 


u = « + lips -t- — Jjf- T -r 


ex c|ua olicltur 

- 1 ^ -J- j. - f s + Yds - yV - uj^- 2 (6 --_y^ t s - 2 /H “1 
1 


if.a ut sifc 

+ fs u/ = V(((V — yY — KL 4- 2(((J’ — /)« ~ 

Statiiauius hanc Ibrraulam in-ationalom 


l'({<5 - rf - + 2(0 - y)D - /i?)s -I- (u - y 

ut flit. 


19. ut liinc iam casu.s intognibililatis oi’iiamiis, pon 

p=^ a -h bx -|- CX.C -t' -f- cx\ 

=- « + hii + cijjf H- di/ -{- r.iY 

critquo 

i- _ y “ ^ + ff) "I- •i'.V -H VY) *1- -1- a;, 

sivo introiluctis novis variabilibus s ct t 

= ^' + ts + (Zfss — /) + iis(ss — 2 
At pro t valoro subsUtuto liabebiiuus ob = d — y 

= 6 + cs -1- <;ss + f + f + ^ 

unde consequimiir 

il V = + 2 ^ c)s.'j + j 

quaiu fovmulnm integrabllom esso oportet. 




irtuiuuuiur V\ ^ Id Ol* 14 CSSe 


— =--//, (d — y)e — fjt = J)p cl ee~y';=^ 


S =- \^(n -{- 2 Djts -)- I'Jjjss} 

[4 i't If) 

pcjiTc) ljrovila(,iH gra,tia 


, , >-d j 

'+ £ 


, f^ + 2Ac 

j =s 


'2fr 


= fl. rf+- =/■, 


y (/( -I- ;)S ■\-fs.'i + C!t^)dsyj (d + 2cs)rf.'i_ 

2 /(ilZ-l- 27).s*-|-i's5) f; 

piirt.iH priori^ intogvalc 

(5 -|‘ -\- $ 5 ^) yj(ji/ + 2J)s Ess) 


forontiaHiun com])arati()ne instituta 

h=^ 2Cy7V-|-2ff/J, = + 

e = G<0j‘\ 

intcgnibilitiito rccjiiivitur, ut sil 

- 5 /J(3 EM- hJ)J}) /:AP V - ■ EM) - ^dDEE + 2hK\ 


IfKj aiitciji coiiditiono inipJcta erit 

<T. ^ ^ 4- ftS— ^ 

y "■■■ 2 J)~ A I) K 12 EE ’ '^“4 7; 


beD 

12EM 



Q quaeeifciim roperietur 

F= (gf + @s + |)SS) \/J{M +2Ds+ Ess) - 


F = 


-2(5 + @s + «>ss)-^^- 


{d 4-68)3 


Kur.uiu Opera omuia }w CominontftlioiJfB anftljrticao 


42 


gviilis V ita per x et y oxprimetur, ut sit, 


43 - + H'W- + + //) + ?^'?/) - 

(JivAvii lit pvo V pvodevit (juantitas algebvaica, coofficioutes 
pro luhitu assuraerc licet, set! certain qnandani reliiiioneni 
oi)ortct, qiiao ultima aefiiialitate pai-agraplii praecedcnl;is cx])i 
hie assninsi non esse /i’ = 0; si ciiim asset /'.'==0, valor 
algebraicc exliiberi posset, iiti cx oleinontis intcgrationis est 

Vonim si coofficioiitcs h, c, d, a etc. ntciuKjuo assn 

pressio 



non quidem semper algobi*aice cxbibori poteril,, attamnn ci 
quadrakram non involvet (piam in formula 

r __ ds_ 

contentani, cpiac proptorea semper vol per logarithnios v 
ciilaros oxbiberi poterit. Cinn igikr sit 

X=^V}}(A'^2Bx-\- Cxx-^2 l)x° ~\- Ex^') et Vp 
erit 

X = -J-ViA + 2Bx + Cxx + 2 J);c' + li'/] 

yj 

unde iuvenio valoro ipsius V habobikv seqnens integratio 
I dj'{a + li.x-j-cxxJ-dx^-i-ex*) T dy{a-{-hy -^-ayy dij 

V(.l+2fi3:+C;c*-p2i).i»-P-£V) ^ 2 /iy + + 2 X 

At substitutis snpevioribus valovibus erit 

= p^, + i*(+(5«_+_6d'b2Ae)s + (Sc^-P2ftj)ss-ht(;s® , 

ei/(il/ + 2i)s + iss) “ 

oxistente s=^x-\-y. Afcquo bine seqiientia problemata rest 


PJiOBLEMA 1 

re rn(e()riilc comjjlefinii ladns aetjHaiionis dijl'crcntiaUs 


(hf dx 

' (hj -f- Cyy -I' 2 Dy'^ H- ^'(A -{- 2 iix -I- Cxx+ ‘2J)x^ -1- h'x.U 

SOLUTIO 

parot liuic a,oquatio»i (linbroutifi]i sati.si’aoaro rastiMi .r, qni 
i intognile particnluro lai'git.ur. Vonnn a<! intognilo coniplotum 
']{iod pi-acfcnr coi)fiLant-.nfi .-1, /7, (\ J), !C novani ccaistnnh'in 
invf)Ivat, i)oi'ianmH sdcumlum § If) hn^viUiLiB gnitiii 

- BB), y = 4AB~~{jV — C)\ 

} f}), i: = 2 /)(M — €} -ili a;, r)’ JfM — CC -h 4{A A + B B) 

iniogralis oo^nploU 0 );it 

- 2 / 5 ( 3 '- -h :'y) 4 - -h fffj) + -I- 2e3:y{x -h y) 4 - txxyy, 

algobnilca. Mine luilrui sivo y poi- a sivo vicissini 3' pin* if 
posil/O iU‘j)} bi'OvitntiH argo 

M- Cf 4- 4 ]\l(]t:f) - A B) -h 4(/iy> 7> B B B) -- A Ji CO, 


— £XX i 2 -i - 2 7^3;+-6'3.*37 + 2/).f®-J- Kx^) 

y A-txx 

_ — — Sy — syy ± ‘2 yA{A -p 2i?iy-|- Cyy !- J.'-'.y*) 

signoriun ambiguorum in utraquo oxpressionc vci Bigna au]H}- 
;ora capi debeut-, ifca ut, si in altera formulae sui’dae tribnatur 
altera forinulao suvdae signuin — tribui (bjboat. Quae ratio 
ligifcur, ubi in aequationo difToroutiali fonmilis surclis sigiia 
acUuneba. 


*24. (^iaii(|uam i^ntur aequationis diil'croiilialis propositao, i 
variubiles a' ot ,)/ a se invicem sunt so,pa.vat‘.vc, noutvuin ii\(. 
^ratioiicin ahsolutam adinifctit a-tqno arico iioquo poi- logarithnioi 
cinailaros in gencre expriini potcsfc, taman vora rolfitio inter va 
aequatioiio algebrfiica exhiberi potest. 

COllOLLARlUM 2 

25. QiiuniaclLnoduin scilicet, si duo arcus quaiititato consta 
otsi neuter algeln'nicc oxprimitur, taiiien ooniin sinus inter s( 
teneut vatioueni, quae satisfneit aequatioui dilVevoiitiali 

dy dx 

Vi^-yy) 1/(1 -.r.r)’ 

ita qnoque aoquatiouis diflerentialis propositac niultoquo latins 
grab completuni algcbraicc exhiberi potest. 


SCHOIAON 


2G. Vis huius solutionis facilius pcrcipiotuv, si earn ad 
rostvictos uppUccinus, inter quos ii pvaocipuo sunt notatu digni 
ratlicale vel miico vel duobus tantmn tenniins pvaofigitur, ac si i 
terminus reperiatur, ratio por so cst nianifcsta. 

I. Sit ouim &==0, C' = 0, 7J = 0 ot ut iutegrancU 


crit 


<h 

YA 


dx 


sivc dij^-.(h] 




idcuque aequatio integralis 


0 =:= MAl{3ix + yy) -f- 

sen 

x~y = 2 ]/ vol y = Const. 



= v/, //-=u ur, j'. lit lutegrancia sit acquatu) 

d\f (lx (hi il.r 

}/2/)'// y^Jix Yy ^x’ 


f, = d = MM, f-0 ct ':=-■{) 

io int-.ogr.alis ob . / j\P 
- ~ 4/i B 4 liJ!(3: + y) — Mj\I{x'x -|- jjy'j + 

• 2 H J\f ~ MMx ± 2 ]/2 HiV\v „ 1/ '1 li 

- Mui .1/ ' 

/.t -1 • Const., nti est porspicniim. 

. = 0, ./i = 0, /J -= 0 ot K = 0, ut integrandu sit haec actinafio 
•<« - = sBu 

= 0, = ()■ = il/jlf - CO, £-0 el ;=-o 

;io intogralis 

. ( 71 / __ Of{xx -1- yy) + 2(jK.n/' - GCyxy sou y « >i:r. 

^='0, B=^0, 6'=0 ct i'.’ = 0, ut integmitda sit haec aequatio 

’’’j = sou = 

1/201/“ (/20*“ .'/^'y 

J, „ il/J/-, e = 'iDM. 

iio intog'i'iilis 

lUMixx + yy) + 2M/>y/ + + y) -^DDxxyu, 

U® dat 

- MMx - 2 ± 2 1^2 D yl/V 

// = _. jv iii+Vz/ii/'r'- 4 


»/=-■"’ V'X = , - , 

M-'2Dx \/M± \/-2n 


\\i\ vei nsituni postulat. 


V y V^- ' ^ ^ 


V. Sit yl = 0, 1S==0, 6'=0 ot ./) = 0, ut inl.cgi 


(hj dx dy dx 

, •- = , sen - =-= ; 

Vl'Uf yy XX 


a«a, pr=0, y = d^MM, 6 = 0 


ideoquo siecjuatio iiitogralis 


0 = — ]\lM{xx -f yy) + ^MMxy -\- 4i?j 

hinequo 

y — cc = 2xy 1/ sou " = -f 2 1 
. ' ’ j\i y o: — ' 

Quaudo aiiteni signuiii ludicalo comploctitur duos 
qui line pettinout, sequentibus oxeniplis ovolvennis. 


EXEMPLUM 1 

27. Si sit, 6' = 0, JJ ==0 oi J£ = 0, ut integrauda 

(ip_^ dx __ 

V{A-\^'2.ny)^ y{yi+ 2 IS x)' 

iiiveniro acqiiationeni int<igialem complctam. 

Erit oi'go 

u ^ 4(^3iV H-B), p ^ 2BM, y = ^ MM, d = . 
unde aotpiatio integralis 

0^4(AM~ B B) + 4BM{x + ?/) - MM{:t(c + 




_ 2 liM- MMS) ± 2 y.]\P{A + 2 Ba;) _ a :B-f Ka; ^ ^ . 

------ -■■n,r-Ty,r'— Jlf ^ ' M 


- MM -3^ 

loncU) yl. = /; 2./y = .f/ ofc M = o aequitm* 


THEOREM! 1 

Hums aequalionis difj'erentialis 


(ly 


dx 


Vif+'jy) Vv+a^) 

CAmiplelwn csL 

0 - 4c/'- (III + ‘ioain: + y) - “(» + tiy) + 

+ + et . = !, + f±2]A±i^' 

KXEMPLUM 2 

Si 8it 5-0, jj = 0 Ot £- = 0, Ut integvanda sit aequatio 

, 

'1/(1+ 6'w) + 


quationom integraiom completam. 


■go 

,, , = d = KJtf-CC. S = 0 et S = 0 

tio integiulis quaesita ant 

0 = A AM - {M - </')’(»» + yy) + 

JllfJVZ - Gf erit ^ , 

:pT-6T 


requite 


Tnj!:uitrjAi A 'j. 


30. Hums acquationis (UjfernntUdis 


(}y d:€ 


iithgralc tompldmn est 

0=-.Acf—ic~<j)-{a‘X'-[-Hij) -I- 2(f.7; — (}(i)xy, 


unde fit 


j, i,j).v‘iyctr+!,.cx) 
e-y 


c - (J 


KXKMPLUM 3 

31. 8i sit If «= 0, 6'— -0 cl. K = 0, iib intogranflii sit liacc af 

dif _ dx 
V{A + ilhf) ~ YiA + 2 })x ^) ' 

invenii-e noquationom iuU'gralein completain. 

Erit ergo 

u=^AAM, fi==.2.yjiV et t 

mule aoqiiaiio integralis (iimesita cst 

0 ■= 4ylJ/'+ 8^1 ]}{(c -{- if)~~ AP(xx -h j/y) -j- 2M^xy -|- y) - 

ct cum sit M^A-^ADD, ovit 

— il/ j/ + 4 il/ a; — 4 /) Jo a; a; 
aive 

y^-^ADi-MMx Y 2l)Mxx±2y{]iP -i- aADT>){A -h 2Dx^) 
~(M~'^DxY 

Qvmre si poDutur A^f,iD=i, et M^c, geqnitur 


THEOREMA 3 


(iidi <ic</iiii(io)iis (liffereuiiaUs 

(hj __ dx 

K(/ -I-S!/“) ~ Vif+ll^) 

ipletuvi cst 

-H + ?/) — (^c(icx + yi/) + 2ci;xy 2c(jxij(iv, -h y] — yyxxyy, 

2fi{ -f- ccx -i- r.fixx ± li y(c^ '(- /y/^)(/-{- 


■r “ 0^ ± ^J\y. ± .'f-W T (/■ + flf) 

'(c-onY^ 

EXEMW.aAf 4 

sit, 7? «= 0, C«=0 et 7) 0, ut awjusiUo inlogmnda sih 

dy d.z 

uatione 2 n iiitograloiii compbiniu. 

30 

3^0, )'=^4AJC~~MM, J)77J7 -h-M7i', /j = 0 fit £=-47^’^!/, 

io integralis qiiaosita ost 

7 -f- (4A7i: MM)(x.v -f- yt/) + 2(4/1 7? -|- M2lf)xij -(- 4 HMxxyy. 

Ght 

_ - {Mil f 1 A E)x ± 2 yjy(M M - ■[ A EXA H- AV) 

^ ■■ ■ ■lAjj"-M]iI + 4EMxx 


latur A^f, E=fj et i)/»==2c, sequitui* 
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'i niiiUitiijivia ^ 


34. Httius aeqmithnis diff'crcnlkiUs 

ihj _ ^ 

VU’-^-OV') "'Vif-'rOX') 

nifeyrcdt comphtuni esi 


unde fit 


et 


0 - 20 /*^ (cc - f!i)(xx + yij) + 2(;cc -f f(i)3:y - 

_ 4- (cc ■^f(j)x±y2 — />/)(/ + oy 
~ cc—fg — ^cycux 

**' cc — fg— 2r<jiin 


EXEMPLUiM 5 

3D. 8i sit J = 0, C — 0 ct D = 0. ut mtogramla 

dy (lx 

)^2 By ■^Ef) ““ V{iBx + /iV) ’ 

invouive acquatiouem iutegnilcm couipletam. 

Erit orgo 

« - - ‘iBB, /y - 2 BM, / = - liJM, - MM, 8 = 

bincque aequalio iutogralis quaesita 

0 = — 4jyB -1- iBM{x + ?/) — MM{xx -j- yy) 
+ HB.Exy{x -f- y) + ‘itEMxxyy, 

et cum sit + 4BBE, evit 

« _ + -i BExx ± 2 Y_{^P + iBBE) 

Mjil—BBEx~4:J'JMxx 

Quaro ai ponatur 2J3 = /’, E^y, il/ = c, x = xx * 2 i ij 


THEORKMA 5 

luias Kc.fjHalioiiiH dijJ'cmifiaJis 
. _d!/ ^ 

, , Vu'+ijf) 'K(/t7*‘) 

ompldum r.sl 

' — cc{;x^ - 1 - ;)/) + ^ccx-ocyij -|~ Afoxxyyixx-^ Ac<jx'y\ 


cc~ iftjxx— icyx' 
cc~~ifg}j}j~~Acg!d 


SCHOLION 1 

roI>;ibi]() liiii<". vidotur otiain huius aequationis diffcrentialis 

(hj (lx 

V{7 Vif-^ox^') 

) luuus latis^imo patcutia 

(ly dx 

'ffj -f- ci/ + (li/ + cy ‘ •^ /* tfi-QiQ) + Ax + cx^ -^dx^ + /?a'' -)■ + etc.) ’ 

iqiK) cliinonsionu.H variabilos x et- y in vincnlis radicalibiis assurgaut 
in (lari intograUnii coinplehun algobraiaim. Jloc euiin asaertuni 
venun (wt ostonaiiin, quamlo potffstates ipsaruni x efc y qnailiim 
suporaiifc, sod oliam casu = iiti vidijnus, priornm fonmi- 
gvatio (^oinplota algtjbraice siiccedit. Interim tainen nulliis adhuc 
ot pro casu integrale completuin aoquutioiiis 

dy ^ 

'WTgJ)'^ Vif-^ 9^) 

multo niiiuis id ad casus, quibus n sciiarium snperat, oxlondei’o 
isi pro casibns n = 1, « = 2, n = 3, « = 4 et « = G sit in prointu. 
do suC(;e3su in voliquis casibus vix dubitare licet, tamen restrictio 

4.'}* 


fvactioiium ndiiceve lubucrit, quilats utvaque lonuula per e 
iiti cvonil,., si n sib fractio unitalcni pro nuinevalore habons, 
certum est veritatem nomiisi pro sigiio radicali quadrate 
iif 3 que oniin liacc ueqiiatio 

dy dx 

nequo baec 

dy dx 

¥{f+V!/')~ W+o^) 

aliacqiio haruiii aimilos integralia cotnpleta algobraica adm 
formulao ad lationalitateiii pordiictao tam loga.rit}urios qn 
circuli unixUm iuvolvuut atquo ex taiinm quaniAiutuin lioic 
paratioiie acquatio algebraica resnliare n(iqnit. Hacc oadoin 
tationeni superiorcin quoquo decidit; ac iam andacter pron 
banc aequabioucm diHeroutialem 

tiy_ _ _ dx 

K(rt + if/ + cf + d*/ 'h -{'fi/ + yy^) y (« d* hx -I- cx^ H- dx’^ H- 

geuoialitov per acquationom algobraicam integrari non posi 
querebur intogralio algebiaica luiius acquaiionis 

d^y dx 

A'p Oyy-^Dy^ A q- Bx'\- ~Gxx I)x^' 

quod ufciquo osseb iibsuvdum*, uudto minus igituv mbegvaUo 
mngis composibis succodet. Vovam necjuidem integrabilitf 
quintam usque exbondi potosb; nam posito y^O si etian 
et pro y ot x scribatur yij ob xx, prodib luiec aequabio difl 

tly dx 

~Y{b -t- + y{b + cx^ -p dx' -|- cx^ q 

iu qua, si radicis cxbractio succedab, continebitur haec 

dy dx 


quam in genero intogmbionoru algebraicam non admibterc e 


HUI-lUlilUN 2 


Innc. igitur pi’o corto iiffivniare licet ex hoc gpnere [icfjiintionf'ii! 
(;in lutissinio patentoni, quae quideiii geiiL'mlifer algebruice integiaii 
^ oani \})sain, quaiu luicionus tractavinnis 

dy dx 

;M|natioiicjn i)ifx‘giiileni coiripletam assignavimiis. Qnain ob can.«ani 
iitio inulto inagia ost uotatu (Ugua, quod in hoc genere est. genera- 
juo inlogrationein algcbi'taicam admittat. Quoniaai igitnr eins inte- 
iani oxposui, opevae protium crit cius usum in compavationc liue- 
Lrnjn, qiitirnni nleinoiita per buinsmotli formiilaij cxpriniimtnr, nbcriu.s 
si quidom in iis omnia continentnr, qnao in hoc genore praestari 
itquo liacc ipsa considoratio nos quoque ad integrationftin liniiisnmdi 
in 

ndy »tdx 

A -I- 2 :ihj H- cy Vn 2 Bx + Cx" -f- 2 Dx'' -f ^.v' j 

, si quidom m ot n fneriut numeri integvi. 


PKOBLEMA 2 

ciiyiHt, luihcdfuy , cuius (ivcus sivc uhscissnc sive (ipplkafae sivc 


alii cuicioiquc rcclae varhhili z 
%Uh 

hao C2irva arcus guicuuque 
L), ah alio qiioois jmicto P 
vdo.re PQ, (jui acqualis sit ilH 



SOLUTIO 

sfficientibus dafcis xi, B, C, D, P qiiaerantur hi alii 

4 M-BA), = + y AAK- (M - Of, 

-PD), B = 2 J){M-C)y 4 BP> ^^MM~CCp 4 (AP:p BJ)}, 


0 = « -f- 2 fi{sc + -f -f yij) + 2 (^xy -f- 2 bxy(x -\- 

cougruero cum hue transcendento 

/*__ y!/_ _r _ JUx 

•) YiA -I- 27/1/ + Cyy -r 2 l)if -|- J \/{A -f Cxx + 2 Zi 

ubi qujinfcitaa consUins ita dofinifi debot, ut illi 71/ sit co; 
poiminiifl in cnrvsi proposiia variabilem z pimcio Z yoh 
init.ium in pnucio J statiii atqiio ad abbreviaudum luinc { 
ceinus 11 : z, ut ait 

♦7 ]/{A -h 2 i?s -I- €zz + 2 7)^^ + 7-;^^) ‘ 

oi’it cx acquatiouD superiori 

n:y — n\x^ Const. 

Ryapondeant mine punotis A et 77 rectao a et /», pnuctis 
1 ) nt q, ut siut lircns 

."/yl //: a, /tB==}i:h, JP^ri-.p «t 

ideoque 

areas 71/7 = 77:6 — f/; a ot. arcus 

ae loco X ob y scribainns p et y, ut sit 

0 =■ « + 2/?(p + y) H- rypp + qq) -h 2 t) 7 jr/ -{- 2fi)q(i) - 

ovib 7/ : y — flip ^ Const. Qaodsi ergo constantom M 
facto p = u prodcat fj b, liabebinuis 

n: q — n \p ^ n\h — 1J\ a, 

ideoquo avciiin P^=amn ylT?, uti reqniritnr. Constau 
ponanius 71/ — C = .L, ut sit yli‘-= 0+ L, constaos L ex 
debet definiri 

0 = 4.^ (J - 473 i? + 4yli. A- 2(2 75L + 4yl7))(rt + h) + (4yt 
-b 2{LL H- 2C.r. H- 4^7;: -f 47377)«6 + 2(2777. -f 473 
-b A{CE^I)J) A-J^^V)aahb, 


ih--aY ■■ 

.1 CF.aahh - i JilH .l J.I£(aaJ-bh) -ir SJ^KaHa^b) - -[DDanU, 

oxinwliL 

2(A -f n(a h) + Cnb -i- Dnb{u + b) f Eaahh) 

(b-af 

2 )/(/! -i 2 Iln-y Can_~\~'2j)u^-\-Ea')(A '2 iJb Cbb -t 2 DP ■{- Et,*) 

' ■“ \b~dy 

i, 

M=, f f i) H- £(aa H- A6H 2l)(ib(ajyl^ ^^Eaabh) 

~\b-ay -■ - 

, V{j + 2JJa -h Caa + 2Da^ + Ea*) (A A^Bb-j^ Bbb + 2DP + £P). 


■0 invoiito si jam doJIniantur valnres cocfficienfciiim a, /?, y, s, 5. 
cx flati) cuvviio pmicto V datuv vai-iabilis }), ex ea valor icloneus 
(/, ciii curvue puuctuiu Q vespondet, detcrmiuabituv per haiic 

“= 0 /3C;j + !/) -}- y{pp -h qq) + + "^mip + ?) + '^pim) 

\ hrovitnUs gratia ponamus 

- Pl{M- Cf -b UL{liD - AE) A- A{A])I) -f BBE) -ABCB, 


yA-2sp-\-tpP 


jO arcii AB et puucto P assignabitur punctiira Qt ut arcvis PQ 
at avcui AB. Roperientur autem ob siguum aiubigimm bina pimcta 
1 altoruin cifcra, alterum ultra puiictum P erit situin. 


COROUAKIUM 1 

avonto valore q simili modo a puncto Q ulterius abscindi pofceiit 
avcui AB aequalis. Posita onim vaviabili puucto B respondcnte 


sicquo it puiicto P simul abscindctur arcus Pli dnplus arcus 


COROLIiARIUM 2 

41. Quoniani r hinc (liipUcom obtinnfc valovom, iiotandu 
iteruin in p abire, quia ante ammadvortUmis esso 

~ |i - 5 (/ - m ^ 3 yJiA 4 - 2 + Cqq + ^Dq^ + 

r+2‘'i + Si!~'i 

quaro, ut arena PK evaclat duplus, iclom signiim, quod in 
fuerit electiini, in valoro ipsius r capi opoiiot. 


COUOLLAlllUM 3 

42. Pali modo ultra P roperietiir pnnctuin ' S, ut di 
ae^pialia aieque augulus PS tiiplus eviidat arcus AB; iuveiita 
r valor vaviabiUs s pvmcto S vespoudouUs liac Ibvnwila expriu 

y-f 2sr + ^-r 

boeque modo quousquo iibuorit uUevius progredi licet. 

COllOLLARIUM 4 

43. Hac ergo repotita operatione a dato puucto P arcus 
qui so babuat ad arcuni AE, ut nunierus quicunquo integer 
Quare si ab alio puncto abscitidaiur arcus, qui sit ad ounde 
uinnorus integer h ad unitatem, duo babobunbur arcus ration' 
nuineri ad numerum teuentes. 


COROLLARITJM 5 

44. Omnium igitur curvarum, quaruui arcus variabili cn 
dons buiusmodi formula 


(jiio ai'cuH circuli iiiLor su compararo licet. Atqiio ob rationed 
H liuol’ Hiiviilitiulo ciim drculo vix ad alias cuwas, nisi quanim 
luuic 1‘onmilain rcdnci potest, (‘xtendi vidctur. 


IDXEMPLUM 

Kill linen cuvva, cuius arcus ad quampiani rectain variabilein v 
iimla iiitegnili ^ ' oj oxpriniatiir, cuiusmodi ciirvae algebiaicae 

)cri possunL, in cpia a puncto F arcus abscindi f)])orteat FQ, 
aium arcnm y\F rationem tciicntos vel acqiialitatis vel dupbnn 

c oxpressio in nostra forma genomli iiou continefciir, eo redncatttr 

0 .son = sic cniin arcus buic novae variabili 2 rcspondcns 

’ ■ li'iiil. ergo 'X = I ot yl — 0, F = f7 = 0, /J = 0 ei 

— « *) ‘ 

[(i obtinoLur 

tI/j y — M iV, ‘■J' il/iV, s — — 2, ^ = 4 jl/ 

ituta aoquationo 

j\f{p -b q) — -I- Fl) + - 'Ipgfp + 2) - 


M -h il/ilfp- 2p?^±2 
^ " " Ol/Jl/ + Ip-t- 

C Const. 

J 2]/(2-(r‘) ^ '^V{p-f) 


77; j __ 7/:^) = 77: 6 — 77: rt, 


h, p, q flint valoros variabilis z, qui 
it. At iain constans M ox datis a ot 


arcubus JA, JP at 
h ita definiri debot, ut sit 


- 1 + 2 K(« + b)- MM(l> - «)’ - ^«K« + *) - 

uni Opora omnia ho Commontationes analyticne 


1// 1 / 3 I \ (n 1- 36 - • 4a6«) -1- *{• 3 a - -1 aV)) ]/(6 - h^) 

ViM - 1 }= - 

Iiivoiito hoc motlo valoro constiiniis vif ex clalii {inantitato invoihti 
liinc porru valor variabilis r pnncto 11 rcsi)Oiulon8, scilicoi. 

. _ 2qq ±^ V{ ,1/ « - 1 ) {q ~ q*) 

^ MM-l-iq + ^Mqq ’ 

slc(iue a pimcto P fircus quicunc|ue nuilfciplns arcus dat-i A IS abscin 

SCl-IOT;ION 

4G. Circa huiuainocK cnrvas singiilaris airoctio nofctiri luorctur 
i)revitntis gratia ponatuus 

Kfa — fl') = a (lb V{b — b^)^h, 

ut sit 

]\f^ <i -\-b-'2 nnhb 4- i/'a/s _ n (« -H 3b — ■! fl6'’)a + (6 4* 3rt 

utraque quantitas radicalis a ob h bam affirmative qnain negative ci 
undo pro If geuiimis valor habetur; ox quo pro 

nl) iiovaiii sigui ainbiguitat^ni quatcvni valores resultant. Bine 
iiittura rei ostendit, quia punctiim Q lain ante qiiam post pniiclA 
potest, sod quia ipiatuor reperiimtur, id indicio ost curvam duplici 
praeditani et in utroquo arcus aequales exhibevi. Consideremus C( 
pimctum P in ipso puncto A capitur, ita ut sit ]) = a et 

■iW+_Mdftt-2fta±2ny(jV®- 1) 


, (braia pro il/ valoro .Utim rluos viilorcs pn.d.ot .oquali 

()', at duo roUqiii divoi’Hi continentur iu 


■\a''-\-^-iitah~6ahb-\-h^--Aa^~i2n^bh^SiW±ia(3a~b-2a'l,)ab 

duo valoms sompor fiiiiit divoi-si, nisi sit vel b = a vol « = - ill 
i prodit (j=:^ar=h, hoc vero rcperilur Punctum evgo cnrvii 

d l•(!f^l)Oll(^('t iiuiuititati singulari proprietiite erit praedituni. 


PTIOBLEMA 3 

47 . Invc.uirn intvfjralc completion hitius acqiiutionis differcntiaUs 

(hj __ 2dx 

V{A 4- y,/h/ -I- di/i/ 4- 2 /V Viy) ~ ]/(~l + 

SOJjUTIO 

Tstud iutogralo (puiosituin ox praccoclenti problcmiite coUigi potes 
iatiir oiiini piiiiclaini P in ip.so punctx) B, ufc sit p = h, ct cousideruti 
jIUU pinicttim J u(i fixmii, Jt vcm seu P ut vanabile, ox quo coiitinii 
giiiLvi doboat piinctuin Q, ut ait arcus AQ duplus ai'Ciis AP. Posil 
) vaviabili p loco h aumatur 

2 A 4- 2 Ji(a -r + b‘(fl fl -I- pp) +_2 Zhip{a p_) 4- 2 Bnapp 

' 

^ ■ - V (a d- 2 P a + Caa + 2 /)«’ + /?«*) (^ + 2 Tip + ^PP + Pp' + -^P'j 

p ft) 

ut iani 71A sit runctio vaiiabilis p et coiistautis a. Doindo posito brov 
a gratia J\I — 0=^ L seu 

/ 2(^ 4- P(a + p) + Oap +_Pap^u^i_+_Paai>p) 

- 


0 _ .\AC-~ABB^ ^AL~\- 2(27? /. + '1-yi n){p -[- q) -I- (‘1^1 ^ 
-h 2f/./. + 2 CL + 4yli^ + 47>' i>)pq “h 2 (2 DL -|~ 4 IL 
+ 4(0./v' — DD -\- LL)i)pqq 

eritque ob b==p 

n\(i — n:p=n'.ii— n-.a sou }i\q = 2n\i 

quae aeqimtio dinbruntiata clat 

dq 2 dp 

\^iA + 'iJiq q- Cqq + 27J</* + iij') y(A + 2 h Cpp -[ 

cuilis propteiea integi-alis csfc ilia aoquatio n.lgubraica inL 
quain siniul patet esae iiitogralom complotam, quoniam cc 
constantem o, q\iao in aeqnationo diiTerontifiU non inoai. 


COllOLLMlIUM 1 

48. Si relinonbo L valorcin exbibitum invontaquo va 
q simili modo quaeratuv r, ut sit 


ovit 


r/:r — 11: ri:p — rr. a, 


ri:r^Sn::p’^2fT:a, 


undo piocUt aequatio diftbrontialis 




ViA + 2i?r + Grr + 2 -p LA) y{A + 2Bp + Cpp 4 

cnius oi'go uequatio intcgralis complefca est 

0 = 4{AC~BBA- AL) -\- 2{2BL + AAD){q + r) + {AAJ 
+ 2(LL + 2CL + 4:ABJ + <\Bl))qr + 2(2Di: + 47? 

+ 4(07?— ])I) + EL)qqrr. 


COKOLLARIUM 2 

IOC ntai^is coiili'ftlianuis, postqimm ex cofiiYiciontihus cUitis A, 
vaviitbili ona cmn constauti arbitmria « ita fuei-it doliuitu 
Hit 

— a)“ = A Ar -b Crtjj + A- i>) + Jiaapp 

C((H + 27M'+ -if 2 Jip A- Cpp A-^^p" A- 

tuv Kerjuontos coofficioiites variabiles 

JiJi A- AL), i^ = 2.BLA-4AI), hh, 

' -h AVv), =» ‘2DL -[- -I B E, A^LL -f- 2CL -f- 4 A K -^4 HD. 

COROLLARIUM a 

m (jiiantiiatibus invoiitis crii buiiis aequatioiiis differontialis 

dq _ 

q -1- Oq/j -I- y Dq^ ■}' Dq^) \^{A +• '^hp + Opp + 2 Dp^ -f- JCqA) 

lis coniploiii 

/? (p 4- o) -H r(pp + qq) -f- + ^mip 4- q) 4- 

COROIiLARlUM 4 

uiius aequatiouis di/lbrontjalis 

_ dr _ ^ 'Up 

b-'f "C'rr + 2 Dr^Ti’A) ^ V{A + ^Dp + Cpp + + Bp^) 

lis complota evit 

2p[l -h r) + y{q(j -1- rr) + 2cF(/r + 2£qr{q r) + tqqn\ 

3 t viiriiibiliB q ope praecedeufcis aequatiouis ex p fuent 


52. SiuuU inodo pvogrcdicndo hulus acqviationis dillevonUaU 

r/s _ \(lp _ 

]'XA + 2 Jy,9 4 - Css + 2Ds® + Es*) y(A + Cpji 

aoqiuitio iulegialis complota crit 

0 = « q- 2/?()' '|- s) 4" y(rr + ss) 4- 2c)'>*s 4- 2ev.‘5(r 4-5) + ^ 

postqnain cx praDCcdcntibws aeqiiationibus r por q ob q per p bioi 

COHOLLA.RIUM ti 

53. Hoc nioclo, c(iH)usquo libuevit, uUcriiis pvogrcdi licot sic( 
aequatio intcgrulis invoniri potorit coinplofca huiiis diUbronbialia 

(lx VI (Ip 

y{A + 4- Cxx '\- 2/)a.^-P Ex^) ^{A -1- 2Rp -p (/p;) 4- 2i)p'‘ 

quicunqiio nunicrna integer pi'o m assnmaiur. 


PROHLEMA 4 


54. Si m et n fnerlnl nn-nieri inlcgrt quicuntjuef invenire aeq 
grnlcm complciam hums diD'erentmUs 


udif __ mdx 

y(A + ‘2 ]hj -i- Cyy -I- 2 Dy® 4 - Ktf) ]/(yl 4- 2Bx -f- Cxx 4- 2 i).r® 


SOLUTIO 


Quaeratur primuin ope praecod. probl. aequatio intcgri 
istius differentialia 


dx 


ndp 


y(A 4- 2 Bx 4- Cxx 4- 2 Dx^ -p /iV) y{A 4- 2 Bp -}- Cpp 4- 2 />p® • 


qtiao orib algobvaica ac praefcer vaviabiles p et a: constanfcera 


luu BMUIII iiiuuu quaeratur aequatio mtcgralis completa hnius 


_ 

. :i.Igi)itnucii inUir l)iiias vanabilca y et p iiisiqtonjiie cmistan- 
1 h (‘-oioplocictur. I'jX his (hiiilnis aeqiiationihHs plioiinetiif 
( 4 )l.ir)o.'iinr acfjnatio ulgebraica inier .t- efc //, qimo wit iiiLu- 
ImiuH (.lidbront.ialis 

nch/ _ Dulx 

liy -i- (Ujij -I- 'J Df /:y‘) “ \/{A A '^ Jix + Cxx + 2 Kx^) ' 

\\ dwiXH constiintoa arbitrarias a ci h coutinebib, altonitvi pro 
dolonninatmii tribiuno licet vcl inter eas datam iviHoulmii 
nlegnili oniin coinpleta sufhcit, ut una coiistans arbitraria 

SCIIOIJOM 

:{. n Hint nuiiiori inodico inagni, nemo corte aeqiiationein alge- 
ol y (ivolulniii oxliibobit; oiiii cnhn tot oliminatioinbus sib 
Hi; ad .'toquabionom plnrimonim torminonmt. in qua variabilos 
niLH (Uinonsit)iiea oxsiirganb, perveniri opovtcrc. Atque adeo 
liiLiH b, ul)i CEit ?h = 2 ot nemo facile eliininationis 

Kequo ^'0I'0 lioo obiuiii opus cat, cum ad nostrum institiitum 
,HHo aoqimtionoin intogralom esse aJgebraicam eiiisquc con- 
niotvico abaolvi posse; tantum euiin abest, ub iilieiiae varia- 
qnjio in HubsiiUuiii sunt vocatae, calciiluui turbeut idouquo 
nil, ul. pobiiiH ad construetionom coniraodo instilueiuUim ab- 

ssaviiio. 

: sunt foi'G, quae do cuvvis, quavum rccUticatio hac Ibrmula 

r _ Jtrf£ 

fl '\/{A'hijh I Caz + + A'z‘) 

i opcracj protinm videbatur, qmie eo redount, ut eanuu arcus 
atquo arcus oivculuvos comparan qneant, aiquidem i)roposjto 
yill a puncto dato P arcus absciudi possunt, qui ad ilium 
fc ratiomdem quameunquo. Considevemus igitur etiam curvas. 
,tio tali formula oxpriinifciir 

r th(S![ + + S22 q-®?® t ^ 

J y{A + 2}h 4- Ozz -f' A 


notan incftMitur: queni in hneni evoiutio ronnuiariini 
§ 16 ct scqq. est instibuUi. Siiiiilis scilicet coinpavatic 
cui’varuni suscipi potest, quao iani pridoin iutor arci 
est osLonsii; :itquo iiulc sequentium probleinatuin solu 


PROBLEMS 5 

56. cioua, cittas uj’cus imhfinite variabi 

hao form'ida €j:prh»(ifw‘ 

J Y{J -I- 2 hz + Czz + Ez-') 

d hi ca defitr arcus quicunque AB (Fig. 1, p. 341), < 
ahschuhrc PQ, qui ah ilto ami AB difftnit liven sive < 
a cirr.uli hjperholacve quadnitura pendente. 


SOLUTIO 


Sib in cui'va proposita AZ arcus variabili z res 
gratia ita oxprimatur II :z, iit sit 


II 




Y{A-\-2Bz + Czz + 2Dz''-\- 
Punctia anto-m -4, /?, P, Q rcspoiulcaut variabilis z \ 
JA = fl ; rt, AB = 7/ : JP = II : p et 

liincque erit 

et 


arcus datus AB ^ 11 \h — Fl: 
arcus qiiaesitus PQ’==ri:q — 73 


lain primiim ox coofficiontibus A, B, C, 1), E et 
deinceps detiiiionda formeutur quantitates sequontos 


/3 =271(jli'~C') + 4^D, y 
l;=-\{EM~J)iy), G = 2:D{M~C)^iBE, 4 ==71771 


0 siaUiatur 


,1/ - Cf -1- AM{.n I) - AK)~]^4:(AT)1) 4 - BB K)~4])CJ) 
el (j hiieo consbitnatur rclatio, nfc sit 

-iHp < 1 } -i- r(pp + qqi 26‘prj + ^Epqip f. q) 'Q) 2 )(jg, 
iriabill j} aliora tj puiicto Q vespontlcus ita defijiibur, ub sit 
~(i- dp ~ epp ± 2 Y.-f(A -{■ + Cp2i -!■ 2 /)/ 4- Ep*) 

J' + 2 ■ ■■ * 


j cnrvac i)niictuin Q, ifca ut (liiferontia inter arcus AH cfc PQ 
•it'i) assignabilis vc) saltcni a tpiadratuni circali snu bjperlxjlfie 
roi ratio in iudolo coefficientimu (I, G niiinerat.oris 

lodo igibiu' (Ulferontia ista oxprimatiir, viticaunm; cjiiia valoroni 
invoninius, p{niannis + </ «= s ol ox § 19 colliginius foro 

... Pi. 2('3) + es')sl/.J 
// ; I? — // ; => Const. — ■ ^ -- ■■ 

?]/(;!/+ 2 7>if + £:ss) ' ' ’ 

manifoafcum est vol esso algcbraicnm vel a qiuulratura civculi 
jndoro. Sit istncl iutogralo brcvitatis gratia -= S; cuius valor 
h fiat *» / ot pro consfcauto dofiniomla statuatur eb 

loboii 

,st, = ;/: 6 - /?: a + .^1® t®(« « _ x, 

il’ 

AB = ^ 1 Yj — ^^(y + g) g}' Y^f 


itraria Al ebiaiu ita definiri debct. ut posito p = n liat (/■-=&; 

Ojieia omnia Iso Commoututiones aiialjlicao 


ijuuuiatL uuu 


M ^ „ {2yJ 4- 21i {« 4- ^ -f C(a« -[- 4- 2 Dah (rt 4- b 

[h (I y 

+ ■- \/[a + 2 Till + Cad + 2,/)fl’ + i’ft')(yl -|- 2Bh + a/; 

Hinc f*rgo cognita constante hac 4/ ct ox pniicto /' do 
(lifl'crentia arcuum AB et PQ vel geomotrice vcl por qua 
hyperbolaevo nssignari potest. 


COROlJiARlUM 1 

57. Ex (latis ergo pimctis A ot Ji sen variabilis z ^ 
prinmiu constans arbitravia M ita deliniatiir, ut sit 

iif = J 'I' y 

+ ^^4 „); I'l-'t -I- + Cua + 2 »«“ + £’«*) (yi + 2Bb + Cbh 

Turn hinc doHuitis modo pvaeccpio coef'licioiitibus u, y, 
l)uncto P pimctum Q per banc acqimiiouom diRoniiinetur 

0 = a 4- 2/5 (;) 4- q) 4- y{pi) 4- qq) 4- 2<^2)q -f- ^epqii) 4- q] 

atquo aixuum PQ et AB diflereutia ovit vel algobraica vol 
bolaeve quadiatura pendens. 

COROLTAHIUM 2 

5S. Ad istam autein arciuini dilferontiani assignaiidain ci 
p-\-q = s line integrulc, nbi X = d'~y^ 2M{M~~ C) -\- 4i5. 

S = n^ + ^^ + (£<S -pt^ + 2;.ts)sj-('sgjt:2E[S)s.s + gc 

^ ^V{M -y 21)8 •]- Ess) 

cuius valor posito s == o 4* & sib =7, quo facto orit 

arc. PQ- arc. yl B = (©(« h) + + 6)* - ® s - E 

oxistente 

^ M[M - Gf ^ \M{BI) — A Ji) + i{AD]) + B B E) 


(’oiioiJiAiiniM n 


!i!i. Si l•vl•nirl•l, iil I'ssi'l. ■,* .0, jtniicli (J )n:iin’n;l. ill 

1 |)jii inruiim /'<,> rl AH ji.sHi^nininlii. n'curri ili'liiircl ad | 

rnj)l(»i»p- . S( ilind. i'\ | // s i|n;)n’ai.nr /, ill .sll 

0 K 1 \ y US \ •‘ 2 X 1 \- 2 f.Hl 

, , ,, ,, I IS.-.- ! I) 1 ‘21,] \/.l 

an', ru an'. S h 2 f 

A ft? i 2ai: /]?)•''■ -I- ■rC)-'’’-'') 

rf'tali line itiL JMa'cpIn, III. i-VsilM'a<'}il. (Mwifo .v U)»i liol aildlUll 0^ 

XX 1 '.iiA/ /K’i.-i ! (n. ;•;>«) A's.s)-- i-(i, 


rnlloi.KAlMDA) d 

i;n (.linin riiHi^;rri' lind., i|Uin'imni hiI I’liliirii. dilliiriiiilia a 

i; I'l. ai liu'inuliii' t'h'MM'lil-uiu ciii'ViUi rxliiliiMiliH iiunUM'iLl.nr ad 

iniiin;! i'\li’iidaliir. ill ail- arniH r.iirviin 

j\/ i\'{ I VI - i i I l5-‘ ! I M//' ! 

I (./ I If//-' I (hy I '2}).:" ! 


iijuiii iMiini iiiiim'iil iliiiM id inilo oril 

I t'-v I T'-V.V /j I -lisM/ I (/) 

|/(A/ I 


r. I’(^^ HIT,, S U j 


|iiiMiliii ariliri-l iniini'nilitiiH lui'iidira- onini. 

-i.'iV I- n.'j//; i itia'- -i- - i-*) -i-aic. 


COROI.f.MUUM fi 

(il. Si a pnnciii (,) ainiili iniidit altHciiidalur It, ul ail 

u • . i< \ -SiH'i 1 '1 1 ri‘ 1'1 I- ■■■ 

iui(m't[ni' 7 1 >'< ■ i( al, f//‘ /\ >la til- ail 

ti ft -I- ‘2/i» I- yitu- -1- 'I' '1' 

‘j/./fA/ A-H/Hi-i- H'tiu), 

•ir.* 


11 


1 / a I 


arc. rn - 2 arc. AB^ ^ 

J l/(ii/-i- 2/;s + i?.s.s') 


/V H (93 + (S ® (»» -- V) (M^ —2uv) '(' t;tc.) 

~^J ‘ y(M^nu + J^iin) 


his intogralibiis ita sumtis, ut. ovunescant posito s =-■ a /j ot 


COROLLARIUM 6 

G2. Siinili modo a puuc(.o P abscindi potest arcus PS, q 
arcus J B su}icret quautvtat(», sivc gcomotvico aasignabili sivo i 
l)olacvc quadratura pondento, liis(iiie casibus piincUim P ita 
ut iste cxcesaua plane cvanescftt, quod quidem soiupev praci 
cxcessiis sit algebraicus; sin aulom sit transcendcns, insupor 
avcua dati A ve.l Ji huic acopo confovmiter dotevminabitur. 


\YA. SEEIBS INFINITA MAXIME COXVEEGEXS 
PEEIMETEUM ELLIPSIS EXPEIMENS 


Cominontatio 448 indicis Enestboemuni 
,vi oommontavii academiat. sciantiarnm Petropolitanae 18 (1778), 1774, p. 
Suminarium ibidem p. 13—15 


71-84 


SUMEO-RIUM 


Commontariia A.ca<lomiae noshae «U et in Actis Berolinonsibua p™im iam 

or aorioa ckclil inflnitas, quibna cllipsiB cntaaounque “ 

. . r „(• rlaii alias adhnc commodiores vix suspican lionent. Haeo 

“'T raAuctor in praesonbi dissertatione proponit, ceteris conoinnitate sua 

TIZ - «— — — ' •* * 

.araUelac coordinatac . ct y; tabebUur ax natura eU.ps.s 


y*. 


J. iL. » 1 

+ P 


...... in. A- “»■ ■■■ 

determinat. Ponatur sciUcefc 


eb 


— z 

T~ ' 


dx’= 


j —bdz 

eb = 


li arcus ponatur =s, babebitur 

ds^=^ ^ 8(1 — 2 *) 




Hr lit nosito = 0 evanescat, et usque ad termimi 
hoc integral© ita sumatur, P 


tialis evolutione 111. Auctor versiitur ex enque scriem lumc Kimpliuei 
gentem elicit 


si/sV 1 •» ^ ^ 


ubi 


et n 


a' - b-* 


u“-l- 


Si sit qimfiraus hie clHpticus in circularciii iibit et ob «- 

iiti quidem iiotisshmim csl, s — ' Si vero jioiiiitiir Ij = 0, enrva 
iiiteri seiiiiaxi acqiinlem; ita autem est Ji -=1 et c = «; undo seqnens 


adeoqiie seriei infimtae 


ait A I'l 

2 ]/2 \ 4 • 1 4 4 



I 


II 1 1 3 • 6 . 
4.'4“4T4‘8.8 


2 2 

(piac quidem minime convergit, adciiratc assigimri jiotost .sinninii ^ 
111. Anctor opevac pretium censet iii snininnin Iniins Koriot etiiini a | 
quod praestainhuH iiietliodo siia him saepius explicata ])otis.suuuni 
quiicstioiiein ad acqnnlioueui diircrcuHalcin vcvociit, cuius jiitegriilo 
positam exprimatur. 


1. Postquam oUm multum f\nssem occupabus, ut pi 
qulbus cuiusquo ellipsis pevnuctev exprlinoi'ctAiv , invcsbigi 
spicatus atlUue simpUcioves a(.qu6 ad calculum magis at 
modi aeiies crui posse, quam passim cledi sive in Coinii 
in Actis Herolin.*) 

2. Nunc autem cum forte cogitatioues lueae in idem 
rent, alia ac, ni fiillor, multo simplicior et comiuodior sc 
cuius investigationem ita animo institui. 

Considoro sciUcot quadrantem oUipticum ACB (Fi 
semiaxos sint CA=^a, CB^h, quibus coordinatao 


1) L. I'loLRM Commoatalio 52 (indicis Euustuobmwki)*, vide p. 8 

2) Ij. Euoeiu Commenlatio ISl (indicis 1'15 «:stuqemi.\.ni)-, vide p. 


. ita ut ex natura ellipsis liabeatur 

,tio 

hhx^^-aay^^aa-hh 


( 1 ^ + p 


1 , 


ngulari modo definio longitudinem totius avons 
L'iinebri. 


11X1 igitur esse clobeat 




tiabilem « in oalculuin inteodnco stetuendo 


1 + ^ 

? " 2 ’ 

“ 2 


X 


[fferontianclo 

dx 


, —hds 

- 7 TT-\ 

21 / 2(1 ^ ^ 

^ nM stafcitn colligimus 
vocemufl ai'Ciim J:>M » 

, , yjl^: 

= dx^ 4 - dy •— “ 8 ( 1 +^ ® ■“ 

itegi’ando ^ ^ , /o“ 

.aamnto, utovanescatpoBH^*«OBwe . 
,ndaturuBaueadteminnm.>-=a.'i‘>in 

quadrans ollipticus AMJi- 



AMB sive quartae 


*)’ 

i 

'■} 

,^^1; turn vero inte- 
= -f- 1, sicque obtiuebitur 


ct 


a?-h- 




Hoc (‘niiu inodo cousecjuimur 


]/(l - ns) 


5 = -'- 

2 |/ 2 *^ \\l - z‘‘^ 

iihi snpDvius vndicaie uiovc solito hi sGihim coiivoi-l.anius 


1-1-3 




qui singuli termini nos ad smgulavcs integratioues povducunt; i 
priorea secundum legem tlat-am integral, nt scilicei ovancscant si 
dabunt 

/_ = A. sin. 3 — A. sin. ( — 1) = A. sin. 3 ^ 


J i{\-~ 2 


0 ; 

2^) 


bine ergo, si siunanuis ^=*4-1, prodibit 


r dz , r zdz 


V{X - z") 


0 . 


5. Pro veliquis termiuis coDsiderenuis reductiouom consuc 
f.f!V± „ A . f /Al + JB . /(I - /), 


ubi esse oportet 
ita ut sit 


I A-fl . .j, -1 

"'“a +2 


f . = i+j r_ ^yi . _ 

Jy{i-g^) y{i-z^) A-f 2 ^ 


ubi constiuitcm iiou adiicimua, quia baec formula iam o' 


i'iliiUMlijiliUiii JliiJJJiXQXu 




inde, ai iam ponatur = + 1, obtinebitur 

f __yii 


C Imc reductiono statim Uqnet omnia integialia ex potestatibus 
ipsius « oriunda per SB evanescere; pro potestatibus autem painu. 

1 nostrum adixnscimur 


jycT-,.) ^y(i-o 2 


'* 


1-3 r 

— 7t, : 

2 • ‘1 ^ 


g^dz __ 1 - • 5 
y^-2*j 2-4-6 


aI^,. 


igitur yaloribus sabstitutis longitado quadrantis elliptici colli. 


CJt 

2 y 2 


1.1 0 1 1 • 1 • 3 ^ 111 

1 — "^4***¥ 2*4-6-8 2-4 

i.l.3-6-7..^^^o. 144 etc. 


2.T6-8-10-12 2-4-6 

.tom forma Bcribamus tanttsper bvevibatis gratia 

, (1 - ' 
Lontes seqiienti mode suocinctius expnmi poterunt 


„ Igita, i.«nll eo.»Kl«t» ^ “2,“ Bo« .lig"-. 

“ "T "■ 

Oro» o.„i. I» Co.n..cnUtio.o» .nMyOcao 


§ 11-13 


etc. 


IIARDI 


lercn (jium 


«» f i 


AMn 


c:r 
2 |/2 


. 11 9 

^“'.1.4^^- 


•1.4 fi-8 ' 


1-1 M- 5 7-S 

4'7’b • H ’ 12 • 1 


J 1 3-5 7-9 

4-T8'8' 12- 12 


11-13 

1G-1() 


•h” olc. 


J). Contcinplomnr hinc caauin, quo ellipsis nostra fit circi 
turn cniin prit6--=«, hmcc = aV2 et h -= 0, ex quo quae 
prodit, uti quidem notissimuin est, ^na. 


10. Deindo vero ctiimi caaua occurrit maxirae notatu clignii 
turn euim quadraiis ellipticus AMB ipsi soniu 
aec[Uivlis; at. pro nosti*a formula erit c==a ct n=\, quibus v 
tatis uancisciinur aequentem aequationem 

'^llL ot. 

4-4 4-4'8-8 4-4 B-8 12-12 

qui pvaccise ipse iUc caeus est, quo series nostra quam miii: 
gens, ot qui propterea iiost-ram atteutiouem oo magis morot 
soviei summa adcurato assignari potest, cum sit 


jji 

1-4 


Li 

4-4‘8-8 


etc. 


in infiu. = 


21/2 

n 


10[aJ^). Si cui lubuenb super Lac serie calculos nuuiericos 
iimgamus hie valores Uttcrarum «, /5, y etc. in fractionil 
qui ita se habout 

« = 0,0025000 
/? = 0,0146484 
y = 0,0064087 
d = 0,0035798 

B = 0,0022821 

t == 0,0015808 

etc., 

1) In editioiie principc faUo nutnorus 10 itevatuv. A. K. 


m hucusquG tantiim contiiuiafca prodifc 

= 9090002; 

rcporita = 0,9003200; mde videmaa seqiientium litterarum 
Ota ommnm’‘summam efficDre debere 0,0086802. 


Cetoriim 
ites etiam 


pro caloulo mmierico non pavum notasae uwabit noskos 
soquonti modo concinnius exprimi posse 


1 

“"“16 

64' 16 

1 16 6Jt 

J''"iT 4 * 16“64 

1 15 63 143 

“ 266 "le'M'ii'* 

1 16 68 U3 255 

®“ 400 'l 6 ' 64 'l 4 i '266 

etc. 


- “Tr ‘r 

cleduoit ad methodus faciUua adhibeu 


ill,' 

9.2 


0.2 4'4 


Oommentatio 19 (indicU E». 

„ini}oney.lesal}a,-a,cedanm 

SvLBn, Ojcm omm, 


Ill prouuiib 


vih ^ ^ »r ^ ^ ^ - v^ 

dv ~ 2- 2' 4 


i'l 
'2 -2 


3-5 7-9 0 1 


((imo flemio differentiata praebet 


d. I' da 
d i>^ 


el,,:.; 


hoc scilicet inodo cx singulis denomiuaiorihiis duos factores sustnl 


U. Xiinc vero denuo ope differontniUoins nnuierat-ovcs biuis i 
ribus iiugcaiiuia; buuc in finem primiun acqvuvtionom in /y ductai 
tiemus pvocUbitquo 


2 rf.ii/y 

rfy 


A * •» 


2-2 I'i 


\ ■ 1 
2 • 2 


3 -5 

j. -i 


7 9 
fi • 0 


lay 


bacc denwo diflevcntiotuv et per 2 iternm muHiplicaudo lit 

etc., 


quao por multiplicata producit 


4 y^rfrf. s]/y 
rfy* 


^ 4.., 


' ^’~ 7-0v‘ etc.; 


supra vero iam invoniraus 


i; 1.'-^ 3.5«® — ^ 7 • 9 etc 

rfy’ ~ ^ 2-2'^ 2-2’ i-i ^ ’ 


qiiue series cum siut aequales, inde deducimus hanc aequationera 

h 

4v'^dd.sVv=^d.v(ls, 

quae aequatio continet relationem summae quaesitae s ad variabi 


cvoUiln lit rtilVoiTOlAalo Hocvindi gradua; sum- 
in.niln dv rniiHtanln al) 




(/. .'I \'V ■ ■ (/h \^V '1- ' \ 


, , , ,/ , dvda 

r ddH‘Vt* \ 


\/ii I tj [/y ’ 

l,-' d./. K Ki' Hv'dvdn - swdid; 

,, ,( ,d. ■ t I diuh liiilintiiUir liiu^c. aoqiiatuv 


\ tlvdH 1 , 


iv I '-’) 




'MlV'i 


TfC 


, rl- 


o''(t — 2«) 

rm I S'O „t ^ ■ 

.-it con.,— I aun.tl« oUipaia Bcni^U 

,/l — 2u 

./i-l'i*" ok 
<• |/ 2 


‘2 


. , ■ ln,iuH oir.l«i8 oritquo pro reaolutiono 

iMoiincl-r. "‘"1 

si/ru. 

« c 


pro qiin ani 


(hh - 1 - ■ 


:ZdV- 


l«*(i 


4 


^qY^u 

7CC 


17. Haec porro uoqiuitio ad diflnrontialoni priini graclus 
uendo = turn eiiim rcsultabifc 

undo si licoret t per v definire, iba ufc iiinotescerot integra 


18. Hie Qvai primus modus cx proposita surio infiniLa in 
inquirondi, ubi scilicot loco nuinori coustantis n quautitai.eni vf 
U'oduxiinus; altoro aul.oui modo idem pi’aestandi, cuius plur 
iam passim occurrimb, quantitus constans n tiilis rolinquibur; p 
n ita ut nostra series summanda sit 


1 1*1 2 


11 3-6 , 


1^*1 & 5 ^ 0 
2 '2 ■ 4 -'4 ■ 6 • 6 


etc. 


10. Nunc finganius osso 

s « 

postquam scilicet absoluta intogratioiio quantitati variabili i 
determinatus fuerit tributiis; Uttevam vero p etiain ufc vftviabil 
quae cuiusinodi fuucbio ipsius z capi debeafc, ufc haec infcegrati 
seriem infinifcam perducafcnr, sequenfci modo invostigabiinus. 

1 

20. EvoUita autem formula irrationali (1 — 2m^p)' in hai 
nifcam 

■I 1 2 1-3 4 9 1-3-7 B 8 . 

1 — -g- Oit^p - — etc. 


.u'liiH'uli Mi'i-ii' Innimlitnuii iiii-ogmlium doIhuGUir 


,,, iii IHml, t.iuKMluH iutoKiutioi.os viiviiibili a corfciis valo 

iluH I rilmitliir, i.nm loro 






\U'\ 


i i , 1-1 ‘Iwt" otc.), 

H* U'" 2.y 4-1 *i-n J 

ij.MU IHlMlVil lH'l'il'M (.nUKKUlll. 


,. (MiiuHiuoai lunoi/ionom ipHUVH ^ 1 

Niiiif iinl'ir loin tiiint'Hiio Im- ■_ . y dm,; HciUont- viimbil: 


,liir«'ii'uiitiiinni’ proilibit- 

p (I a ' m;. ■* 

,, ,, , 

.(« + 

•.*>- - >■ 


2;)rf2 — ^(h — Qdp = 0, — 3f/^ pdQ = 0, 

ex quibus utrainque functionem p et Q definiro licebit. 


22. Pei'indo autem bic cst, sive p et Q sint fiinctionc.s ipsiui 
ct Q ipsius p, dnmmodo eariim relatio inter so stabiliatur; ox 
autem statim hubomus 


dz= jpdQ, 


qui valor in prioro .substitutus praebet 


ex qua fit 


l(p-2)pdQ-Qclp=^0, 
ilQ __ ^ '^dp 


unde intogrando oritur 


log- « “ - 1 log. j) + log. {p - 2) - + log. P-- - , 

unde fit 

turn vero, quia ex prima acquatione cst liiuc fit 

2(/)— 2) 

dz^- ~^^l- = 

pHi)-2)^ iV(2>“2) 

Nunc autem iiiprimia obsevvari oportet, ut pro utroquo integration 
formula algebraica ibi adiecUi 

ye=2/“q/)-2)T 

cvauescat, sicque manifestum cst intogrationis torminos statui del 
et = 2. 


23. Ecce ergo formulam nostram iutogralora initio introdi 
modo ropraesentatam 




series proposita 


■J 1//(p-2) 


a _ Lli . m* etc. 


1 ■ 1 

1 — 2-2 4-4 


fractioui postqua^. 

mt posito i) = 0, turn vero sUtuatui p ^ 
itegrales ita exprimi conyemet 

fdpnizJj!L’Pl et « = 

®“.r l/p»(2-p) 

lx his igitur sories nostra supra iuveuta 

, 1- 1,,! _ utc., 

^- 4 . 1 “ .l-'l 8-8 

llVl etiam hoc moclo per duas formulas 
imam inm vidimus esse . ,„„tatione p - 2r eruut, ea, 

repraesentari potest, quae tacta levi 

leratorem constitiut, 


‘J" i/r»(l-»-) 


y,-3(i -r) 

,pae constituit denomiuatorem, 

r i 



itL — ' 

. r 

et = j |/(1 ->') 



Lf-illlillia 

I'vactio y aequabitur iiORtrae scriei sivt? erit 

s '2 qY “2 

e itc ’ 


ubi q doiiotat qiiartani partem peripheriao oUipsi.s, cuius soinia: 


c 



cl. 



~n 


>) 


%. Iliiic casu w = 0 manifesto lit I -^--1, casu vovo ^i = \ 
liet 

1 '2V'2 i ^ 

= SIV(5 ^ = / ,, ,. = , > 

quod quidoiii iain alinndo constat. 


SUMiMAUI(/i\( 


CoiiiiMOHtatioiiis ^8 indicis L\*k«ii»)bmiasi 

SI'K(;I;M)':N m CON.STHITTIOXK AlCQUATIONCiM Dll-TKKEN^AUr.M 
SfNK (N'UErMRMINATAia'M SEI'AKATIONE') 


J'lx jfiHiiii.'iv.'iijili.-; (iCft<lomiaH scifiittiMnuii JVJroiioJilAimfl imtic [ni/timii nditiitii* 


(-liuilii'scniiunit! ill rcsolvonfti) problcinate ail aeqnutiimeni (lifl'erctitialeni pi’ivenLum e 
;i’SKi' csl 11(1 |iloiiiiriiim eiii« solutiimcni, nl- istii ac((ualjo intupiotiir uut saltciii gtometii 
Al m’fjiKj rimshncHo goOHJcIrica fucilo sncccliuil, ;ijsi fiiiiiin 

|iiu(iii I’o hit i)i.'i'iiii(!(n, lit littmu' variubilcs sen nulolonmimtae in quolibet tormiiio actiii 
iiis III) invi(.'(!in Nciani'liui sinl. Iluac ob caiisaiii scpHnitio iniletci’minntiiniiii res intixii 
iiU'iili I’sl in ntbiis iiniilvtici)*. Kxlunt quidum passim mrrboili jiarticiiliiri'a iiili’^mntli ii 
isl I'ltcndj dilVcrentiali’s absqnu iinialRrminaiarnr)} sojAirationc. Obsen’nvit mite 

i!iV(,i:tMis iis Hoiiiin ciisilms aas niftt-liodos sucemlmT, nl>i iinlGtcrminntariini separiitio ii 
ili.s ail mil, ox ijisa coiistruoiianft clici possit. l-t igilnr Imuc reiii niagis prrticeret, exei 
ni lublucit, iicqiialionis, in Cjua indctcrminaiac iiullo iiuhIo suparari jiossiint, ubjno luiiii 
(Ii imqimtioiiiA ronylniciionom trmlit geonmtrii-mn ope leetijicalionis ellipsis. 


J) Vido p. 1. A, K. 
iJ) Vide p. X' pnu’fationis. 


A. K. 


